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PREFACE. 



In preparing this abridgment of their treatise on the Dif- 
ferential Calculus, the authors have endeavored to adapt it 
to the wants of those instructors who find the lai^er work 
too extensive for the time allotted to this subject. 



Annafous, Makvland, 
AugMil, 1 88a 



J. M. R. 
W. W. J. 
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Functions, Rates, and Derivatives, 



I. 
Functions. 

I. A QUANTITY whicn depends for its value upon another 
quantity is said to be a function of the latter quantity. Thus 
jr", tan jr, log {a + x\ and a* are functions of x. 

The quantity upon which the function depends must be 
regarded as variable, and be represented in the analytical 
expression for the function by an algebraic symbol. This 
quantity is called the independent variable. It is essential 
that variation of the independent variable should actually 
produce variation of the function. Thus the quantities 
;r*, x^ -h{a -{- x){a — x\ and (tan x + cot x) sin 2x are not func- 
tions of jr, since each admits of expression in a form which 
does not involve x. 

2« The notation f(x) is employed to denote any function 
of x^ and, when several functions of x occur in the same in- 
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vestigation, such expressions as F{x\ F' {x\ ^ {x\ etc., are 
employed, the enclosed letter always denoting the indepen- 
dent variable. When expressions like f{\\f(a\ f(2x\ or 
/(o) are employed, it must be understood that the enclosed 
quantity is to be substiiyJted for^ in the atpression._iaducb 
defines /{x). Thus, if we have 

/{x) = x' + x, 
/(i) = 2, /{2x) = 4x' + 2x, and /(o) = a 

Again, if F{x) = log^x (^ > i) 

F{i) = o, F{o) = — 00, and F{a) = i. 

3. When x denotes the independent variable upon which 
a function depends, any quantity independent of x is, in con- 
tradistinction, called a constant ; both when it is an absolute 
constant, like i, 4/2, or tt, and when it is denoted by a symbol, 
like Uy Uj or y^ to which any value can be assigned. Thus, 
when a* is denoted by f{x\ it is considered simply as a func- 
tion of Xy and a is regarded as a constant. 

When it is desired to express that a quantity is a function 
of two quantities, both the symbols denoting them are placed 
between marks of parenthesis. Thus, since a* is a function of 
X and a^ we may write 

f{x, a) = a^. 
Accordingly we have 

/(^. *) = l^. /(3. 2) = 8, and /(2, 3) = 9- 

4. It is often convenient to represent the value of a func- 
tion of X by a single letter ; thus, for example, y = x*. When 
this notation is used, if we represent the independent variable 
X by the abscissa of a point, and the function y by the corre- 
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spending ordinate, a curve may be constructed which will 
graphically represent the function, and will serve to illustrate 
its peculiarities. 

Rectangular coordinates are usually employed for this 
purpose. See diagram. Art. lo. 

A function of the form 

y =. mx + by 

m and b being constants, is represented by a straight line. 
Functions of this form are, for this reason, called linear func- 
tions. 

Implicit Functions. 

S« When an equation is given involving two variables x 
and y, either variable is obviously a function of the other ; 
and the former variable, when its value is not directly ex- 
pressed in terms of the other, is said to be an implicit func- 
tion of the latter. Thus, if we have 

ax^ ^ '^axy +>''—- ^' = O, 

either variable is an implicit function of the other. 
By solving the above equation for ;r, we obtain 



A'-*^-i)- 



j,^}L^^/f^- . 9/ 



In this form of the equation, x is said to be an explicit func- 
tion of y. 

This example will serve to illustrate the fact, that from a 
single equation involving two variables, there may be derived 
two or more explicit functions of the same variable. In the 
above case, x is said to be a two-valued function of y\ while, 
since the equation is of the third degree in y^ the latter is a 
three-valued function of x. 
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Inverse Ftautions, 

6. lij^ = /W* ^ is some function oly ; we may therefore 
write 

/ =/{x), whence x = ^O'). 

Each of the functions /and is then said to be the inverse 
function of the other. Thus, if 

y = a'f we have x = \ogay l 

hence each of these functions is the inverse of the other. So 
also the square and the square root are inverse functions. 

7. In the case of the trigonometric functions, a peculiar 
notation for the inverse functions has been adopted. Thus, 
if wc have 

X = sin By we write 6 = sin "*x. 

Whenever trigonometric functions are employed in the 
Calculus, the symbol representing the angle alwa ys denotes 
jhS^cJrcularjn.€asure,oi the angle; that is, thctatiojof the arc 
to the radius. Hence sin"*;r maybe read cither "the in- 
verse sine of x,** or ** the arc whose sine is x.** 

The inverse trigonometric functions are evidently many- 
valued. See Art. 54. 

T/ie Classification of Functions. 

8. With reference to its form, an explicit function is 
either algebraic or transcendental. 

An algebraic function is expressed by a definite combination 
of algebraic symbols, in which the exponents do not involve 
the independent variable. 
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All functions not algebraic are classed as transccndcntaL 
Under this head are included exponential functions ; that is, 
those in which one or more exponents are functions of the 
variable, as, for example, ai'^ xa^* ,qX,q,\ logarithmic func- 
tions: the direct and inverse trigonometric functions, and 
other forms which arise in the higher branches of mathematics. 

9, With reference to its mode of variation, a function is 
said to be an iticreasing function when it increases and de- 
creases with X ; and a decreasing function when it decreases 
as X increases, and increases as x decreases. Thus, it is evi- 
dent that or' is always an increasing function of x, while - is 

always a decreasing function of x. Again, tan x is always an 
increasing function, but sin;r is sometimes an increasing and 
sometimes a decreasing function of x, 

10, The increase and decrease here considered arc ^47-- 
Jfratc. For example, x* is an increasing function when x is 
positive, but when x is negative it becomes 
a decreasing function ; for, when x is negative 
and algebraically increasing, x^ is decreasing. 

The curve / = ;r' which illustrates this 
function is constructed in Fig. i. S ince alge- 
braic increase in the value of x is represented 
by motion from left to right, whether the 
moving point is on the left or on the right of 
the axis of y, the downward slope of the curve on the left 
of the origin indicates that x^ is a decreasing function when x 
IS negative. 




Expressions involving an Unknown Function. 

IL An expression involving f(x\ as, for example, xf{x) 
or F[/(jr)], is generally a function of x\ but it may happen 
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that such an expression has a value independent of x. Thus, 
suppose that, in the course of an investigation, the following, 
equation presents itself : — 

Xf{x) = s/(2\ 

in which/ denotes an unknown function, and x and s are en« 
tirely independent arbitrary quantities. When this is the case, 
we can make s a fixed quantity, and give to x any value what- 
ever ; that is, we can make x a variable and s a constant ; 
but if -sr is a constant, sf{z) is likewise a constant, we can^ 
therefore, write 

xf{x) = r, 

c being an unknown constant. Hence we have 

The value of the constant c is readily found, if we know the 
value of /{x) corresponding to any one value of x. 

Examples I. 

y I. (a) For what value of n does .r* cease to be a function of jr? 
(/?) For what values of x does it cease to be a function of «? 

(a) When // = o. (/3) When j: = i, or j: = a 

I ■ 2. If y 1 1 — ?-— ^ I = .r + ^^'^ ~" ' -, show that y is a function of a, but. 
^ '^ \ a + xj a + X 

not of X. 

3. Show that sin JT tan ^x + cos.r is not a function 'of x, 

/ 4. If ^ = .r + j^{\ + ^'). show that^'' — ixy is not a function of jr. 

5. \if{x) = ^», find the value of /(.r + //) ; of/(2^); of /(jr«) ; of 
/(.r» - ;r) ; of /(i) ; /(12) ; f\f{x)\ 

. . ^ "• /(x + //) = ^' + 2^ jr + A\ 
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6. If/(fl)= cose, find the value of/Co); of /(J*); o; ff^)\ of 

7. If /■(jr) = o^, give the value of F{_a)\ of i^(i); of F<^). Also 
show that in this case I^(j)]' = P(^). 

8. Given J* — aa_>' + jr' =o, make/ an explicit function of x. 

y = a± V(«' - J^. 

9. Given 1+ log</= 2 log. (j: -i- a), make/an explicit function of x. 

-^ It 

10. Given the equations — 

« + 1 = « (cos' f + cos V cos 9 + cos' S), 
and « — I = n (sin'fl' + sin #* sin 9 + sin'fl) ; 

eliminate n, and make 9' an explicit function of 9. Also make n an ez> 
plicit function of 9. , , i 

11. Given sin-' j + sin~' v = a, make/ an explicit function of x. 

• _f = sin a y^i — jr') — j; cos a. 

13. Given lan-'jr + tan-'/ = a, make/ an explicit function of jr. 



13. Given xy — 2x +y = n, show that v is not a function of x when 

14. It v=- -, show that the inverse function is of Ihe same 



form. u ^^^^^ 

1$. lf/=/(j)= _ , find a =/{/), and express * as a function 
of J. _ £ 

16. If both / and ^ denote increasing functions, or, if both denote 
decreasing functions, show that ^[f(.x)\ is an increasing function. 
Also show that the inverse of an increasing function is an increasing 
function. 
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17. Find the inverse of the function,j^ = log^ \_x + y(i + x^\ 

18. \i f(x) be an unknown function having the property 

prove that /(i) = a 

Puty = I. 

19. U/{x) has the property 

/(^+>')=/W+/0'). 
prove that/(o) = a Also prove that the function has the property 

in which / is a positive or negative integer. 

For positive integers, puty = jt, 2jr, 3^, etc.^ in the given equation ; for 
negative integers, put y = — x. 

20. If /denotes the same function as in Example 19, prove that 

f{fnx) = mf{x), 
m denoting any fraction. 

Solution : — 

P 
Putting z = r-J^* ^* =i>^» 

hence, by Example 19^ y/W = // W» 

or /i2)=^/ix). 



/ 1$^) = |/ w. 



21. Given, the property of the same function proved in Example 99; 

viz,, 

f(mx)=z m/{x); 
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by putting 2 for mx, show that 

2 X 

and thence deduce the form of the function. See Art. 11. 

22. Given, [f (jr)]* = [^ (a-)]* , and ^ (i) = «. 
determine ^ (jt). 

23. Given f W + f C^') = f (jrj^) 
prove f (^) = « ^ (jr), 

and thence prove ^(jr) = ^ log jr. 

£/5^ /^ methods of Examples 19, 20, and 21. 



fW = ^ 



II. 

Rates. 

I2« In the Differential Calculus, variable quantities are 
regarded as undergoing continuous variation in magnitude, 
and the rates of variation, denoted by appropriate symbols, 
are employed in connection with the values of the variables 
themselves. 

If a varying quantity be represented by the distance of a 
point moving in a straight line from a fixed origin taken on 
that line, the velocity of the moving point will represent the 
rate of increase or decrease of the varying quantity. 



^ X 

Fig. 2. 

Thus O (Fig. 2) being the fixed origin and OP a variable 
denoted by x, P is the moving point whose velocity repre- 
sents the rate of x. The velocity of P, or the rate of x, is 
regarded as j)ositive when P moves in the direction in which 
x increases algebraically ; thus, taking the direction OX, or 
toward the right, as the positive direction in laying off x, the 
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velocity is positive when P moves toward the right, whether 
its position be on the right or on the left of the origin. Ac- 
cordingly, a rate of algebraic decrease is considered as nega- 
tive, and would be represented by a point moving toward the 
left. 

Constant Rates. 

13. The rate of a quantity like the velocity of a point may 
be either constant or variable. A velocity is uniform or con- 
stant, when the spaces passed over in any equal intervals of 
time are equal, or, in other words, w/ien the spaces passecT over 
in any intervals of time are proportional to tlie intervals. 

The numerical measure of a uniform velocity is the space 
passed over in a unit of time ; then if / denote the time elapsed 
from an assumed origin of time, and k the space passed over 
by a moving point in a unit of time, kt will denote the space 
passed over in the time /. Hence, whenever the velocity is 
uniform, the quotient obtained by dividing the number of 
units of space by the number of units of time occupied in 
describing this space is constant, and serves as the numerical 
measure of the velocity. 

14. Now, if X be a quantity having a uniform rate ky it 
will be represented by the distance from the origin of a point 
having the uniform velocity ky and if a denote the value of x 
when / is zero» we shall have 

X =z a ->r kt (i) 

This formula expresses a uniformly varying quantity as a 
function of /. When x is a uniformly decreasing quantity, 
k is, of course, negative. 

Conversely, if x, when expressed as a function of /, is of the 
form (i), mvolving the first power only of /, then ;r is a quan- 
tity having a uniform rate, and the coefficient A is a measure 
of this rate. 
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Variable Velocities. 

15. If the velocity of a point be not uniform, its numerical 
fneasure at any instant is the number of units of space which 
Tvould be described in a unit of time, were the velocity to remain 
constant from and after the given instant. 

Thus, when we speak of a body as having at a given in- 
stant a velocity of 32 feet per second, we mean that should the 
body continue to move during the whole of the next second, 
with the same velocity which it had at the given instant, 32 
feet would be described. The actual space described may be 
greater or less, in consequence of the change in velocity which 
takes place during the second ; it is, for instance, greater than 
the measure of the velocity at the beginning of the second, 
in the case of a falling body, because the velocity increases 
throughout the second. 

16. Attwood's machine for determining experimentally 
the velocities acquired by falling bodies furnishes a familiar 
example of the practical application of the principle em- 
bodied in the above definition. 

This apparatus consists essentially of a thread passing 
over a fixed pulley, and sustaining equal weights at each ex- 
tremity, the pulley being so constructed as to offer but slight 
resistance to turning. On one of the weights a small bar of 
metal is placed, which, destroying the equilibrium, causes the 
weight to descend with an increasing velocity. To deter- 
mine the value of this velocity at any point, a ring is so placed 
as to intercept the bar at that point, and allow the weight to 
pass. Thus, the sole cause of the variation of the velocity 
having been removed, the weight moves on uniformly with 
the required velocity, and the space described during the 
next second becomes the measure of this velocity. 
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Variable Rates. 

17. When x is a function of /, but not of the form ex- 
pressed by equation (1), Art. 14— that is, when the function is 
not hnear— the rate of x will be variable. To obtain the 
measure of this rate at any given instant, we employ the 
same principle as in the case of a variable velocity. Thus, 
let X be represented by OP^^ in Fig. 2, Art. 12, let the sym- 
bol dt denote an assumed interval of time, and let dx denote 
the space which would be described in the time dt^ were P 
to move with the velocity which it has at the given instant 
unchanged throughout the interval of time dt. Then the 
space which would be described in a unit of time is, evidently^ 

dx^ 
dt ' 

which is therefore the measure of the velocity of P, or the 
rate of x. 

This ratio is in general variable, but, when jt is of the form 
^ + ^/, it has been shown in Art. 14 that k is the measure of 
the rate ; we therefore have 

dx 

-J- = ^, when ^ = tf -f kt. 



dt 



Differentials. 



18. The quantities dx and dt arc called respectively " the 
differential of x'' and "the differential of /." 

In accordance with the definition of dx given in the pre- 
ceding article, the differential of a variable quantity at any 
instant is the increment which would be received in the time 
dty were the quantity to continue to increase uniformly 
during that interval of time with the rate it has at the given 
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instant. The quotient obtained by dividing the differential of any 
quantity by dt is therefore the measure of tlu rate of tlie quantity. 
The differential of a quantity is denoted by prefixing d\.o 
t he symbol denoting the quant ity ; when the symbol denot- 
ing the quantity is not a single letter it is usually enclosed 
by marks of parenthesis to avoid ambiguity. Thus, d{x*\ 
d{xy\ rf(tanj:), ^(a* + ;ir*), etc. 

The Differentials of Polynomials. 

19. Let X and y denote two variable quantities, and let a 
and b denote particular simultaneous values of x and yy while 
k and k' denote corresponding values of the rates of x and y. 

Now, if X and y should continue to vary with these rates^ 
their values would (see Art. 14) be expressed by 

j: = a + ^ /, 
and y = b-\- k't, 

whence x -{-y = a-{-b-\-{k-{- k^t. 

Thus the quantity ;r+ J would become a uniformly varying 
quantity, and, by Art. 14, its rate would be k + JS/^ which, 
therefore, is the measure of the rate of x +y at the instant 
when X and y have the rates h and h\ Consequently, 

d{x +y) _ y ^ ^ ^y 
dt -'''^^ ^ dt^Tf 

Now, since k and k' denote any values of the rates, this equa- 
tion is universally true. We have, therefore, 

d{x-\-y):=idx'\-dy. (i) 

This formula is easily extended to the sum of any number 
of variables. Thus, 
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20. The differential of a constant is evidently zero, hence 

rf(;r+A) = rfx (3) 

Again, if y^z—x, ^ + ;r = o, 

hence, by equation (i), since zero is a constant, we have 

dy-^dx = o, or dy =i —dx*^ 

that is, . d{—x^ = — dx. (4) 

The differential of a negative term is therefore the negative 
of the differential of the term taken positively. 

It appears, on combining the results expressed in equations 
{2), (3), and (4), that tfie differential of a polynomial is t/ie alge- 
braic sum of the differentials of its terms ; attd tliat constant 
terms disappear from the result. 



The Differential of a Term having a Constant 

Coefficient. 

21. Let the term be denoted by mx^ m denoting a con- 
stant. 

Resuming equation (2), Art. 19 ; viz., 

dix-^-y-^c- z-\- •••) = ^/;r4-rfy4-^jfe+«-% 

and denoting the number of terms by /, we put 

X'=-y = iS^ = • • • •, 

thus obtaining Apx) ^pdx, (l) 

p denoting an integer. 
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To extend equation (i) to the case in which m denotes a 

fraction, let 

p 

^ = — ;r, then qz^=, px. 

By applying equation (i) we obtain 

qdz=pdx, or dz:=.^dx\ 



9 



that is, d{^x\ = ^dx. 



Hence generally, when m is positive, 

d(mx) = mdx (2) 

Since d{— ;r) = — dx^ this equation is true likewise when m 
is negative. 

It therefore follows that t/ie differential of a term ftaving a 
constant coefficient is equal to the product of the differential of the 
variable factor by the constant coefficient. 



Examples II. 



I. Find the differential of — , and of 



\a w — 2 2dx , dx 

^ , and . 

yi /« — 2 

,.r» ., , X — a , ^a — X 

2. Find the differential of — — . and of — j- • ,^ ,^ 

fn tn ox ax 

— 5, and 5» 

X, Find the differential of 5 — 75 • T\* 

4. Find the differential of — —7, and of —7 — -^ . 

^^ a + o a{a + o) 

a-^-b a{a-^b) 



i6 ^LWCT/OAS jtAT£:, Aj*z> z.^.MjyATir£^ ^Ex. n. 






€k Onren y ImJ <* -t- -r kn « — ^ co» a — if x — tan a = c to uc ^- 

^ _ X — sniz 

/• Ghreo ayocM^a^ihii — «aa^x = ^i« — xcos»«2».io find^. 

dx 

^ ^ ^ « I — sin «2> 

dx a\\ -r sin «x^" 
J' 
S« Given ii* + 2 O -► co« a)y = (x -*- ^> sin* a, to find ^ . 

-7- = tan* — 

dx 1 

X y 2 
^ Given -+j-!--=i, to express dx in terms of ^/r and dy. 

i/r = i/x — — dy, 

\o. A man whose height is 6 feet walks directly away from a lamp- 
{xist at the rate of 3 miles an hour. At what rate is the extremity 
of hiA flhadow travelling, supposing the light to be 10 feet above the 
l^v«;l fravemcnt on which he is walking? 

iJraw a figure^ and dtnote the variabU distance of the man from the 
iamp^tt by x, and the distance of the extremity of his shadow from the 
poit by y, 7i miles per hour. 

II. At what rate does the man's shadow (Ex. 10; increase in length ? 



III. 

Differentials of Functions of an Independent Variable. 

22« When the variables involved in any mathematical 

inveHtiK^ition are functions of an independent variable x, the 

. _ j^ 

latter may be assumed to have a rate denoted by — , in which 
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dx is arbitrary. So also the corresponding rate of y will be 

denoted by -^, and, if j^ is a function of x, the value of dy will 

at 

depend in part uj)on the assumed value of dx. 

To differentiate a function of x is to express its diflfcrential 
in terms of x and dx. 

It is to be understood, of course, that the diScrentials 
involved in an equation are all taken with reference to the 
same value of dt. 

If two quantities are always equal, their simultaneous 
rates are evidently equal; and hence their differentials arc 
likewise equal. We can therefore differentiate an equation ; 
that is, express the equality of the differentials of its mem- 
bers; provided the equation is true for all values of the 
variables involved. Thus, from the identical equation 

it follows that d\{^x + A)'] = d{x^) + 2// dx. 

The Derivative. 

'IZS- Before proceeding to the differentiation of the vari- 
ous functions of x, it is necessary to show that, it 

y--f{x\ (I) 

the ratio -f- 

dx 

has a definite value for each value of x, independent of the assumed 
value of dx. 

Let a particular value of x be denoted by a, and let the 
corresjKDnding value of dx be an arbitrary quantity. 

Now, although dx is arbitrary, since dt is likewise 
<arbitrary, the rate of ;r, that is, the ratio 

dt' ' ^- • ^^> 
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may be assumed to have a certain fixed value at the instant 
when- x^a. The corresponding value of the rate of y^ 
denoted by \ 

%■- « 

evidently depends solely upon the rate of x and upon the form 
of the function /in equation (i). Hence, when the value of 
the rate (2) is fixed, the value of (3) is also definitely fixed. 

Denoting these fixed values by k and tf, we have, when 
X -=- a^ 

-r = >t, and -f z=.kf, whence -^ = - • 
at at ax k 

Hence, corresponding to a particular value a of ;r, there 

exists a determinate value -lof the ratiof -^Jnotwithstand- 

k \dx 

ing the fact that dx has an arbitrary value; m other words, 

the value of the ratio -^ is independent of the arbitrary value of dx. 

dx 

'24. It is obvious that, in general, this ratio will have 
different values corresponding to different values of ;r, and 
hence that it may be expressed as a function of Xy and de- 
noted byf\x) ; thus, — 

!=/■» <■) 

The form of this new function/' will evidently depend upon 
that of the given function /. 

The function /X^r) is called the derivative of /(;r), and, since 
equation (i) may be written in the form 

it is also called the differential coefficient of y regarded as a 
function of x. 
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When, however, the given function f{x) is of the linear 

form 

y = nix -V by 

the derivative is no longer a function of jr, but is a constan t^, 
since the value of y gives ^0ts hpi ^^/^ '^ ^ 

dy=^mdxy 

dy 
or S ~ ^' 



The Geometrical Meaning of the Derivative. 

25. Representing the corresponding values of x and y by 

the rectangular coordinates of a moving point, if this point 

move in a uniform direction, so as to describe a straight line, — 

dy 
that is, if J' be a linear function of ;r, — the value of -4- will be 

constant, by the preceding article. Hence, in the general 
case, when this ratio is variable, the point will move in a vari- 
able direction. 

If we denote the inclination of this direction to the axis of 
X by 0, the value of will vary with the value of jr, and the 
point will describe a curve. 

The tangent line to a curve is defined as follows : — 

The tangent to a curve at any point is t/ie straight line which 
passes through the pointy and has the direction of the curve at that 
point.* 

Hence, for any point of the curve, denotes the inclina* 
tion to the axis of x of the tangent line at that point. 



* It will be shown hereafter (Art. 49) that, in the case of the circle, this 
general definition of a tangent line agrees with that usually given in Plane 
Geometry. 
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26. Now, if a point, at first moving in the curve, should, 
after passing the point whose abscissa is a, so move that the 

dx J dy 
rates —j- and -^ retain the values which they had at the in- 
stant of passing the given point, the direction of its motion 
will become constant, and the point will describe a straight 
line tangent to the curve at the given point. 

The value of dx may be repre- 
sented by an arbitrary increment of 
X as in Fig. 3 ; the value of dy will 
then be represented by the corre- 
sponding increment which would be 
received by y^ were the point moving 
in the tangent line, as indicated in 




Fig. 3. 



the diagram. Hence 



dy 



which is evidently independent of the assumed value of rf;r.* 
It follows that the value of the derivative of f{x\ for any 
value of X, is represented by the trigonometric tangent of 
the inclination to the axis of x of the curve y =/(^), at the 
point corresponding to the given value of x. 

27. The moving point, which is conceived to describe 
the curve, may pass over it in either of two directions differ- 
ing by 180°. The two corresponding values of give, how- 
ever, the same value of tan ^, since tan (^ ± 180°) = tan ^. 

Thus, in Fig. 3, the point P may be regarded as moving 
so as to increase x and y^ in which case both dx and dy will 
be positive, and ^ will be in the first quadrant ; or P may 



* In other words, the value of the derivative is determined by the form of the function/* whi^ 
determines the curve, and the value of jr which fixes the position of P, 
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move in the opposite direction, making dx and dj- negative, 
and placing in the third quadrant. In either case, ~ or 
tan^ is positive. 

28. It is evident that when f{x) is an increasing func- 

dy 
tion, as in Fig. 3, -^ is positive, and that when it is a de- 

dy 
creasing function, -f- is negative. 

Thus the sign of f {x) for any value of x is positive or 
negative according as f{x) is, for that value ot x, an increas- 
ing or a decreasing function. For example, it is evident that 
the value of the derivative of sin x must be positive when x 
is between o and \n^ negative when x is between ^n and f tt, 
and so on. 

dy 
When the notation -j- is used, the value of the derivative 

corresponding to a particular value ^ of jt is expressed by 
-^ which is equivalent to/' («). See Art. 2. 



Examples III. 

1. If a point move in the straight line 2y ^ 7;r — 5 =0, so that fts 
ordinate decreases at the rate of 3 units per second, at what rate is the 
point moving in the direction of the axis of x ? 

dx^_6^ 

dt^ 7* 

2. If a point starting from (o, h) move so that the rates of its co- 
ordinates are k and >^, show that its path \% y=^mx ■{-b, m being 

equal to j- 

Express x and y in terms of t (Art, 14), and eliminate t. 

3. If a point moving in a curve passes through the point (S» 3) 
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moving at equal rates upward and toward the left, find the value of 
^ f also the equation of the tangent line to the curve at the given 

point. 

4. If a point is moving in the straight line 



^1 
^ = — i,and^+x=3 8. 



X cos a +^ sin a = /, 

its rate in the positive direction of the axis of x being / sin a, what is its 

rate of motion in the direction of the axis ot y? 

— / cos or. 

5. Given ay sin a — ax-^a x cos a^i^ sec a = o ; show that # is con- 
stant and equal to ia, 

6. If/ (jr) = tan x, show that/'(x) must always be positive. 

7. Show, by tracing the curve, that if y ss x*,^ can never be 
negative. 



CHAPTER II. 

The Differentiation of Algebraic Functions. 



IV. 
The Sqtuire. 

29. In establishing the formulas for the diCFerentiation of 
the simple algebraic functions of an independent variable, we 
find it convenient to begin with the square. The object of 
this article is, therefore, to express d{p^) in terms of x and 
dx. 

We first deduce a relation between two values of the de- 
rivative of the function and" the corresponding values of the 
independent variable ; for this purpose, we assume two values 
of the variable having a constant ratio m. Thus, if 

Differentiating by equation (2), Art 21, 

dz = mdxj and d{/) = f9fd{jf); 

-• ''. 

dividing, we obtain 

dz dx 

Whence, dividing hy z=^fnx to eliminate m^ we have 

M dz ^ X dx 



(0 
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The derivatives -^ and -^ are, by Art. 23, functions 

of s and of x respectively, independent ol the values of ds 
and dx\ moreover, equation (i) is true for all values of x 
and z, these quantities being entirely independent of each 
other, since the arbitrary ratio m has been eliminated. There- 
fore, either of these quantities may be assumed to have a 
fixed value, while the other is variable ; hence it follows 
that the value of each member of this equation must be a 
fixed quantity, independent of the value of x or of z. Denot- 
ing this fixed value by ^, we therefore write 

x' dx -^^ 
or ig^x^) = cxdx (2) 

30, To determine the unknown constant c, we apply this 
result to the identity 

{x -f //)• = X* -^2hx-\- fC. 

Differentiating each member (Art. 22) by equation (2), we have 

r (jr + //) rf(;r -f A) z= cxdx-¥2hdx\ 

since d{x + A) = dx^ this equation reduces to 

chdx = 2hdxy 
or {c — 2) hdx ^^ o. 

Now, since h and dx are arbitrary quantities, this equation 

gives 

^ = 2 ; 

this value of c substituted in (2) g^ves 

rf(;i:») =i2x dx {a) 

That is, the differential of tlie square of a variable equals 
twice the product of the variable and its differential. 
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31. Employing the derivative notation, this result may 
also be expressed thus : — 

If /W = ^, f\x)^2x. 

This derivative is negative for negative values of x, there- 
fore, for these values, jr* is a decreasing function, as already 
mentioned (Art. lo) in connection with the curve illustrating 
this function. 

Since x and dx are arbitrary, we may substitute for them 
any variable and its differential. Equation (a) therefore en- 
ables us to differentiate the square of any variable whose 
differential is known. Thus, — 

^(5^ - 3)' = 2(5^ - 3) ^dx = io(5:tr — 3) dx. 

Again, diax" -f bx)* = 2{ax' + bx) d(ax^ + bx^ 

= 2{ax^ -^bx^{^ax-\-V)dx. 



The Square Root. 
32> To derive the differential of the square root^ we put 

whence y = -^ ; 

differentiating by (a), 2ydy = dxy 

. dx 
or ^y^2y' 

That is, the differential of tlu square root of a variable is 
equal to the quotient arising from dividing the differential of the 
variable by twice the given square root. 
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Thus, 4^(.._^3 = _^£^^. 

or, using derivatives. 



dx "■ ^{cf^j^) 



Examples IV. 

1. Differentiate (2jr + 3)% and find the numerical value of its rate, 
when X has the value 8, and is decreasing at the rate of 2 units per 
second. 

The differential required is denoted by d[{2x + 3)*], and the rate by 

d\{?x + 3)«] . . ^ dx 

-^= -J. \ the gtven rate -jT- = — 2, - .^ 

dt ^ dt 152 units per second. 

2. Find the numerical value of the rate of {x* — 2xy, when ^ = 3, 
and is increasing at the rate of i of one unit per second. 

Differentiate the given expression before substituting. 

12 units per second. 

3. Find the numerical value of the rate of i^(y + x*), when y -=-7 

and ;r = — 7, if ^^ is increasing at the rate of 12 units per second, and 

X at the rate of 4 units per second. 

4 |/2 units per second. 

4. If f{x) = JT — 4/(jr* - a*), find f\x), and show that f(x) is a 
decreasing function. ___ x 

5. Differentiate the identity ( j^x + ^/n)* = ;r + a + 2 |/a x, and 
show that the result is an identity. 



6. Differentiate |/(^i-3^). 



I 



The constant factor -j7-^^—--r^ should be separated from the variable 

factor before differentiation, i x — a ^ 

-/(«• - 2ab) * ^[x^-^zax) 



5IV.3 



EXAMPLES. 
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7. If f{x) = (I + jr^i . 



8. If /(x) = V(tf* + 2^ j: + <-jr«). 



9. If /(jr) = i^x + </(! + jr»)]. 



/'(^) = ^l±s± 



,a If / (X) = ^ _ ^(^ _ ^.) . /'W = I + -yfpr^)- 

Rationalize the denominator before differentiating. 



y 



'iy :. 



II. Given ^ + ^ = i, express ^— in terms of x, and give the values 



" i\ -^ I]; 



dy b X 



dy ... 



12. Given y =:4ax, express ^— in terms of x, also in terms of ^'p and 
Sive the values of ^]^ and -^]^. £ = l/J = 



2<l 
7" 



13. A man is walking on a straight path at the rate of 5 ft. per 
second ; how fast is he approaching a point 120 ft. from the path in 
-a perpendicular, when he is 50 ft. from the foot of the perpendicular? 

Solution : — 

Let X denote the variable distance of the man from the foot of the 

perpendicular, so that -^ may denote the known velocity of the man, 

and let a denote the length of the perpendicular (120 ft.); then the 
distance of the man from the point is ^{a* + x*), of which the. rate of 
change is denoted by / 

d[ ^{a* + X*)] X dx 

dt 



^{a* +x^)dt ' 



dx 



At the instant considered, ;r = 50 ft., while a = 120 ft., and -^r = — 5 f t 



/ 
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per second. By substituting these values, we obtain — i|{. Hence his 
distance from the point is diminishing (that is, he is approaching it) at 
the rate of \^ ft. per second. 

14. If the side of an equilateral triangle increase uniformly at the 
rate of 3 ft. per second, at what rate per second id the area increasing^ 
when the side is 10 ft. ? 15 4/3 sq. ft. I j/^ 

15. A stone dropped into still water produces a series of continu- 
ally enlarging concentric circles ; it is required to find the rate per 
second at which the area of one of them is enlarging, when its diame- 
ter is 12 inches, supposing the wave to be then receding from the 
centre at the rate of 3 inches per second. 36 ?r sq. inches. 

16. If a circular disk of metal expand by heat so that the area A of 
each of its faces increases at the rate of o.oi sq. ft. per second, at what 
rate per second is its diameter increasing ? i 



\OOi^{TK A) 



ft. 



/ 



17. A man standing on the edge of a wharf is hauling in a rope 
attached to a boat at the rate of 4 ft. per second. The man's hands 
being 9 ft. above the point of attachment of the rope, how fast is the 
boat approaching the wharf when she is at a distance of 12 ft. from it? 

5 ft. per second. 

18. A ladder 25 ft. long reclines against a wall ; a man begins to 
pull the lower extremity, which is 7 ft. distant from the bottom of 
the wall, along the ground at the rate of2ft^per second ; at what rate 
per second does the other extremity b^in to descend along the fac& 
of the wall ? 7 inches. 

19. One end of a ball of thread is fastened to the top of a pole 35 ft. 
high ; a man holding the ball 5 ft. above the ground moves uniformly 
from the bottom at the rate of five miles an hour, allowing the thread 
to unwind as he advances. What is the man's distance from the pole 
when the thread is unwinding at the rate of one mile per hour ? 

f 4/6 ft. 

20. A vessel sailing due south at the uniform rate of 8 miles per hour 
is 20 miles north of a vessel sailing due east at the rate of 10 miles ai> 
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hour. At what rate are they separating — (a) at the end of \\ hours ? 
(3) at the end of 2 J hours ? 

Express the distances in terms of the time, {a) 5-1V miles per hour. 

21. When are the two ships mentioned in the preceding example 
neither receding from nor approaching each other ? 

PtU the expression for their rate of separation equal to zero. 

When / = J^ of an hour. 

22. Derive, by the method employed in Art. 29 to determine the 
differential of the square, the result d (— j = — \-, c being an unknown 
constant. 



V. 

The Product, 

33. Let X and y denote any two variables ; in order to 
derive the differential of their product, we express xy by 
means of squares, since we have already obtained a formula 
for the differentiation of the square. From the identity 

{x + J/)* = ,r' + 2xy +y , 
we derive 

xy = h{x^yy--\x^^\y\ 

Differentiating, d{xy^ = (;r + y) (dx + dy) — xdx — ydy^ 

therefore, d{xy)=ydx-\- xdy {c) 

Since x and y denote any variables whatever, and dx and 
dy their differentials, we can substitute for x and y any 
variable expressions, and for dx and dy the corresponding 
differentials. Thus, 

^[(l +;r') Vic^ - ;r«)] = ♦/(«' - x^)2xdx - ^^^^^ 

•^ // « 9\ X dX, 

|/(a' — ;r') 
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34. Formula {c) is readily extended to products consist- 
ing of any number of factors. Thus let jr, x^x^. . . . Xp denote 
the product of / variable factors, then 

d(x^x^x^' • • 'Xp) = x^x^' • •Xpdx^'\'X^d{x^x^' • -jry) 
= ;r,;r,' • ^Xpclx^^-x^x^' • •Xpdx^'\- x^x^d{x^' • 'X^ 

^^ X^X^"'Xpdx^^rX^X^"'Xpdx^' '* -^rX^X^'^'Xp^jfiXp. . (^ 



The Reciprocal. 

35. The differential of the reciprocal may now 
obtained by means of the implicit form of this function. 
Denoting the function by y^ we have 



be 



•^ X 



xy=. I. 



Differentiating the latter equation by formula (^), we obtain 

ydx-\-xdy = o, 
ydx ^ 



\i ux.nce 



dy ^= — 



substituting the value of y, 



^i)=- 



dx 
x" 



(d) 



Formula (d) enables us to differentiate any fraction of 
which the denominator alone is variable ; thus, 



Ja + 6\ , ,. dx 
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The Quotient 

36. By the term quotient, as used in this article, we mean 
a fraction whose numerator and denominator are both 
variable. In deriving its differential, the quotient is re- 
garded as the product of its numerator by the reciprocal 
of its denominator. Thus, applying formulas {c) and (d\ 



dx X dy 



rf(£)=4lrk. („ 

It will be noticed that the negative sig^ belongs to the 
term which contains the differential of the denominator. 

As an illustration of the application of this formula, we 
have 



I 2X ~ a \ __ 



2(;r' -f ^) — 2x (2x. — a) _^ b-hax — x^ 

{x^ + by "^-^ ~ ^ I^J^TFT 



Formula {e) is to oe used only when both terms of the 
fraction are variable ; for, when the numerator is constant, the 
fraction is equivalent to the product pf a constant and the 
reciprocal of a variable, and, when the denominator is 
constant, it is equivalent to the product of a constant by a 
variable factor. Thus, if it be required to differentiate the 

fraction , the use of formula (e) may be avoided by first 

making the transformation, 

x^ -\-a^ X a 

=-+-; 

ax a X 
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since, in this form, one term of each fraction is constant 
Hence, 



/;r* H-tf'N _ jfl6r adx 
\ ax J ^ a ;r" * 



TAe Power. 

37. To obtain the differential of the power when the 
exponent is a positive integer, suppose each of the variables 
x^x^x^* -'Xp in formula (r^, Art. 34, to be replaced by x. 
The first member contains / factors, and the second p terms ; 
the equation therefore reduces to 

d{x^)=px^-'dx (l) 

Next, when the exponent is a fraction, let 



y = x^ 



then 



y = x^; 



differentiating by (i), / and q being positive integers, we have 



therefore, 



p xf"^ 
dy=^ T3T dx. 

9 y 



Substituting the value of y. 



^/(.rO = - -dx—-x^ dx. 



p 



9 ^f-\ q 



(2) 



Again, when the exponent is negative, we have 



jr"" = 



I 
XT' 
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Differentiating by formula (</), Art. 35, we obtain 



4.-»=-<^, 



** 



and, since m is positive, we have, by (i) or (3), 



4x-) = - 



1^ 



= — mx 



-M-l 



dx. . 



(3) 



Equations (i), (2), and (3) show that, for all values of n, 



d{pr) = nx^- 'dx. 



if) 



By giving to ;/ the values 2, i, and — i, successively, 
it is readily seen that this more general formula includes 
formulas («), (b) and {d), 

38. It is frequently advantageous to transform a given 
expression by the use of fractional or negative exponents, 
and employ formula (/) instead of formulas {b) and {d). 
Thus, 

^[ (a'-2:»ry ] = ^^''' ~ ^^>"' = 8(.2' - 2x^)-^xdx, 
^^ "^L vC^'-^^y J ^^^^"^•^)"^ =-Ha + x)-\dx. 

When the derivative of a function is required, it may be 
written at once instead of first writing the differential, since 
the former differs from the latter only in the omission of 
the factor dx^ which must necessarily occur in every term. 
Thus, given 



dy 



-^ |/(i 4-;r") ^ ^ 



we derive ^ = (i+;r*)-*- ^x{i-^xY^'2x = ^j-^rpji- 
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[Ex. V. 



Examples V. 

I. From the identity xy — i(.r +>')' — \{x^yY derive the formula for 
differentiating the product. 



2. Differentiate 



a -\- bx '\- cx^ 



Put the expression in the form -7 + ^ + ^x 



k~l^'^- 



3. Find the derivative of 

y = -^ i . Se4 remark^ Art. 35. 



a' — X' 



£ = (a« ~ ^) ^-^T^P) «• 



4, J' = 4/(ar» - a*). 



dy ___ yc^ 



2-r' 



5-^- ti«-;r« 






6. >=(i +2jr«)(i +4J^). 



^ = 4-r(H-3ar+ iar»). 



7. ^ = {a* + x»)(^' + 3jr«). 



^ = 3(5jr» + <J»;r + 3^i»);r. 



8.^= (I +a-)*(i+jr«)'. 



^= 4(1 + ^)> (I + x«)(i + X + 2;r«). 



9. ^ = (I + ar~)» + (I + jr«)". 

4^ 



j^ = mn[(i + jr-)»-»4^-» + (i + ;r")«-» j:«-»]. 



la y 



X* — 2a* 
X — a 






II. v = 



<7 — jr 



~dx 



a + X 
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3& 



12. y = 



I3.>' = 



4/(x» - a') 



ab 



dy a* 

di ^ ar« V(^" — «•)* 



rjr4/(-r' — n") 



^r. 5>^ ^r/. 38. 



dx 



ad 



2jr* — tf* 



<r * x\x^ - tf')l • 



dy 



^4-->' = 7(rTT) + ;^-=Tr i=«(i-^r«-o + -)-•]• 



/15. ^=(1 +.r)V(i-.r). 



^ 



1-3^ 



16. y=(a + xy {p — xYx\ 

^=.x(a^-xy{b^xy\2ab-^'{sb-6d)x^^^l 



jir*+ I 

>7. y = j^zi-,. 



18. j^ = (3/^ + 2ax)^ {b — tf jr). 

(2tf;r— ^T 

. dy 
Put in the farm (n' — ^{2a ;r — jt*) - •. -j^ — lia^ 



dy __ 2nx*-^ 
dx ~~(^— ly 






-^«) 



x — tf 



20. 


^ = 




jr 


VC"' - ^•) • 


^* V 


^'^ 




bx 


21. 


4/{2aT — jr»)' 


22. 


y= 


/; 


I + X 

I — X 


<*« 


«# — — 




X 



{lax-x*)^* ' 



dy n* 



/i<^x 



^^ 

<^ (2a^ — J-*)** 

dy I 



Rattimaiize the denominator. 



^ — ' r ^* + ^-y* "I 
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24. Two locomotives are moving along two straight lines of railway 
which intersect at an angle of 60^ ; one is approaching the intersection 
at the rate of 25 miles an hour, and the other is receding from it at the 
rate of 30 miles an hour ; find the rate per hour at which they are 
separating from each other when each is 10 miles from the intersection. 

2^ miles. 

25. A street-crossing is 10 ft. from a street-lamp situated directly 
above the curbstone, which is 60 ft. from the vertical walls of the 
opposite buildings. If a man is walking across to the opposite side of 
the street at the rate of 4 miles an hour, at what rate per hour does 
his shadow move upon the walls— (a) when he is 5 ft. from the curN 
stone ? (P) when he is 20 ft from the curbstone ? 

(a) 96 miles ; 0^ 6 miles. 

26. Assuming the. volume of a tree to be proportional to the cube 
of its diameter, and that the latter increases uniformly ; find the ratio 
of the rate of its volume when the diameter is 6 inches to the rate 
when the diameter is 3 ft. ^. 

27. If an ingot of silver in the form of a parallelopiped expand 
yuVir P^irt of each of its linear dimensions for each degree of tempera- 
ture, at what rate per degree of temperature is its volume increasing 
when the sides are respectively 2, 3, and 6 inches ? 

If X denote a side^ dx may be assumed to denote the rate per degree of 
temperature, -f^ of a cubic inch. 

28. Prove generally that, if the coefficient of expansion of each 
linear dimension of a solid is k^ its coefficient of expansion in volume 
is zK 

Solution : — 

Let X denote any side ; then, if F denote the volume, we shall have 
V^cx^\ c being a constant dependent on the shape of the body. 

Therefore dV ^ yo^ dx\ 

or, since dx=^ kx, 

dF=skcx*:=Siy. 



CHAPTER III. 



The Differentiation of Transcendental Functions. 



VI. 
The Logarithmic Function. 

39. In this chapter, the formulas for the differentiation of 
the simple transcendental functions are to be established. 

We begin by deducing the differential of the logarithmic 
function, employing the method exemplified in Art. 29. 

The symbol logjir is used in this article to denote the loga- 
rithm of X to any base, and log^jr is used when we wish to 
designate a particular base b. 

Let z-=imxy . • . log z = log/// 4- log;r, 

differentiating by Art. 21, 

dz = /// dx, and ^(log z^ = ^/(log x) ; 

^vhence ^pL = ^^ 

dz mdx 

Multiplying by -sr = w jr, to eliminate w, we obtain 

fl \, [u y. 

^ dz -"^ dx ^'J 

The derivatives, r, and ° \ are, by Art. 23, func- 
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tions of z and of x respectively, independent of the values of 
dz and dx\ moreover, equation (i) is true for all values of 
X and ^, these quantities being entirely independent of each 
other, since the arbitrary ratio ;;/ has been eliininated. Hence, 
in equation (i), one of the quantities, x or b, may be assumed 
to have a fixed value, while the other is variable ; whence it 
loUows that the members of this equation have a fixed value 
independent of the values of x and z\ we therefore write 

X , = a ccmstant (2) 

This constant, although independent of .r, may be dependent 
on the value of the base of the system of logarithms under 
consideration. Denoting the base of the system by ^, we 
therefore denote the constant by />\ and write equation (2) 
thus, — 

41og,^') = --^ (3) 



40. To determine the value of 77, we establish a relation 
between two values of the base and the corresponding values 
of this unknown quantity. 

Denoting another value of the base by a^ and the corre- 
sponding value of the unknown constant by A^ we have 

41og,.v) = ^. . (4) 

The relation sought may now be obt^ned by differentiat- 
ing, by means of (3) and (4), the identical equation 

]::r^^ io&«^ = loga^^og^-*^.* (s) 

* This identity is most readily obtained thus, — by definition 
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thus obtaining 


Adx , ,Bdx 


or 


Blog,d = A. 


hence 


log,6^ = A, 



that is, A is the logarithm to the base a of b^\ whence we 
have 

b^ =z a^ (^ 

Now, it is obvious that the value of a^ cannot depend 
upon by hence equation (6) shows that the value of b^ likewise 
cannot depend upon b\ b^ must, therefore, have a value 
entirely independent of b. Denoting this constant value by c, 
we write 

b^ ^t (7) 

Adopting this constant as a base, and taking the loga- 
rithms of each member of equation (7), we have 

i>Mog,^ = I, 

whence B = \ 7. 

log,* 

Introducing this value of B in equation (3), we obtain 

In this equation, the differential of a logarithm to any 
given base is expressed by the aid of the unknown constant e. 

41. The constant t is employed as the base of a system of 

taking the logarithm to the base a of each member, we have 

log*Y = log^x log«^. 



AP TRANSCENDENTAL FUNCTIONS. Alt. ^U 

^^^^^1^— ^^— ^M^M^M^— ■— — ^l^^i^— ^^-^^— ^^^^^— ^■^^^^— ^i^—— -^— — ^^ — ^— i^.^^^^^^^^^— t 

logarithms, sometimes called natural or hyperbolic^ but more 
commonly Napierian logarithms, from the name of the in- 
ventor of logarithms. Hence e is known as the Napierian 
base. 

Putting ^ = £ in formula {g) we derive 

The logarithms employed in analytical investigations are 
almost exclusively Napierian. Whenever it is necessary, for 
the purpose of obtaining numerical results, these logarithms 
may be expressed in terms of the common tabular logarithms 
by means of the formula, 

logic -^' = logic « log,^, 

which is derived from equation (5), Art. 40, by writing 10 for 
a and e for b. The value of the constant log,,e will be com- 
puted in a subsequent chapter. 

Hereafter, whenever the symbol log is employed without 
the subscript, log^ is to be understood. 

The Logarithmic Curve. 
^iLm The curve, corresponding to the equation 

y = loge^ • (0 

is called the logarithmic curve. 

The shape of this curve is indi- 
cated in Fig. 4. It passes through 
the point A whose coordinates are 
^ (i, o), since 

logi = a 

Since we have, from formula {g'). 
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*^"* = ^ = l (^) 

the value of tan^ at the point A is unity, and therefore the 
tangent line at this point cuts the axis oi x at an angle of 45^, 
as in the diagram. We have from equation (2), 

when X ^ I tan0 < i, 

and when x <i i tan0 > i ; 

the curve, therefore, lies below this tangent, as shown in 
Fig. 4. 

The point (c, i) is a point of the curve ; let By Fig. 4, be 
this point, then OR will represent the Napierian base, and 
BR = I. Since 

OA =1, and AR^ BR, 

0R> 2\ 

that is, the Napierian base e is somewhat greater than 2. 

The quantity t is incommensurable : the method of com- 
puting its value to any required degree of accuracy is given 
in a subsequent chapter. 



Logarithmic Differentiation. 

43. The differential of the Napierian logarithm of the 

dx 
variable jr, that is the expression — , is called the loga- 

X 

rithmic differential of x. 

When x has a negative value, the expression log jr has no 
real value ; in this case, however, log (— x) is real, and we 
have 

^[log (- xS\ = -^ = — . 
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This expression therefore, in the case of a neg^ative quantity, 
is identical with the logarithmic differential of the positive 
quantity having the same numerical value. 

44. The process of taking logarithms and differentiating 
the result is called logarithmic differentiation. By means of 
this method, all the formulas for the differentiation of alge- 
braic functions may be derived. 

In the following logarithmic equations, it is to be under- 
stood that that sign is taken in each case which will render 
the logarithm real. 

By differentiating the formulas, — 

Iog(±x>/) = log(±^) ^- log(±j^), 

log(±;r*) = ;/ log(±;i-), 

, ^ . di^x}^ dx dy 

we obtam — -- = — -i- -^ , 

xy X y ' 



X \y J X y * 



^A^«) dx 

= ;/ — 



'H 



x" X 



These formulas are evidently equivalent to (r). (e), and (/), of 
which we thus have an independent proof. 

45. The method of logarithmic differentiation may fre- 
quently be used with advantage in finding the derivatives of 
complicated algebraic expressions. For example, let us take 

u = ^^ ^^ i-^ (i) 

Hence, we derive 



(3) 
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}^ ^ ^ 

log« = i Iog(2^) + Jlog(l - X") — \\og {X — 2), . . (2) 

differentiating, . . 

/iS "^ 2J " * I - ^' "" *F^ 

adding and reducing, 

du — Sx* 4- 2AX* — ;r -- 6 

^___^— ^— — • 

jidx ^ 6 {i — x^){x — 2)x ' 

^/// — 8;r' + 24,t-' — x — 6 

therefore -j- = 



dx 3 (2;r)* ( I - x^f {x - 2)5 ' 

For certain values of ;r, one or more of the quantities whose 
logarithms appear in equation (2) become negative. When 
this is the case these logarithms should, strictly speaking, be 
replaced by the logarithms of the numerical values of the 
quantities in question ; this change however would not affect 
the form of equation (3). See Art. 43. 

Exponential Functions. 

46. An exponential function is an expression in which an 
exponent is a function of the independent variable. The 
quantity affected by the exponent may be constant or vari- 
able. In the first case, let the function be denoted by 

J = ^' (i) 

\l a is negative, ci^ cannot denote a continuously varying 
quantity. We therefore exclude the case in which a has a 
negative value, and regard a* as a continuously varying pos- 
itive quantity. 

Taking Napierian logarithms of both members of equation 
(i), we have 

log/ = X \o^a ; 
differentiating by (^0» 
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dy 

-^ = log: ^' . dx : 

hence dy =^ loga.ydx, 

or rf(a-') = loga.ii'dx (//) 

Exponential functions of the form e* are of frequent occur- 
rence. Putting ^i = € in formula (//), we have 

d{e-^) = E^dx; (//) 

hence the derivative of the function e* is identical with the 
function itself. This function is the inverse of the Napierian 
logarithm ; it has been proposed to denote it by the symbol 
exp;r. 

47. When both the exponent and the quantity affected by 
it are variable, the method of logarithmic differentiation may 
be employed. Thus, if the given function be 



s = {nxy\ rl V- 



- 1 



we shall have log;? = jr" log (;/ x); I 

djs dx 

differentiating, — = ;r' — -f 2jr log(;/;r)^/.r, 

z X 

hence d\{^ xY^^ = (n xY* ;r[ i + 2 log {n x)] dz. 

Examples VI. 

1. Given the function y = log^x; show that —^ = — S— , and 

dxJe e 

hence prove that the tangent to the corresponding corve, at the point 

whose abscissa is e, passes through the origin. 

Pui a =: x =e in equation 5, Art, 40. 



.t. 
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2. ^ = jr* log X. 



^= j:*-*(i +«log;r). 



3.^ = log(logjr). 



4. J' = log [log(« + ^ -r«)l. 



5- r = -•-«■ — log{ V'-'^ + 0. 



^ __ I 



dx X logjr* 



dy __ nbx*~ 



dx (a -\- bx*)\o%{a + bx*)' 



dy _ I 



//.v 2 ( y'jT + i) 



6.^ = log^^ + ^^. 
/*»/ in the form^ log ( i/a + j^x) — log ( y^a — 4/jr). 



dx"^ {a^ x) ^x 



7. ^ = logf ^{x^d) + -/C^-^)]. 



8,j^ = log[-r+4/(^«±tf«)]. 



dy I 

^ _ I 



9.>r=:log 



t\* 



♦^(I + ^•) 



dy _ I 

'dx'^ x(i + jr*)' 






II. y = \og[x + ^(a'^x')]. 



tfy ^ I 

5r ■" ^4/(i-;r*/ 



dy ^ 4/(<i* — X*) — jr 



4:r -/(a* — x*)[x •\- 4/(a«-^«)]' 



"'■^ = '^ ^(.r»/.»)- 






13. >r = log[ 4/(1 + ^O + 4/(1 - ^•)]. 



, , . a(2jr — <i) 



^ _ 2 I 

dx"^ X .r4/(i — jr*)' 
i& " (jr - «)•• 
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= ^«*. 



il.y^a 



i6. ^ = ei+«. 



I7.^ = e-(i — ^«). 







3 logo 


.tf**jr. 


'(y. 




I 




Ar" 


(' 


+ 4-)« 


o • ^ •• 


rf4 


= *•(! 


-v^«. 


-^. 



i8.^ = (^ — 3)e'«4.4jri-, 



dx 



(2^~5)e'"+ 4(.r + l)e-. 



i9.^ = 






dy _ 4 

<i:r (e- + e-*)«' 



20. ^^ = ^. 



^ = loga . log^ .i^ ,a*. 



21. ^ =«*". 



aJT 



22. >' = 



e*— I 



dy _ e*(i — x)— I 
3F («• - i)« 



23. y = log («• + '•*>. 






24. ^'rr tf'*«». 






25. y = log 



I +i* 



dy _ I 
<Zr ~ I + «■' 



26. ^^ =jr». 



^rzrx-Ci 4-log.r). 






dx^ 



I2(^-2)i(jp-3)V 



i&^ ^r/. 45. 
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28. >r = 






k+i)*(^+3)! 
^»^= {x^2Y 
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4. 



dy Vajx* — Sax 4- 1 2g*) 
^ "■ 2[:«:(jr:-3a)]* (^-4^)" 

dy _ jr'(jg4-3)^ 



VIL 

ZlA^ Trigonometric or Circular Functions. 

48. In deriving the differentials of the trigonometric 
iunctions of a variable angle, we employ the circular measure 
of the angle, and denote it by B, Thus, let s denote the 
length of the arc subtending the angle in the circle whose 
radius is a, then 

a 

In Fig. 5, let OA be a fixed line, and OP an equal line 

rotating about the origin 0\ then P 
will describe the circle whose equation 
— v# (the coordinates being rectangular) is 




The velocity of the point P is the rate of 

ds 
Sy and (see Art. 17) is denoted by -7.9 

which has a positive value when P 
moves so as to increase 0, Let PP^ 
taken in the direction of the motion of/*, represent ds\ then, 
according to the definition given in Art. 25, PP' is a tangent 
line, and PB and B P will represent dx and dy^ as in Art. 26, 



Fig. 5. 
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[Art. 49. 



49. We have first to show that the line PF^ which is a 
tangent to the curve according to the general definition (Art. 
25), is perpendicular to the radius. 

Differentiating the equation of the circle, we have 



xdX'^ydy'=-o\ 



whence 



Now (see Fig. 5), 



tan0 



■ • ^^ "^" ^~« 



dx 



l^ 



= tan ^, 



therefore, tan ^ s= — cot Q = tan (^ ± i ir), 



or, 



* = ^±4^; 



hence the tangent line is perpendicular to the radius. 
Assuming to be the angle between the positive directions 
of X and ds^ we have 



The Sine and the Cosine. 



50. From Fig. 5, it is evident that 



y 
sin0=-, 
a 



and 



cos9s-% 
a^ 



therefore ^/(sin^) = — , and rf(cos^) = ---. ..•(!) 



In equations (i) we have to express dy and dx in terms of 
0and d^. 
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Again, from the figure, we have 



dy = sin^.^, 



and 



dx^cos^.ds'^ 



substituting in equations (i), we obtain 

rf(sin 6) = sin ^ — , and rf(cos 9) = cos ^ — . . . . (2) 



Since 



= e + Jir, 



and 



idn0 = cosd, COS0 = — sin d, 



and — = dB. 

a 



Substituting these values in equations (2), we obtain 



and 



^(sind) = cosdrfd, (t) 

^(cos^)= — sind^d (J) 



The Tangent and the Cotangent. 



51. The differential of tan (9 is found by applying formula 
if) to the equation 



tand = 



sind 
cosd' 



thus. af^^^^^Bdi^€xne)-€mBd{co,&) 

' COS V 



or 



^(tand) = 



dB 



cos"d 



= sec*d^d. 



(*) 



*In Fig. 5, dx is negative ; but, ^ being in the second quadrant, cos^ is 
likewise negative. 
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— - — — ^-^^-^— ^^"^^^^^^^^"^ ^^"~~^ 

The differential of cot is found by applying formula {k) 
to the equation 

cotd= tan(i«' — d); 
whence d{cotd) = ^-j^ = — cosec*0^0. ...(/) 



The Secant and the Cosecant. 

52* The differential of sec (9 is found by applying formula 
{(f) to the equation 

sec Q = 



cosd' 

whence rf(sec d) = rir = sec B tan B dB. . . (nt) 

The differential of cosec B is found by applying formula 
{tn^ to the equation 

cosecd = sec(i^ — B) ; 

,/ ^v QO^BdB , , . 

whence d (cosec 0) = --%-^ = — cosec B cot BdB. . (») 

^ ' sm d ^ ' 



The VersedSine. 

S3. The versed^ine is defined by the equation 

versd= I — COS0; 
therefore rf( vers a) = sin ^ft , {fy 
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Examples VI L 

1. The value of </(sinQ being given, derive that of </(cos9) from 
the formula 

cosOs sintt*- — 6) ; 
also from the identity 

cos'O = I — sin'O. 

2. From the identity sec'^= i + tan'O, derive the differential of 
secO. 

3. From the identity sin 2 9 =5 2 sin cos 6, derive another by taking 
derivatives. cos 20 = cos* — sin» ©. 

4. From the identity sin (0 ± Jtt) = i ^^2 (sinO ± cos 9), derive an» 
other by taking derivatives. cos (0 ± 1 ir) = 4 4/2 (cos 6 qp sin 6). 

5. Prove the formulas : — 

^(log sin ©) = — ^(log cosec ©) = cot d^ ; 
</(log cos 0) = — ^(log sec 0) = — tan ^0 ; 
</(log tan 6) = — ^(log cot ©) = (tan © + cot 6) dh. 

6. Obtain an identity by taking derivatives of both members of the 
equation 

^ ,^ I— cosO 



sind ' 



• . A * — cos 



7.^ = + sin0cos6L ^=:2CO8*0 

dv 
8. >^ = sin e — isin»e. ^ = cos'O. 

sinO ^14. cos* 9 



^^ = 



V(co8e)- i^d 2(cose)f 
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lo. ^^ = i tan'O — tan © + fl. 



^ = UD«(., 



ii.>^ = itan'0 + tao9* 



^=sec*0. 



12. ^ = sine*. 



dy 

~ = e" COS «•. 



13. ^srjrsinx*. 






ss sin jr* + 2jr* cosx*. 



14. ^ = a**"*. 



dy 

•r- = log a . «'*■• cos jr. 



15.^= tan* + log (cos* 9). 



^ = 2Un«e. 



16. ^^ = log (tan © + sec 0). 



3^ = sece. 



17. >' = logtan(iir4-ie). 



i^ I 



dB cos 0' 



18. ^ = X + log cos (iir — ;r). 



^ 2 

</;r"" I -f tanjr* 



19. y = log ^/(sin x) + log 4^(C08 x^ 



^ = cot 2jr. 



20. ^ = sin « (sin 0)' 



^ = « (sin 0)— > sin (« + i)e. 



sin;r 



"•-^=rTti;r 



dy cos* X — sin* x 
dx " (sin X + cos x)** 



22. y sse^cosdx. 



dy 

-£ = ««(« cos ^ X — ^ sin ^ jtX 



, /tfcosx — ^sinjr 



i^' — ad 

dx^ a* cos*;r — ^ sin* jr* 
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24. ^ = e* (cos JP — sin j:). ^ = — 2 e' sin at. 

25. The crank of a small steam-engine is i foot in length, and 
revolves uniformly at the rate of two turns per second, the connect- 
ing rod being 5 ft. in length ; find the velocity per second of the 
piston when the crank makes an angle of 45'''with the line of motion 
of the piston-rod ; also when the angle is 135**, and when it is 90°. 

Solution : — 

Let a, b, and x denote respectively the crank, the connecting-rod, 
and the variable side of the triangle ; and let 9 denote the angle be- 
tween a and x. 

We easily deduce 

X = acosB + V(^' — /I* sin'O) ; 

. dx I , a'sin6icosd \dH 

whence ^ = - ^« sm ^ TC^-n^-shTF) j 57' 

d^ 
In this case, -^ = 47r, ii = i, and ^ = 5. 



o <^ i6ir V2 ,. 
When G = 45°»^ = ~ ft. 



26. An elliptical cam revolves at the rate of two turns per second 
about a horizontal axis passing through one of the foci, and gives a 
reciprocating motion to a bar moving in vertical guides in a line with 
the centre of rotation : denoting by 6 the angle between the vertical 
and the major axis, find the velocity per second with which the bar is 
moving when = 60**, the eccentricity of the ellipse being i, and the 
eemi-major axis 9 inches. Also find the velocity when 9 = 90°. 

The relation between 6 and the radius vector is expressed by the equation 

r = 



I — ^cosO 



When = 6o^ ^ = — 12 -^3 ir inches. 

27. Find an expression in terms of its azimuth for the rate at which 
the altitude of a star is increasing. 

Solution : — 

Let h denote the altitude and A the azimuth of the star, / its polar 
distance, / the hour angle, and L the latitude of the observer ; the 
formulas of spherical trigonometry give 
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TRANSCENDENTAL FUNCTIONS. [EX. VII. 



• • • 



sin ^ = sin L cos^ + cos L sin/ cos /, 
and sin/ ^in / = sin ^ cos h. • • • • • 

Differentiating (i)»/ and L being constant, 

cos A — = — cos L sin/ sin /, 

whence, substituting the value of sin/ sin /, from equation (2), 



. (i) 



— = — cos Z sin A. 
at 



dh . 



It follows that — is greatest when sin A is numerically greatest ; that 

is, when the star is on the prime vertical. In the case of a star that 
never reaches the prime vertical, the rate is greatest when A is greatest. 



VIIl. 



The Inverse Circular Functions* 
54. It is shown in Trigonometry that, if 



the expressions 



2nn-{-B 



X = sin d, 



and 



(2«+l);r — ^, . . (l> 



in which « denotes zero or any integer, include all the arcs 
of which the sine is x ; hence each of these arcs is a value 
of the inverse function 



sin~'^. 



Amon<^ these values, there is always one, and only one^ 
which falls between — \n and +i^; since, while the arc^ 
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— ■ n * 

passes from the former of these values to the latter, the sine 
passes from -- i to + 1 ; that is, it passes once through 
all its possible values. 

Let Oy in the expressions (i), denote this value, which we 
shall call the primary value of the function. 

55. In a similar manner, if 

X == cos ^, 
each of the arcs included in the expression 

2n7r ±e (2) 

is a value of the inverse function 

cos " ' X. 

One of these values, and only one, falls between oand tt ; 
since, while the arc passes from the former of these values 
to the latter, its cosine passes from + 1 to — i ; that is, once 
through all its possible values. In expression (2), let 6 denote 
this value, which we shall call the primary value of this 
function. 

56. In the case of the function 

cosec~"jr, 

the definition of the primary value that was adopted in the 
case of sin^'jT, and the same general expressions (i) for the 
values of the function, are applicable. 
In the case of the function 

sec"'jr, 

the definition of the /riw/iry value adopted in the case of 
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TRANSCENDENTAL FUNCTIONS, 



[Art. 56. 



cos-*;r and expression (2) for the general value of the 
function are applicable. 

Finally, in the case of each of the functions 



tan-* 



and 



cot ""'4: 



the primary value {6) is taken between — i^^ and H-^^*', and 
the general expression for the value of the function is 



fiTt + d. 



(3) 



The Inverse Sine and the Inverse Cosine. 
57. To find the differential of the inverse sine, let 



=z sin"*jr; 



then 



or 



Now, 



hence 



X = sin 6, 



and 



dx = cosOdO, 



dd = 



dx 
cos^ 



cos^ = ± |/(i — sin*d) = ± |/(i — ;r^, 



<sin-*:r) = 



dx 



±i/(i-^') 



(I) 



If denotes the primary value of this function ; that is, the 
value between — ^tt and ^-i^^", cos^ is positive. Hence the 
upper sign in this ambiguous result belongs to the differential 
of the primary value of the function ; it is therefore usual to 
write 

Since we have, from expressions (i), Art. 54, 



d{2n'rT'^d) = dd, and d[{2n -{■ i) n — d] =: -^ d9p 
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it is evident that the positive sign in equation (i) belongs not 
only to the dilierential of the primary value of sin " * ;r, but 
likewise to the differentials of all the values included in 
2» TT + ^ ; and that the negative sign belongs to the differen- 
tials of the values of sin"' jt included in (2/1+ \)n—fl. 



m Similarly, if 








d = cos""' 


^, 


X 


= cos©; 


:e 


dez=- 

m 


dx 
-sine* 




//(cos 


-'^) = 


dx 


^•) 



or ''(cos-^)=tT(T37^ ^') 

If B denote the primary value of the function which in 
this case is between o and ^r, sin d is positive ; hence the up- 
per sign in this ambiguous result belongs to the differential of 
the primary value. It is therefore usual to write 

rf(cos-^) = 3^^^_-^^ (?) 

Since, from expression (2), Art. 55, we have 

d{2n 7r±d)= ±dO\ 

it is evident that the upper and lower signs in equation (i) 
correspond to the upper and lower signs, respectively, in the 
general expression 2nn ±6. 

The Inverse Tangent and the Inverse Cotangent. 

59. Let 

e = tan~*jf, then x = tanO; 

differentiatiiig, we derive, 

dx 
d9 = 



sec'e' 
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TRANSCENDENTAL FUNCTIONS. 



[Art. 5^ 



But sec' 0=1+ tan' = i + x', therefore, 



dx 



</(tan-'j:) = — 



(0 



No ambiguity arises in the value of the differential of 
this function ; since, from expression (3), Art. 56, we have 



{^nn + d) = de. 



Similarly, putting 



d = cot~';r, 



we derive 



^(cot-*;r) = -^ 



dx 



i+^r* 



w 



The Inverse Secant and Inverse Cosecant. 



60. Let 



d = sec"\r, 
differentiating, we derive 



then 



;p = seed; 



de=^ 



dx 



sec 9 tan d 



But seed = X, and tan d = ± v'(sec*0 — i) = ± 4/(4-* — i)^ 
therefore, 

^ dx 

^sec"* jr) = 77-5 ;. 

^ ^ ±x |/(jr* — i) 

If X is positive, and if denotes the primary value of the 
function, tan is positive. Hence it is usual to write 



^sec"*;r) = 



dx 

x^i^^-i) 



W 
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When X is negative, if denotes the primary value of the 
function, which in th: s case is in the second quadrant, tan is 
negative ; consequently the radical must be taken with the 
negative sign. Hence, since x is also negative, the value of 
the differential is positive, when the arc is taken in the 
second quadrant. 

In like manner we derive 

4cosec-.r) = - ^^^^_^^ («) 

Similar remarks apply also to this differential when x is 
negative. 

The Inverse Versed^Sine. 
61. Let 

d = vers" ';r, then x = vers = i — cos ^, 

dx 
and I— ;r = cos^, .'. rfd= -r— ^. 

smd 

But sinO = |/(i — cos'd) = i/(2;r— ;r*), therefore, 



Illustrative Examples. 

62. It is sometimes advantageous to transform a given 
function before differentiating, by means of one of the 
following formulas : — 

sm "-75 = cosec '-, cos '-;3=sec '-, tan '-^s — cot -. 
a' p or p a 
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TRANSCENDENTAL FUNCTIONS, 



[Art. 62. 



Thus, let 



then 

By formula (j), 
dy __ 



j/ = tan 



— 1 



i + c'sinjT 



^= cot""*(c'''secjr+tan;r). 



c'"-^sec;rtanx — c~-^sec;r 4 sec'jr 
sec';r + 2e--«^sec4:tan jr + fi~**sec*;r* 



multiplying both terms by c^cos'j:, 

dy _^ 6^(008 X — sin;r — €*) 
dx ^ I + 2 e* sin ;r + e" 

63- Trigonometric substitutions may sometimes be 
employed with advantage. Thus, let 



y= tan 



— 1 



4/(1+^')+ I 



If in this example we put x = tan d, we have 

_, tan^ , sind 

y = tan — — r~ = tan " * 



sec 04- 1 



I 4 cos B 



= tan-*(tanid) = Jd = ^tan^'x. 



Examples VIII. 

I. Derive from (/), (r), and (/) the fonnulas:^- 



i/fsin-"— I =— TT-i — IK J 
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EXAMPLES. 



6l 



r(8ec-.f) = 



adx 



2. Derive ^(sec '':r) from the equation 



3. Derive </(cot~*— ) from the equation 



4. jf = 8in-'(2jr^. 



5. ^ = sin-* (cos jr). 



6. ^ = sin (cos- ' x\ 



7. ^ = sin-'(tanjr). 



8. jf = cos-' (2COSjr). 



9. jf = jrsin-*jr + y(i— 4:^. 





sec - ' jr 


= C08-' — 

X 




cot-'- 


= tan-*— • 

X 




dy 
dx- 


AX 




dx~~ 


X 




y(i— r«)- 




dy 


sec*jr 




dx- 4/( 


I — Un»jr)" 


<K 




2sinx 


2? 


" W' 


— 4COS'jr)' 



4y 

dx 



= sin-*jr 



10. j'stan-'f*. 



dy I 



ii.^=(x»+ 1) tan-'jr — jr. 



-^ = 2jrtan-'j:. 



12. jf = a* sin- * — + X y(a* — jr"). 



^=.v('»'-^. 



MX 



i3J' = tan-*^p3;^. 






,jr+ I 
l4.jf = sin-«-^. 



<^ I 

dx" y(l — 2X— ;r^* 
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TRANSCENDENTAL FUNCTIONS, [Ex. VI I L 



a— fan-l — 



15. j^= tan 



16. y = sec-' 



17. j^ = sin-' 



v{i-^y 



V(a^-xy 



♦^(jr* + tf •) ' 



18. jf = sin-' 4/(sin r). 



19. y = 4/(1 — jr') sin-'jr — jr. 



^ m + X 
20. j's tan-'— ^ 



mx 



— rTke — 1 



I — jr' 



21. ^ = COS-» j-^j;-^,. 



23. >' = tan-»|/— 



— cosjr 



<^ I 

tf^ I 






</A:~«»+jr«" 



^ =s ^ 4/(1 + cosec jr). 



dx 



jrsin-'jr 
" V(i-^«)' 

^_ I 

^_ 2 



cosjr 






jrsin-'jr , , ^ 

24. y=^(X'\-a) tan-» |/^ — V(«-^)- 



dy sin-'jr 



dx (, _ ,^t)l • 
^ = Un-'|/^. 



IX. 



Differentials of Functions of Two Variables. 

64. The formulas already deduced enable us to differen- 
tiate any function of two variables, expressed by elementary 
functional symbols ; the application of these formulas is, how- 
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«ver, sometimes facilitated by a general principle which will 
now be shown to be applicable to such functions. 

The formulas mentioned above involve difTerential factors 
of the first degree only. It follows, therefore, that the differ- 
entials resulting from their application consist of terms each 
of which contains the first power of the differential of one of 
the variables. In other words, if 

du:=zi^{x,y)dx^-^{x,y)dy (i) 

Now, if ^ were constant, we should have rfv = o, and the 
value oidu would reduce to that of the first term in the right- 
hand member of (i); hence this term may be found by differ- 
entiating u on the supposition that y is constant, and in like 
manner the second term can be found by differentiating u on 
the supposition that x is constant. The sum of the results 
thus obtained is therefore the required value of du. 

65. As an example, let 

Were v constant, we should have for the value of dzy by 
formula (/), Art. 37, 

vu^—^du\ 

and, were u constant, we should have, by formula {h\ Art. 46^ 

log« . u?dv\ 

whence, adding these results, 

dz = «»— ^{vdu + u logudv). 
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DIFFERENTIA TION. 



[Art. 65. 



Although this result has been obtained on the supposition 
that u and v are independent variables, it is evident that any 
two functions of a single variable may be substituted for u 
and V. Thus, if 



u=^nx 



we have 

and, on substituting, 



^ = 



and 

{nxy\ 



v=:f. 



dz = (nxY^-^{3i^ndx-\- nx log(«jr) . 2xdx\ 
= X {n xy* [1 + 2 log (;i x)'\dx, 

which is identical with the expression obtained in Art. 47, for 
the differential of this function. 



I. « = xy e' + 'r. 



2. « = 



3. « = 



loir tan—. 

^ y 



log tan - ' — • 

y 



■ 

Examples IX. 

du^2yJllU^. 
y' sin2 — 

y 

_ ydx— xdy 



du=z 



(;e+y)tan->J 



4. « = 



^ y-^ + i» 






2V(^>')(^+J')« 



5. u 



^^^JLy 



{x^ +y)** 



-♦o«-l-^->' 



du- 



y^dx x{xdy'-ydx)i^ 



6. u = tan 



X -^y 
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8. t^ = log 77-i — =^. 



(^•+/)i4/(;c«-/) 



9. Given :c = r cos 0, and^ = r sin 0; eliminate and find dr ; also 
eliminate r and find ^0. 

^^ = — ,/ , . ,v , and d^ = — ^^ — ^,— . 



Miscellaneous Examples. 



I. ^ = 



2. j^ = 



/3-^ = 






^ — Jt^ 4- 2 
^""2(1 +Ji:)i* 

dx (^« - j|:«)i (^« « ^•)r 

^ ^±^y_^J7' y^\ 

dx 2 Vx V(a + x)(Va + VxY ' 



4. ^ = ( VJt: — 2 Va) V{Va + Vx), 



^ _ 3 

/^ 4V(Va + Vx) 



^s-y^ 



6.y = 



(x- i ) (e' + i)s' (fy_ 

«' - I ^ 



logT— — nr + i 
(i + jr)* 



-I. 



tan "*jc. 



_ g'(jCg" ~ 2J C g' 4- 2g" — jc) 
(fy __ X 

^"■{i + Jir)(i +x')* 
<i^ "" I — Jtr* * 



7. ^ = log ^i-^— j -itan-'jp. 



2 sm~* jc 



•^=V(i^:i?) + '°«r+ 



I — £ 
X 



dy __ 2j:sin"*jc 
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[Ex. IX 






^=: (l 4- XY 



11. ^ = fl log ■ — V (fl — * ). 






/l3, ^ = 



__ (i — x^^ sin"* X 



dx^ X 



- /I — cos JC 
13. J' = log |/ ,^^^^ . 

'i4.jK=tan-»[|/J^.tanf]. 



15. j^= sec"^ — 5 . 



3^* — I 
16. J^ = COS"* -i;— . 



«• 


▼ v 


X — " * / a 


uu ;». 






*_ 


I 






//^ 


smx 


* 


~ 2 


V(«'- 


b') 


^ 


(fl 4- ^cosjc)" 


<fy 


^ - 


2 




dx 


V(. - 


-*•)• 




^ 
<& 





17. j^ = fl cos 



-1 



a — X 



-^\»-(a-xn 



18. y = cos"* jc— 24/ — : — . 



190^ = 



ax-i ^.un-*. 



Vil -f *") 



dx (i + jp)t * 
^ (i + x^)^ 



Use logarithmic differentials. 



CHAPTER IV. 



Successive DiFFERENTiATioii 



X. 
Velocity and Acceleration. 

66. If the variable quantity x represent the distance of a 
pointy moving in a straight line, from a fixed origin taken on the 
line, the rate of x will represent the velocity of the point. 

Denoting this velocity by Vx we have, in accordance with the 
definition given in Art. 17, 



v^ = 



dx^ 
dt 



(0 



In this expression the arbitrary interval of time dt is re- 
garded as constant, while dxy and consequently v^^ is in gen- 
eral variable. Differentiating equation (i) we have, since dt 
is constant, 

dt 

The differential of dXj denoted above by df^dx\ is called the 
second differential of x ; it is usually written in the abbreviated 
form d^x^ and read " d-second x'' The rate of Vx is therefore 
expressed thus : — 

dvx _ d^x 
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The rate of the velocity of a point is called its acceleration^ 
and is usually denoted by a ; hence we write 



''"dt'"df 



«^=-^ = -^» (2) 



the marks of parenthesis being usually omitted in the denomi- 
nator of this expression. 

67- When the space x described by a moving point is a 
given function of the time /, the derivative of this function is, 
by equation (i), an expression for the velocity in terms of /. 
The derivative of the latter expression, which is called the 
second derivative of x, is therefore, by equation (2), an expres- 
sion for the acceleration in terms of /. 

A positive value of the acceleration a indicates an algebraic 
increase of the velocity v, whether the latter be positive or 
negative ; and, on the other hand, a negative value of a indi- 
cates an algebraic decrease of the velocity. 

68. As an illustration, let x denote the space which a body 
falling freely describes in the time /. A well-known mechanical 
formula gives 

^ = 4^ 0) 

Hence we derive z;^=— =^, (2) 

J dvx d^x f V 

and a,=_=_ = ^. (3) 

In this case, therefore, the acceleration is constant and posi- 
tive, and accordingly Vxj which is likewise positive, is numeri- 
cally increasing. 

69. When the velocity is given in terms of Xy the acceleration 
can readily be expressed in terms of the same variable, as in 
the following example. 
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Given v^ = 2 sin x ; 

- dvx ^ dx 

whence -— = 2 cos x -=- ; 

at at 

that is, «x = 2 cos ;r. z/jr = 4 cos ;r sin jr = 2 sin 2x. 

The general expression for a^, when z/^ is given in terms 

of x^ is 

dVx dvjcdx dVx i d{vl) , . 

dt dx dt dx 2 dx ^ ' 



Component Velocities and Accelerations. 

70. When the motion of a point is not rectilinear but is 
nevertheless confined to a plane, its position is referred to co- 
ordinate axes ; the coordinates, x and 7, are evidently functions 

of /, and the derivatives -^ and -^ , which denote the rates 

dt dt 

of these variables, are called the component or resolved velocities 

in the directions of the axes. Denoting these component veloci« 

ties by z/^rand z/„ we have 

dx . dy 



Again, denoting by s the actual space described, as measured 

from some fixed point of the path, s will likewise be a function 

ds 
of /, and the derivative -7- will denote the actual velocity of 

at 

the point. (Compare Art. 48.) Now, the axes being rectangu- 
lar, and ^ denoting the inclination of the direction of the mo- 
tion to the axis of ;r, we have 

dx^ds cos ^, and ^ = ^ sin ^. 

„ dx ds A A dy ck . » 

Hence, ^=^c°s^. ^^ -^ = _sin#; 
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or Vx = V COS ^, and Vy = z/sin ^. 

Squaring and adding, 

The last equation enables us to determine from the component 
velocities the actual velocity in the curve. 

71. If we represent the accelerations of the resolved mo« 
tions in the directions of the axes by a, and o^, we shall have,, 
by Art. 66, 

«.= ^ and a, = J. 

These accelerations, a^ and ay, will be positive when the re- 
solved motions are accelerated in the positive directions of the 
corresponding axes ; that is, when they increase a positive re- 
solved velocity, or numerically decrease a negative resolved 
velocity. 

Examples X. 

I. The space in feet described in the time / by a point moving ia 
a straight line is expressed by the formula 

;c = 48/ — 16/'; 

find the acceleration, and the velocity at the end of 2^ seconds; also 
find the value of / for which z; = o. 

a = — 32 ; z; = o, when / = i^. 

3. If the space described in / seconds be expressed by the formula 

4 . 



;r = 10 log 



4 + /' 



find the velocity and acceleration at the end of i second, and at the 
end of 16 seconds. When / = i, e; = — 2 and flf = |. 
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EXAMPLES, 



n 



3. If a point moves in a fixed path so that 

show that the acceleration is negative and proportional to the cube of 
the velocity. Find the value of the acceleration at the end of one 
second, and at the end of nine seconds. — \y and — yfy. 

4« If a point move in a straight line so that 





x=^a cos \nt^ 


show that 


a = — \7fx. 


5- If 


x = a^ + d «-*, 


prove that 


a — X. 



6. If a point referred to rectangular coordinate axes move so that 

x=^a cos / + ^ and y = a sin f -{- c, 

show that its velocity will be uniform. Find the equation of the path 
described. 

EUmifuUe tfrom the given equations, 

7. A projectile moves in the parabola whose equation is 

■^ zV cos a 

(the axis ofy being vertical) with a uniform horizontal velocity 

Vg=^ V cos a ; 
find the velocity in the curve, and the vertical acceleration. 

v= V{y* — 2gy), and a, = — ^. 

8. A point moves in the curve, whose equation is 

x^ +J'' = tf*, 
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SO that Vm is constant and equal to k ; find the acceleration in the di* 
rection of the axis oiy. ^1^ 

i^ y 

9. If a point move so that v = 4^(2^^); determine the acceleration. 
Use equation ( i ), Art, 69. ^ = ^. 

10. If a point move so that we have 

t/' = ^ — /i log ;c, 

u 
determine the acceleration. a= . 

11. If a point move so that we have 



determine the acceleration. a = r. 

12. The velocity of a point is inversely proportional to the square 
of its distance from a fixed point of the straight line in which it moves, 
the velocity being 2 feet per second when the distance is six inches ; 
determine the acceleration at a given distance s from the fixed point. 

\ feet. 

2S 

13. The velocity of a point moving in a straight line is m times its 
distance from a fixed point at the perpendicular distance a from the 
straight line ; determine the acceleration at the distance x from the 
foot of the perpendicular. « = nfx. 

14. The relation between .r and / being expressed by 

/|/y-= -/(«* — jp')—iavers-*^; 

i? 

15. A point moves in the hyperbola 

in such a manner that v^ has the constant value c ; prove that 



find the acceleration in terms oi x, « = — -3 • 
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and thence derive a, by equation (i), Art. 69. 

16. A point describes the conic section 

Vjg having the constant value c ; determine the value of a^. 
Express t^ in terms of y^ and proceed as in Exan^le 15. 



XL 

Successive Derivatives. 

72. The derivative of f{x) is another function of x, which 
we have denoted by f\x) ; if we take the derivative of the 
latter, we obtain still another function of x^ which is called the 
second derivative of the original function f{x\ and is denoted 
hyf'\x). Thus if 

f{x)^x^, /'{x) = Sx^, and /"(^) = 6^. 

Similarly the derivative of /"(x) is denoted by /"'(x\ and 
is called the third derivative of /(x) ; etc. When one of these 
successive derivatives has a constant value, the next and all 
succeeding derivatives evidently vanish. Thus, in the above 
example, /'"{x) = 6, consequently, in this case, /^"{x) and all 
higher derivatives vanish. 

TAe Geometrical Meaning of the Second DerivcUive. 

73. If the curve whose equation is 
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be constructed, we have seen (Art. 26) that 

^=/'(;r) = tan^, 

^ being the inclination of the curve to the axis of x ; hence 

f"i^\ — ^ (tan ^) 

• 

If now the value of this derivative be positivey 
tan ^ will be an increasing function of x, as in 
Fig. 6, in which, as we proceed toward the 
right, tan ^ (at first negative) increases alge- 
braically throughout. In this case, therefore, 
the curve appears concave wlun viewed from 
above. On the other hand, if f'\x) be negative^ tan ^ will be 
a decreasing function of jr, as in Fig. 7, in 
which, as we proceed toward the right, tan ^ 
decreases algebraically throughout, the curve 
appearing convex when viewed from above. 




Fig. 6. 



74. A point which separates a concave from 
a convex portion of a curve is called a point of Fig. 7. 
inflexion^ or di point of contrary flexure. 

It is obvious from the preceding article that, at a point of 
mflexion, like P in Fig. 8, f'\x) must change 
%ign ; hence at such a point, the value of this 



derivative must become either zero or infinity. 

75. When a curve is described by a moving 
point, the character of the curvature is depen- 
dent upon the component accelerations of the 
motion. For, if we put 

Vx = Cj or dx'=iCcU^ 

c denoting a constant, we have 






± 



Fig. & 
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and hence f'\x) = ^ . § = ^ . 

Whence it follows that, if Vx is constant, a> and f"{x) have 
the same sign, and consequently that a portion of a curve 
which is concave when viewed from above is one in which a, is 
positive when ax is zero. 

Successive Differentials. 

76. The successive differentials of a function of x involve 
the successive differentials of x ; thus, if 

we have dy = 3;rW-r, 

d^y^^exidxy-^-lx'd^x, 
and d^y = 6(rfjr)' -\- iSxdx d^x + sx* d*x. 

In general, if 

dy^f\x)dx, 

d'y=r{x){dxy-^f\x)d'x, 
and d'y =f"\x) (dx)' + 3/" {x) dx d'x + f'{x) d'x. 



Equicrescent Variables, 

n. A variable is said to be equicrescent when its rate is con- 

dx 
stant ; since dt in the expression •-;- is assumed to be constant, 

dt 

dx is also constant, when x is equicrescent. 

In expressing the differentials of a function, it is admissible 
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to assume the independent variable to be equicrescent, since 
the differential of this variable is arbitrary. This hypothesis 
greatly simplifies the expressions for the second and higher dif- 
ferentials of functions of x^ inasmuch as it is evidently equiva- 
lent to making all differentials of x higher than the first vanish. 
Thus, in the general expressions for d^y and d^y given in the 
preceding article, all the terms except the first disappear, and 
it is easy to see that, in general, we shall have 

d'y = rix) {dxy, 
when X is equicrescent. 

78. From the above equation we derive 

The expression in the first member of this equation is the usual 
symbol for the «th derivative of y regarded as a function of x. 
The nt\i differential which occurs in this symbol is always un- 
derstood to denote the value which this differential assumes 
when the variable indicated in the denominator is equicrescent. 

The symbol -j- is frequently used to denote the operation 
of taking the derivative with reference to ;r, and similarly the 
symbol ( ^ ) , or -j-^ , is used to denote the operation of tak- 
ing the derivative with respect to ;r, n times in succession. 



Examples XI. 

I. Find the second derivative of sec ^, and distinguish the concave 
from the convex portions of the curve ^^ = sec x. Also show that the 
curve y = log x is everywhere convex. 
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2. Find the points of inflexion in the curves = sin ;r. 

3. Find the point of inflexion of the curve 

y = 2x* — 3^^* — 12^ + 6. 

The point is (J, — i). 

4. Show that the curve ^^ = tan x is concave when j' is positive, and 
convex when y is negative. 

5. Find the points of inflexion of the curve 

^ = jp* — 2x* — 1 2^^* + I i;c + 24. 

The points are (2, — 2) and (— i, 4). 



6. If /(*)= i^, find f\x). 



i — x 



r(x)^ 



240 



(i-^)*' 



7. It/(*) =~, find/ (X). / (*)— ;-^:p5 . 



8. If >^ is a function of x of the form 



Axr + Bj^'-' + •.. -{-Mx-^-J^r, 



dy _^ 



dxT 



prove that 

9. If/(x) = ^",find/'(;i:). 



= I. a. 3 • • •«^. 



r{x)^a'(\ogdyir. 



10. If/ (;i:) = jc* log (« jt), find/'' (*). 



/-W=- 



11. If/ (or) = log sin X, find/'" (;i:). 

12. If/ (x) = sec JT, find/" (;i:) and/'" (jt). 



, ^ ^c^ 



/" (jp) = 2 scc*;c — sec a:, and/"' (jc) = sec ^ tan x (6 sec'x — i). 

13. If/ (jr) = tan JT, find/"' (^) and/'" (*) 
/'" (x) = 6 sec*;c — 4 sec';c, and /*' (;c) = 8 tan jt sec'jr (3 sec*;c — i ). 
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14. If/ (x) = x*, find/" (jc). /" (a:) = x* (i + log xf + jc^^ 



15. Ifj'=e', find^,. 

16. If>' = r^, find-^. 



g=-ir(H-6*+6*»)5^. 



^. = 4Jf (3 - 2-«') « 



-« 



17. If ;^ = log (€• + ^), find ^ 



18. n>^ = ::5 — J, find :^ and ^,. 






«•—! 



^^ — dx' 



d^y _ g" + g* ^ ^ — ^ + 11^"+ "^ H- ^ 



19, If ^^ = sin"* X, find ^ . 



d^_ 9x + 6:c* 



20. If>'=e*^-,find^ 






= — g^' cos * sin X (sin * + 3). 



21. If ^ = 



I + log^ 



, find 






d^y __ I — logjf 
^~ x(i + log^c)" 



22. Find the value of d*{s')y when x is not equicrescent. 

//*(£*) = €'{dxy + 3£' //'jr dx -h €' d'x. 

J* 

23. Find the value of -tt- (sin 6), 6 being a function of /. 

d* , , . /dsy ds d'B d*B 



CHAPTER V. 



The Evaluation of Indeterminate Forms. 



XII. 

Indeterminate or Illusory Forms. 

79. When a function is expressed in the form of a fraction 
each of whose terms is variable, it may happen that, for a cer- 
tain value of the independent variable, both terms reduce to 

zero. The function then takes the form - , and is said to be 

o 

indeterminate^ since its value cannot be ascertained by the ordi- 
nary process of dividing the value of the numerator by that 
of the denominator. The function has, nevertheless, a value as 
determinate for this as for any other value of the independent 
variable. It is the object of this chapter to show that such defi- 
nite values exist, and to explain the methods by which they 
are determined. 

The term illusory form is often used as synonymous with 
indeterminate form^ and these terms are applied indifferently, 

not only to the form - , but also to the forms — , oo. o, oo — oo, 

O 00 

and to certain others whose logarithms assume the form oo-o. 
When a function of x takes an illusory form for x^a^ the cor- 
responding value of the function is sometimes called its limits 
ing value as x approaches the value a. 

80t The values of functions which assume illusory forms may 
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sometimes be ascertained by making use of certain algebraic 
transformations. Thus, for example, the function 

a — V{a^ — bx) 

X 

takes the form - when jr = o. 

o 

Multiplying both terms by the complementary surd 

a -f V(^ - bx), 

bx b 



we obtain 



x\a -f ^/(€f - bx)'\ ^1 -f- V(^ - bx) * 



The last form is not illusory for the given value of ;r, since the 
factor which becomes zero has been removed from both terms 
of the fraction. The value of the fraction for x — o is evi- 
dently — . 
2a 

The following notation is used to indicate this and similar 
results ; viz., 

a — V(g' — bx) -\ __*_ 
x \o^ 2a^ 

the subscript denoting that value of the independent variable 
for which the function is evaluated. 



Evaluation by Differentiation. 

81* Let - represent a function in which both u and v are 
u 

functions of ;r, which vanish when x — a\ in other words, for 

this value of x, we have 1^ = 0, and z/ = o. 
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Let Z' be a moving point of which the abscissa and ordinate 

are simultaneous values of u and v {x not 
being represented in the figure); then, de- 
noting the angle POUhy d, and the inclina- 
tion of the motion of P to the axis of u by ^, 
we have 




Fig. 9. 



tan d = -, 
u 



and tan ^ = 



dv 
'dH' 



At the instant when x passes through the value a, u and v 
being zero by the hypothesis, P passes through the origin ; the 
corresponding value of is evidently determined by the direc- 
tion in which P is moving at that instant, and is therefore equal 
to the value of ^ at that point. 

Hence the values of tan d and tan ^ corresponding to ;r = ^i 
are equal, or 

tr\ _ dv~\ 

therefore, to determine the value of - for ;r = a, we substitute 

// 

dif 
for it the function -7- , whose value is the same as that of the 

du 

given function, when x^a. 

82. This result may also be expressed in the following man- 
ner : let f(x) and ^;r) be two functions, such that f(a) = o, 
and ^a) = o ; then 

As an illustrationi let us take -^ — . When ;r = i, this func- 

x— I 



•tion takes the form — ; by the above process, we have 
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^-iJi 1 Jx 

the required value. 

83. Since the substituted function -j- or "^tV^ frequently 

takes the indeterminate form, several repetitions of the process 
are sometimes requisite before the value of the function can be 
ascertained. 

For example, the function 3 — takes the form - when 

^ = o ; employing the process for evaluating, we have 



I — cos fr\ __ sin ^ 

w Jo"" "2irJo' 



which is likewise indeterminate ; but, by repeating the process, 

we obtain 

I — cos 



^ 



en _ sinjn _ cos^ __ 

Jo 2^ Jo 2 Jo * 



84. If the given function, or any of the substituted func- 
tions, contains a factor which does not take the indeterminate 
form, this factor may be evaluated at once, as in the following 
example. 

The function 

(l — jr)£-'— I 

tan* jr 

is indeterminate for ;ir = o. By employing the usual process 
once, we obtain 

(l — JC) £-^ — l" | _ -- JTf^ "I 

tan' X J o" 2 sec*;r tan ;r J©' 

which is likewise indeterminate ; but, before repeating the pro- 

I* "1 

cess, we may evaluate the factor r- • The value ol 

' 2 sec* ;rJo 

this factor is — ^ ; hence we write 
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H 



Xt' 



•> 



-J 



tan^T 



(I — ;r)g^— i n 

tan* X Jo"" 2 sec* x tan ;ir. 

' sec* ;irJo 

85. When the given function can be decomposed into fac- 
tors each of which takes the indeterminate form, these factors, 
may be evaluated separately. Thus, if the given function be 

(e* — i) ta n*;r 



the form 



me^) 



may be employed. We have 



tan X 



1= ■■ 



and 



e* — 



"}='■■ 



hence the value of the given function is unity. 

When this method is used, if one of the factors is found 
to take the value zero while another is infinite, their product, 
being of the form o • oo, must be treated by the usual method, 
since o • oo is itself an illusory form. 

86. Another mode of decomposing a given function is that 
of separating it into parts, and substituting the values of such 
parts as are found on evaluation to be finite. 
As an illustration, we take the expression, 



«o = 



_ (g^ — g-^)*— 2;r*(f^ + f--^) 



1- 



Each of the fractions into which this function can be decom- 
posed being obviously infinite, we first apply the usual proces^i 
thus obtaining 



84 
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1- 



Separating this expression into two fractions, thus, — 

__ (g^ + g-^)(g-^ — g-^ — 2;r) n _ g^j-_f--n 

2p Jo 2;r Jo' 

the latter is found on evaluation to have a finite value, and the 
expression reduces to 



«o = 



^_e-x_ 



Hence 






g' + g"' — 2"| ^— f-^ 

^= 3^ Jo-^=-6^Jo-^ = -^- 



Examples XI L 



_, sin jc"| tan x\ j ^ — 'l 

I. Prove — — = I, -— = I, and — — = i. 

X _Jo X _Jo .* |o 

These results are frequently useful in evaluating other functions;, 
Evaluate the following functions : 



2. 



log(i-r^)' 



log tf — log JP * 

jp' — jf* — 5^ - 3 ' 

X* — &r' 4- 22J C* — 2^ + 9 

^' x^ — 4Ji:* — 2jc' 4- I2JP + 9 ' 



when jp = o. 


2. 


x=:a. 


W*. 


•« = 3. 


I 

• 

4 


* = 3. 


I 

• 

4 



^ jpf*- - £•* - JC + I 

0. .., :: f 



g^-i 



:r= o. 



— I. 
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sin jp — COS X 

7. , 

sin 2 jp — cos 2JP — I 



when X = \n, \ Va. 



8. 



logjf 



if -If 



:r = I. 



jr = o. 



.0. V(. 4-^x2 O-x)^ (^, ^,, 3^)^ 



JC = I. 



II 



a* - xU x\ 

. -^^(^i - cos -j, 



JC = 0. 



12. 



13 



jc — a 



tf — (I 



x = a. 



o. 



log|. 



n 

I 

2 



log sin AT ' 



s:=z^7r. tfloga. 



14 



15 



I -- COSJC 

jiplog(i + x)* 
Vx tan X 



jc = o. 



/ jp tan jc jp 
Puf in the form 4/ — • • — 

ampU I. 

Jf V(3JP — 2JC*) — JC' 



X =0. 



I 

2 
I. 



See Art. 85 andEx- 



16. 



^ = flf. 



17. 



18. 



\ — x^ 

{a + jc)* — (tf — x)^ 



jr= I. 



81 
20' 



JIP = O. 



Va. 



MuUipfy both terms by the two complementary surds. See Art, 80. 
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(a" - jc')i + (tf - at)* 
10. ^1 ^ ^, 

Divide both terms by {a^ x^. 



when ;c = a. 



V(2a) 



sin jc — AT cos jp 
2o. 





jp — sin jp ' 


«• 


— £"" — 2X 




;r — tanjf * 


(* 


r— a)** 4- Jc + a 




^(^-i)' 




:*:•- jc 


I 


— jp + log jc' 


tan ^ — sin ^ 



21. 



22. 7T^ -^^ » 



«3- 



24. ^t f 



.:ir=o. 



jp = o. 



Ar = o. 



jip= I. 



2. 



— I. 

I 
6* 

— 2. 



1 
I- 



Ar = o. 



Put in the form 5H^1 



(jc-i)' -f sinV- 0* 
25. ' ^ 



26. 



SCCJC — 



a- 



27. 



(A-+ l)(^~ 


i)» 


I — AT + log JP 




I- v^2x-xy 




sin^ip — log(«'cosjr) 



jr= I. 



x^=-\. 



JIP = o. 



V2. 



— I. 

I 

2 



28. 



\n — tsm ' JP 



JIP= I. 



2(i-«y 



tan (<z 4 - Jp) ~ tan (g — jc) 
^^- tan • (a + jc) - tan"' (« - xY 



x = o. (!+«•) sec* a. 



.V sin X — ^TT 

30- ^^.Trrr:: — 1 



cos JC 



AT = J;r. — i^ 
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31 



32. 



e» _ «■*» » 



jf — sinjc 



»i* siimy — /<* sin mjp 



when ^ = o. 



« = «. 



I. 



tf " *(« cos »r — sin nx) cos' or. 



In solvit^ this and the following example^ x and n may be regarded 
as constants^ and raas a variable. 



tan nx — tan mx 
^^' sin (n*x — ^"jc) * 



= n. 



sec nx 
2n 



XIII. 



00 



/w 



87* Let ^,y( denote a function which assumes the form 



•^ when JT = tf y then we have 



00 






• i 



(I) 



/W 



The second member of this equation takes the form - when 

o 

jr = tf ; we therefore have, by equation (i) Art. 82, 



4>\a) 






Mfl) 



_ /'(a) f\i 



(2) 



/(«) [/(«)]' 



whence, if ^S^l is neither zero nor infinity, we infer that 

9^) 
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This formula, it will be observed, is identical with that employed 

when the function takes the form — . 

o 

88. When the value of -^-\ is either «ero or infinity, equa- 

tion (2), Art. 87, will be satisfied independently of the exist- 
ence of equation (3) ; we are not justified therefore, when this 
is the case, in deriving the latter from the former. The follow- 
ing demonstration shows, however, that equation (3) holds in 
these cases also. 

First, when the value of ~;^ is zero, by adding a finite 
quantity n to the given function, we have 

M^n- /(«) + «^ («) 

m Ha) ' 

a function which is by hypothesis finite. To this function there- 
fore the demonstration given in Art. 87 applies ; hence 

therefore ^\ =={^. 

as before. 

Again, if the value of -^7^ is infinite, that of ^^ is zero, 

<fi{a) /{a) 

and, by the last result, 

Aa) nay 
hence, in this case, likewise 
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Derwatzves of Functions which assutptc an Infinite Value. 

89. When f(x) becomes infinite^ for a finite value a of the in* 

dependent variable^ i '(a) is likewise infinite. For, let b denote a 

value of X so taken that/(jr) shall be finite iot x = b and for all 

values of x between b and a : then, as x varies from b to a^ the 

rate olf{x) must assume an infinite value, otherwise /(jt) would 

remain finite. The value of x for which the rate is infinite must 

be ^ or some value of x between b and a ; that is, some value 

of X nearer to a than b is. Now, since b may be taken as near 

as we please to a, the value of x for which the rate is infinite 

dx 
cannot differ from a. The expression for this rate is f'{x) -=-, in 

at 

dr 

which -J- may be assumed finite, therefore /X-^) must be infinite 
at 

when X =i a\ in other words, f '(a) is infinite when f(a) is infinite, 

90. It follows from the theorem proved in the preceding 
article that when a is finite the function obtained by the appli- 

ration of formula (3), Art. 87, takes the same form, — ,as that 

00 

assumed by the original function. Hence, except when the 
given value of x is infinite, the application of some other process, 
either to the original function or to one of the substituted func- 
tions, is always requisite. Thus in the example, 

log (sin\2^) n _ 00, 
log sin ;r Jo 00 ' 

by using the above formula we obtain 
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log sin 2x~\ _ 2 cot 2jr'l 
log sin JT Jo "" cot ;r J ^ 

which takes the form -^ ; but the last expression is equivalent 

to 2 , and is therefore easily shown to have the 

sin 2x cos xAo 

value unity* 



The Form o • oo. 

91. A function which takes this form may, by introducing 
the reciprocal of one of the factors, be so transformed as to take 

either of the forms - or _ , as may be found most convenient. 

^ 00 
For example, let us take the function 

which assumes the above form when ;r = 00, « being positive. 
In this case it is necessary to reduce to the form — . Thus — 

By continuing this process, we finally obtain a fraction whose 
denominator is finite while its numerator is still infinite. Hence 
we have, for all finite values of «, 



TAe Farm oo — oo. 

92. A function which assumes this form may be so trans- 
formed as to take the form - . Let the given function be 
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r I log(i4-;r) -| 

L*(I -VX) ^ Jo' 



'which takes the form 00—00, since the second term is easily 
shown to be infinite. But 



Lr(i+*) 



log (i + jf) "| _ x-{i +x) log(i +.r) '] 
*• Jo ^(1+^) J. 



^1 



_ jr-(l 4-:r) log( 



_ I - log (i + jr) - n «, _ 1^ 
2;r Jo 2 * 



Examples XIII. 



Evaluate the following functions : 



I. 



sec AT 
sec3Ji: 



when X = ^n, — 3. 



"2. 



-•\ 9 



cosec(«w"*) 



3. -5r- (« > o), 



jf = 00 



«. 



jc = 00. 



o. 



tana: 



log {x — ^n) ' 

sec(^;rjir) 
^- log(i-x)' 

^ logcos(^;rjf) 
^' log(i-jc) ' 



x = ^n. 



00. 



:p= I. 



00. 



Ar= I. 



I. 



92 EVALUATION OF INDETERMINATE FORMS. [Ex. XIII. 



tan^ 

7. 

tanjjp' 
^ lo g(i +JP) 



x = iTr. 



JP= 00. 



K y^^J" — l^^, 



X= CO, 



log a. 



^ — a' ffx 
lo. = — tan — , 



x=: a. 



4 

n 



11.^ (log a:)», (m a^ n being fasUhfe), 



jc = o. 



* . I 
12. €*sin — , 



;r= 00. 



00. 



'3- * •(« — logj:). 



jp = o. 



o. 



14. sec — -log-, 
2 ^ 



jip= I. 



2 

I 



log tan fix 
^* log tan AT ' 



AT = o. 



I. 



16. 



x 
log cot — 

cot^ 4- logo:' 



1 7. sec X (x sin x — i^r), 



,8.1og(.-^) 



tan 



7CX 

2a 



x=o. 



x = i7r. 



x = a. 



o. 

— I. 

2 

TT 



jg. (i — jf) tan (i^jc), 

20. log {x — a) tan (x — a), 



*= I. 



jc = a. 



O. 
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XIV. 

Functtans whose Logarithms take the Form oo . a 

93. In the case of a function of the form u^y we have 

log«^=2/log«. 

The expression v\o%u takes the illusory form o*oo in two 
cases: first, when z/ = oand log«= oo ; and secondly, when 
t; = 00 and log « = o. 

Log» is infinite when » = o, and also when i/ = oo ; there- 
fore the first case will arise when the original function takes 
one of the forms oo*> or o°. 

Log« = o when « = i, therefore the second case will arise 
when the original function takes the form i ". 

Hence functions which take either of the three illusory forms. 

ooo, Qp, or I*, 

may be evaluated by first evaluating their logarithms, which 
take the form o • oo. 

It is to be noticed however that o" and oo" are not illu* 
sory forms, since their logarithms take the form oo(:f: oo). 



The Form i". 
94. As an illustration of this form, we take the function 

f I + -j , which assumes the form i" when ;r = oo. Denot- 
ing this function by u^ we have 

iog(i+£) 

\ogu = x \og(\ + J) = p-^, 

X 

the last expression assuming the form - when jr = -oo. 



94 
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In evaluating this logarithm, it is convenient to substitute 



jr for — ; then 

X 



,og«. = l2i(i-t^]^. 



since, when ;r = oo, ^ = o. Taking derivatives, we have 

Z Jo I + ««Jo 



Hence 



*-=0-^ ?)'].=*•• 



95. If tf = I, we have 



(-j)'].=- 



that is, as x increases indefinitely, \h^ limiting value of the func- 
tion {\'\ — j is €. The Napierian base is often defined as the 

limiting value of this function, or, what is the same thing, by 
formula 



The Form o\ 

96. The function jr^J^, by the aid of which many functions 
of similar form may be evaluated, will serve as an illustration 
of the form op. 



Let 
then 



u^ x'; 
logu = ;rlog;r, 
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and 



therefore 



log« I = ^\^ - = — ^^r^ = o; 

Jo X _Jo X Jo 



^1= «^ = I. 



The value of a function which takes the form 0"* is usually 
found, as in the above example, to be unity. This is not, how- 
ever, unwersally true, as the function 



a-^-x 



{one of those earliest adduced for this purpose ^) will show. 

This function takes the form qp, when jr = o; but since its 
k)garithm reduces to a + jr, its value when :r = o is €^. 



Examples XIV. 



I. (cos Jt)«>**-», 

3. (cos arJf)«»««•^•«, 
S. (tan^)»"% 



when jp = o. 



JC = o. 



a- = o. 



rc= o. 



^- = — i^r. 



:: = o. 



€-♦. 



a« 



I. 



I. 



7. (i -x)-, 

8. (sinx)*'*''. 



or = 0. 



x^\n. 



e 



«-♦. 



♦ Sec CnU/j youmal, vol. xii, p. 293. 
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9. (cot*)"", 








JC = 0. 




Sotution : (cot , 


xf^' 


(cosx)*"] 


2=1. 




(&^ ^r/. 96.) 




o~(«n 


jc)— ] 




10. (sinjc)*"*, 








x = 0. 


I. 


II. (sinx)*"'. 








2 
jp = 0. 


I. 


I a. *'<>««■>•», 


€•. 


•«-;.• 












>« 



13. (sin^)*^*"'. 



Jf = o. 



14. jr*" {a > o), 



JIP= o. 



I. 



15. (jc*)logTr+logc«*r, 



JP = O. 



«^. 



16. x'-"", 



17. :j/-', 



when X = I. 



X = o. 



1 



I. 



18. {cos mxy\ 



19 



■ (^-)'. 



X = 0. €-♦**•. 



jr = 00. 



I. 



20. (i ± Jc)-«', 



21 



. x^isinxY'^'f'^-z-^y, 

\2 Sin 2Jlf/ 



22. 



(w* — i) (g sin jp •— sin ax) 
0^ sin x (cos jc — cos ax) 






jic = 00. 



jp = — . 

2 






= o. g)"log^ 



CHAPTER VI. 

Maxima and Minima of Functions of a Single 

Variable. 



XV. 

Conditions Indicating the Existence of Maxima 

and Minima. 

97. If, while the independent variable increases continu- 
ously, a function dependent on it increases up to a certain 
value, and then decreases, this value of the function is said to 
be a maximum value. In other words, a function f{pc) has a 
maximum value corresponding to ;r = rt, if, when x increases 
through the value a, the function changes from an increasing 
to a decreasing function. 

Since f'{pc) is positive, when f(x) is an increasing function, 
and negative when it is a decreasing function ; it is obvious 
that if /{a) is a maximum value of /{x\/'{x) must change sign^ 
from -f to — , as AT increases through the value a. 

On the other hand, a function is said to have a minimum 
value for x = a,i( it is a decreasing function before x reaches 
this value and an increasing one afterward. In this case, /'{x) 
changes sign from — to +. 

98. The derivative /'(x) can only change sign on passing 
through zero or infinity. Hence a value of ;r, for which /{x) 
is a maximum or a minimum, must satisfy one of the two follow- 
ing equations : 

/\x) =0 and /'{x) = 00. 
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The required values of x will therefore be found among the 
roots of these equations. 

The case which usually presents itself, and which will there- 
fore be considered first, is that in which the required value of 
;r is a root of the equation /'{x) = o. 

99. As an illustration, let it be required to divide a number 
into two such parts that the square of one part multiplied by the 
cube of the other shall give the greatest possible product. 

Denote the given number by a, and the part to be squared 
by X ; then we have 

f{x) = x'{a- x)\ 

It is evident that a maximum value of this function exists ; 
for when ;r = o its value is zero, and when x =ia its "value is 
again- zero, while for intermediate values of x it is positive; 
hence the function must change from an increasing to a decreas- 
ing function at least once, while x passesJJMfi the value zero to 
the value a, ^ 

Taking the derivative of this function, the equation 

fV) = o 

is in this case 2x{a — jt)* — ^x^ (a — x)* = 0^ 

or x{a — xY {2a — $x) = O. 

o and a are roots of this equation ; but, as we are in search of 
a value of the function corresponding to an intermediate value 
of Xy we put 

2a — $x = o, 

and obtain x = \a. 

The corresponding value of the function is "j4Wr^*> the maxi* 
mum value sought. 
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Maxima and Minima of Geometrical Magnitudes. 

100. When the maximum or minimum value of a geometri- 
cal magnitude limited by certain conditions is required, it is 
necessary to obtain an expression for the magnitude in terms of 
a single unknown quantity, such that the determination of the 
value of this quantity will constitute the solution of the prob- 
lem. For example : let it be required to determine the cone of 
greatest convex surfcLce among those which can be inscribed in a 
sphere whose radius is a. 

Any point A of the surface of the 
sphere being taken as the apex of 
the cone, let the diagram represent 
a great circle of the sphere passing 
through the fixed point A. 

If we refer the position of the 
point P to rectangular coordinates, 
and take C as the origin, the required 
cone will evidently be determined 
when X is determined. We have 
now to express the convex surface 
5 in terms of x. 
The expression for the convex surface of a cone gives 

S^nyV^/^-{flJrx)'\ (i) 

in which the unknown quantities x and y are connected by the 
equation of the circle 

;r*+y = /i" (2) 

Substituting the value of y^ we have 




FkG. 10. 



reducing. 



S^n y(tf • - ;r") i/(2/?« + 2ax\ 
S= nV{2a) {a + x) V{a — x). 



(3> 



918033 



lOO 
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Since the factor n V{2a) is constant, we are evidently re- 
quired to find the value of x for which the function 

fix)- {a + x)V{a —x) 

is a maximum. The equation f\x) = o is, in this case. 



Via -x)^ 



a + X 



2 V{a — x) 



= o; 



whence 



x = ia. 



The altitude of the required cone is therefore ^a. Substi- 
tuting this value of x in equation (3), we have 

S=iV3'7ra\ 
the maximum value required. 

101. As a further illustration, let it be required to determine 
tfte greatest cylinder tliat can be tn- 
scribed in a given segment of a pa'- 
rabolotd of revolution. 

Let a denote the altitude, and b 
the radius of the base of the seg- 
ment. The equation of the gener- 
ating parabola is of the form 

y = ^x. 



Since (a, b) is a point of the curve, 
we have the condition 

eliminating 4^, the equation of the curve is 




Fig II. 



y ^-^ X. 
a 



• (I) 
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The volume V of the cylinder of which the maximum is re- 
quired is expressed by 

F=;r/(a-;r), 

or, by equation (i), V^n — x{a — x). 

Hence we put f{pc) ^ax — x\ 

and the condition /'{x) = o gives 

X = ia. 

Consequently a — Xy the altitude of the cylinder, is one half the 
altitude of the segment. 

Examples XV. 

1. Find the sides of the largest rectangle that can be inscribed in 
a semicircle of radius a. The sides are a V2 and \aV2. 

2. Determine the maximum right cone inscribed in a given sphere. 

The altitude is four thirds the radius of the sphere. 

3. Determine the maximum rectangle inscribed in a given segment 
of a parabola. 

The altitude of the rectangle is two thirds that of the segment. 

4. Find the maximum cone of given slant height a. 

The radius of the base is ^a V6, 

5. A boatman 3 miles out at sea wishes to reach in the shortest 
time possible a point on the beach 5 miles from the nearest point of 
the shore ; he can pull at the rate of 4 miles an hour, but can walk at 
the rate of 5 miles an hour ; find the point at which he must land. 

Express the whole time in terms of the distance of the required point 
/ram the nearest point of the shore. 

He must land one mile from the point to be reached. 
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6. If a square piece of sheet-lead whose side is a have a square cut 
out at each comer, find the side of the latter square in order that the 
remainder may form a vessel of maximum capacity 

The side of the square is \a, 

7. A given weight is to be raised by means of a lever weighing n 
pounds per linear inch, which has its fulcrum at one end, and at a 
fixed distance a from the point of suspension of the weight w ; find the 
length of the lever in order that the power required to raise the weight 
may be a minimum. I -_ /2aw 

*- y n ' 

8. A rectangular court is to be built so as to contain a given area 
^, and a wall already constructed is available for one of the sides i 
find its dimensions so that the least expense may be incurred. 

The side parallel to the wall is double each of the others. 

9. Determine the maximum cylinder inscribed in a given cone. 

The altitude of the cylinder is one third that of the cone. 

10. Prove that the rectangle with given perimeter and maximum 
area is a square , also that the rectangle with given area and minimum 
perimeter is a square. 

11. Find the side of the smallest square that can be inscribed in a 
square whose side is a. 

Take as the independent variable the distance between the angles of the 
two squares, ^a ^2, 

12 Inscribe the maximum cone in a given paraboloid, the apex of 
the cone being at the middle point of tbe base of the paraboloid. 

The altitude of the cone is half that of the paraboloid. 

13. Find the maximum cylinder that can be inscribed in a sphere 
whose radius is a. The altitude is |a V3. 

14. Through a point whose rectangular coordinates are a and b draw 
a line such that the triangle formed by this line and the coordinate 
axes shall be a minimum. 

The intercepts on the axes are 2a and 2k 
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15. A high vertical wall is to be braced by a beam which must pass 
over a parallel wall a feet high and b feet distant from the other , 
find the length of the shortest beam that can be used for this purpose. 

Take as the independent variable the inclination of the beam to the 
honson 

(a* + b^y. 

16. The illumination of a plane surface by a luminous point being 
directly as the cosine of the angle of incidence of the rays, and in- 
versely as the square of its distance from the point ; find the height 
at which a bracket-burner must be placed, in order that a point on 
the floor of a room at the horizontal distance a from the burner may 
jeceive the greatest possible amount of illumination. 

The height is — ^. 



XVI. 



Methods of Discriminating between Maxima and 

Minima. 

102. When the existence of a maximum or a minimum cor- 
responding to a particular root a of the equation f\x) = o is 
not obvious from the nature of the problem, it is necessary to 
determine whether f\x) changes sign as x passes through the 
value a. 

If a change of sig^ does take place we have, in accordance 
with Art. 97, a maximum if, when x passes through the value 
a, the change of sigfn is from + to — ; that is, if f'{x) is a de- 
creasing function, and a minimum if the change of sign is from 
— to +, in which case f\x) is an increasing function. 

103. In many cases we are able to distinguish maxima from 
minima by examining the expression for f\x\ as in the fol- 
lowing examples. 



I04 
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[Art. 103. 



Given 



whence 



/(^) = 



logjr' 






/'(x) = o g^ves log;r=i, or x = e. 

Since log;r is an increasing function, it is obvious that, as x in- 
creases through the value ^ff\x) increases ; it therefore changes 
sign from — to +, and consequently /(e) is a minimum value 
of /(x). 

104. If f\x) does not change sigfn we have neither a maxi- 
mum nor a minimum ; thus, let 

f{x) = X — sinjr, 

whence /'W = i — cos;r. 

In this case f\x) becomes zero when x = 2nn, n being zero 
or any integer, but does not change sign, since i — cos;r can 
never be negative; consequently f{x) has neither maxima 
nor minima values, but is an iticreasing function for all values 
of ;ir. 



Alternate Maxima and Minima. 
lOS. Let the curve 

be constructed, and suppose it to take the form represented in 
Fig. 12. There is a maximum value of 
f{x) at B, another at Z>, and minima 
values occur at ^, at C, and at E. 

It is obvious that in a continuous por- 
tion of the curve maxima and minima 
ordinates must occur alternately, and 
must separate the curve into segments '~ 

in which the ordinate is alternately an 
increasing and a decreasing function ; hence, if f{x) has maxi- 
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ma and minima values, they must occur alternately unless infi- 
nite values of the function intervene. It is also evident, with 
the same restriction, that a maximum is greater in value than 
either of the adjacent minima, but not necessarily greater than 
any other minimum; thus, in Fig. 12, the maximum at B is 
greater than the minima at A and C, but not greater than 
that at E. 

106. As an illustration let us take the following function in 
which it is easy to discriminate between the maxima and min- 
ima values. 

f{x)^x{x + ay(x^a)\ 
Whence, 

f\x)={x + aY{x-ay+2x{x + a){x^ay+ix{x^a'f{x^d)\ 
=(jr + tf) (at - of (6r"+ ax - «»). 

a and — a are evidently roots of f\x) = o ; the roots derived 
by putting the last factor equal to zero and solving are — ia 
and ia. Hence /'{x) can be written in the form 

/\x) = 6{x + a){xA' ia)(x^ia){x^a)\ 

in which the factors are so arranged that the corresponding 
roots are in order of mag^nitude. 

When X <^ a, f\x) is negative, and, if we regard x as in- 
creasing continuously, f\x) changes sign when x = — a, when 
J^ = — Ja, and again when x = ^a, but not when x = a. 

Since /'{x) is at first negative it changes sign from — to + 
when it first passes through zero, that is when x= — a; the 
corresponding value of /{x) is therefore a minimum. Accord- 
ingly the value of /{x) corresponding to the next root x= —^a 
is a maximum, and that corresponding to x = ia is another 
minimum ; but there is neither a maximum nor a minimum 
corresponding to x^a. 
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107. When the function is continuous as in the above ex- 
ample, that is, does not become infinite for any finite value of 
;r, it is always easy to determine by examining the function 
itself whether the last, or greatest value of x in question, gives 
a maximum or a minimum. Thus, in the above example, f{x) 
evidently increases without limit as x increases without limit ; 
therefore, the last value must be a minimum. 



The Employment of a Substituted Function. 

108. Since an increasing function of a variable increases and 
decreases with the variable, such a function will pass from a 
state of increase to a state of decrease, or the reverse, simulta- 
neously with the variable ; that is, it will reach a maximum or 
a minimum value at the same time with the variable. 

This fact often enables us to simplify the determination of 
maxima and minima by substituting an increasing function of 
the given function for the given function itself. For example, 
if we have 

f{x) = V{6* + ax) + i^{d* - ax), 

we may with advantage employ the square of the given func- 
tion. The square is 

2^ + 2 V{b* - a'x"), 

which is obviously a maximum when ;r = o, and, since the square 
of a positive quantity is an increasing function, we infer that 
/{x) is likewise a maximum for the same value of x. 

109. A decreasing function of the given function may also 
be employed ; but, in this case, since the substituted function 
decreases with the increase of the given function and increases 
with its decrease, a maximum of the substituted function indi- 
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cates a minimum, and a minimum indicates a maximum of the 
given function. 
Thus, if we have 

the reciprocal may be employed. The reciprocal of this func- 
tion is 

^ = ^ - 3 + - ; 

X ^ X 

whence, taking the derivative, we obtain 

which vanishes when jr = ± i. 

Since jf is an increasing function when x is positive, this deriv- 
ative is evidently an increasing function when ;r = i. The re- 
ciprocal is therefore a minimum for this value of ;r, and conse- 
quently /(i) is a maximum value of f{x\ In a similar manner 
it may be shown that /(— i) is a minimum. 

Examples XVI. 

Determine the maxima and minima of the following functions : 
'• /(•*) = -**. A min. for jc = - . 

XI \ log-* i 

2. / \x) = — — . A max. for x = £". 

3- /(•*) = . A min. for jr = la. 

tf — 2X 

A-f^x) = ^, -f. gjc) * Amin. forjp= -^. 
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5- /W = sin 2^ — jt. A max, for j: = «7r + J;r ; 

a min. for j? = « tt — ^n, 

^- /(x) = 2JP* + 3JP* — 36*" + 12. A max. for jp = - 3 ; 

a min. for jr = 2. 

7- /C-^) = *' — 3-^* — 9^ + 5. A max. for jc = — i ; 

a min. for jc = 3. 

8. /(^) = 3^*— i25j?* + 2i6ox. A max. for x=—^ and jp=3 ; 

a min. for jc= —3 and ^=4, 

9- /(■*) =lf -^ c(x — a)^. Neither a max. nor a min. 

10. f(x) = {x — lY (x •¥ 2)'. A max. f or j: = — f ; 

a min. for x = i. 

11. f(x) = (jc — 9)' (jr — 8)*, A max. for jr = 8 ; 

a min. for x = 8f . 

12. /{x) = ^ ^ ^_^ . A min. for x = i. 

^/ V ax c* A ^ Max. for jc = i; 

14. /(*) = («•-')• + •. 

Min. for jf = — i (« being positive). 

15- /(*) = (!+**) (7-*)'. 

iSi?/?;^ by putting x = z*. For method of discriminating betuteen max* 
ima and minima^ see Art, 107. Min. for jt: = o, and .%• = 7 ; 

max. for j:= i. 

16. f{x) = 5x' + I2X* — i5Jf — 40X* + 15;^* + 6o.r + 27. 

Min. for X = — 2. 

17. f(x) = x* — 6x* -\' /^* -k- ^x^ — i2.r 4- 3. 

Min. for ^ = — 2, and jt = i ; 
max. f or jr = — i. 
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18. The top of a pedestal which sustains a statue a feet in height is 
b feet above the level of a man's eyes ; find his horizontal distance from 
the pedestal when the statue subtends the greatest angle. 

When the distance = *^\b{a + b)\ 

19. It is required to construct from two circular iron plates of radius 
a a buoy, composed of two equal cones having a common base, which 
shall have the greatest possible volume. 

The radius of the base = \a V6. 

20. The lower comer of a leaf of a book is folded over so as just to 
reach the inner edge of the page ; find when the crease thus formed is 
a minimum. 

Solution : — 

Let^' denote the length of the crease, x the distance of the comer 
from the intersection of the crease with the lower edge, and a the 
width of the page. 

By means of the relations of similar right triangles, the following 
expression is deduced : 

y- V(x-kar 
Whence we obtain 

x—la, 

which gives a minimum value of ^v. 

21. Find when the area of the part folded over is a minimum. 

When X := ia. 

XVII. 

TAe Employment of Derivatives Higher than the First. 

110. To ascertain whether /'(^) is an increasing or a de- 
creasing function, (and thence whether /(jr) is a minimum or a 
maximum), it is frequently necessary to find the expression for 
its derivative, /"(^). Now, if /"(a) is found to have a positive 
value, it follows that f'(x) is an increasing function when x^a. 
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and, as was shown in Art. 102, that /(^) is a minimum. On the 
•other hand, if we find that f"{a) has a negative value^ it follows 
that/'(^) is a decreasing function, and that/(fl!) is a maximum. 
To illustrate, let 

/{x) = 3^ — i6;r* — 6x'+ 12, 

then f\x) = 12^:* — 48;r* — I2;r. 

The roots of f'{x) = o are x = 0, and x= 2 ± V5. 

In this case f"(x) = 360:" — ^x — 12, 

hence /"{^) = — 12 ; 

f{x) is therefore a maximum when ;r = o. 

It is unnecessary to find the values olf"{x) for the other 
roots ; for, since the function does not admit of infinite values, 
the maxima and minima occur alternately. The root 2 — V 5 
being negative and 2 -h V5 positive, the root zero is intermediate 
in value, and therefore both the remaining roots give minima. 

HI, If f'{x) contains a positive factor which cannot change 
sign, this factor may be omitted ; since we can determine 
whether f\x) increases or decreases through zero by examin- 
ing the sign of the derivative of the remaining factor. Thus, if 



i^x"' ' ^^' (I ^x^y 

Since -. 5^5- is always positive, we have only to determine 

whether the factor i — x* changes sign. Denoting this factor 
by Vy and putting z; = o, we have 

x= ± I. 

Now -7- = — 2;r 

ax 

which is negative for ;r = i and positive for ;r = — i. These 
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m 



roots, therefore, give respectively a maximum and a minimum 
value olf{x). 

112. There may be roots of the equation fXx) = o which 
correspond to neither maxima nor minima, since it is a condi- 
tion essential to the existence of such values that f'{x) shall 
change sigfn. When such cases arise, the form assumed by the 
curve y =/{x) in the immediate vicinity of the point at which 
X =-a will be one of those represented 
at A and B in Fig. 1 3- 

At these points the value of tan ^ or 
f'{x) is zero, but at A it is positive on 
both sides of the point, and /(^r) or ^ is 
an increasing function, while at B f\x) 
is negative on both sides of the point, 
and f{pc) is a decreasing function. 




Fig. 13. 



1 13. It is important to notice that at A the value zero 
assumed by f\x^ constitutes a minimum value of this function, 
thus a root of f\x^ = o for which f(x) is a minimum corre- 
sponds to a case in which f(x) is an increasing function. In 
like manner a root of f\x^ = o for which /\x) is a maximum 
is a case in which f{x) is a decreasing function. 

114. It follows from the preceding article and from Art. 
102 that, if /'(^) = o, then, of the two functions /(;r) and/'(^), 
one will be a maximum and the other a decreasing function, 
or else one will be a minimum and the other an increasing 
function. Hence, if we consider the case in which the given 
(unction and several of its successive derivatives vanish for the 
same value of x, it is evident that when these functions are 
arranged in order they will be either alternately maxima and 
decreasing functions^ or alternately minima and increasing func- 
tions. 



IIS. Now suppose that /''(^) is the first of these successive 
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derivatives that does not vanish when jr = a, then, writing the 
series of functions 

/W. /'W. /"W. /—(*). f'{x), 

let us assume first that /"(tf) is positive. Then in the above 
series of functions /"''{a), J**'\(^\ etc., will be increasing 
functions while /""X^), /""X^)* etc., will be minima. 

Now whenever n is odd, the original function will belong to 
the first of these classes and will be an increasing function, 
while if n is even the original function will belong to the second 
class and will be a itiinimum. 

On the other hand, if f\d) has a negative value, the series 
of functions will be alternately decreasing functions and maxi- 
ma ; and when n is odd f(a) will be a decreasing function, but 
when n is even f{a) will be a maximum. 

Thus we shall have neither maxima nor minima unless the 
first derivative, which does not vanish when x — a^ is of an 
even order ; but when this is the case we shall have a maximum 
or a minimum according as the value of this derivative is nega- 
tive or positive. 

116. The following function presents a case in which the 
above principle is advantageously employed. 

f{x) = e' + «"•* + 2 cos Xy 

f\x) = £' — £""' — 2 sin X. 

Zero is evidently a root of the equation f'{x) = 0.* In this 
case 

* Zero is the only root of /'(•*") = o in this example ; for 

g**— 2g*cos x4- 1 («' - I)* 

/"(x) therefore cannot be negative, hence /'(x) cannot again assume the value 
zero. 
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f\x) = e' + 6-' - 2 cos;r .-. /"(o) = o, 

f'\x) = r" - f-' + 2 sin ;r /. /'"(o) = o, 

f\x) = e' + «"' + 2 cos ;r /. f\o) = 4. 

The fourth derivative being the first that does not vanish, and 
having a positive value, we conclude that jt = o gives a mini- 
mum value of /{x). 



Infinite Values of the Derivative. 
117. It was shown in Art. 98 that if we have, for ;r = a, 

/'W = «>. 

a maximum value will present itself if /'(;r) changes sign from 
+ to — , and a minimum if it changes sign from — to -f-. It 
may, however, happen in these cases that the value of f(a) is 
also infinite. When /(a) is finite, the form of the curve 

in the vicinity of a maximum or a minimum ordinate of this 
variety is represented at A and B in Fig. 14. 
As an example, let 



whence 






k 



f\x) is infinite when ;r = o and when x= b. 
When jr = o f\x) does not change sign, 
since x~^ cannot be negative, but when x= b 
it changes sign from — to -}- ; hence f{x) has 
a minimum value when x = b. 



Y 



I 



Fig. 14. 
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Examples XVIL 

1. Show that a^ + ^f"*" has a minimum value equal to 2 V{ai). 

Find the maxima and minima of the following functions : 

2. /{x) = X sin X. 

A maximum for a value of x in the second quadrant satisfying the 
equation tan x = — x. 



X a — X 






The roots x = r and x = r give a min. and a max. if ^ is 

a -\- b a — b^ 

positive, but a max. and min. if b is negative. 

4. f(po) = 2 cos X + sin' A*. 

Solution : — /'M = 2 sin jp (cos jt — i) ; 
rejecting the factor 2(1 — cos x), which is always positive, we put 

2/ = — sin X, Hence -— = — cos x, 

ax 

A max. for x = mn ; 

a min. for x = (2» + i) ^. 

5. /(jp) = sin x(i ^r cos jp). A max. for x^\n \ 

a min. for jc = — i^ ; 
neither for x ^ n. 

6. / (a:) = sec jp 4- log cos' x. 
Multiplying the derivative by cos* x^ we obtain 

2/ = sin jr (i — 2 cos Jf). 

A max. for jp = o, and jc = ;r ; 

a min. for jp = ± ^ ^. 

// ^ — ^^"^ -A. min. for jc = o, Jtt, •!«•, and nr ; 

■^ tan 3JP * a max. for x =: \n^ ^w, Jtt, etc. 

8. /(jr) = €• + £— — x^. A min. for jp = a 



§ XVII.] EXAMPLES. 115 

9. Find maxima and minima of the following functions : 

/ (jp) = (jpt — ^i) i A min. for Jic = o. 

10. /(jf) = (jc* — ^)'. A max. for jp = o ; 

a min. for jt = ± ^ 

11. /(j;) = (jp* + 3^; + 2)* + JC*. 

f\x) = 00 gives min. corresponding to jc= — 2, *= — i and jp=o. 
f\x) = o gives two intermediate maxima. 

12. /(x) = (jf* + 2x)i — (jc + 3)*. Max. for x=i{—s± V17) ; 

min. for jf = o and ;r= — 2. 



^3« /W = (* — <»)* (^ — ^)* 4- r. A max. for x = 



2d -h a 

3 ' 

min. for jc = a and x^ b. 



14, f\x) = ^ '-\ . A min. for ;r =r — 



x' ' a + b' 

15. / W = (* - ^)* (^ - ^)*. 

Solutions for :c = a and :c = ^(2^ + a) ; if ^ > a, the former gives 
a max. and the latter a min. 



Miscellaneous Examples. 



Max. for jc =s 4. 
^/x^t* — JC4-I A max. for jf = o 1 

2. / (JC) = -5—; . . 

•'^^JT + Jt— I a mm. for x=z 2. 
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3. f(x) = or"* €*•. A min. for jic = — . 



b 



4, The equation of the path of a projectile being 



y = X tan a 



.V* 



«^» 



4^ COS*flf 



find the value of x when ^ is a maximum ; also the maximum value 
of y. Max. when ;c = ^ sin 2 a, and y ^ h sin* a. 

5. In a given sphere inscribe the greatest rectangular parallel- 
opiped. 

Solution : — 

Regarding any one edge as of fixed length, it is easy to show that 
the other two edges are equal. Hence the three edges are equal. 

6. In a given cone inscribe the greatest rectangular parallelo- 
piped. 

Solution : — 

Regarding the parallelopiped as inscribed in a cylinder which is 
itself inscribed in the cone, the base is evidently a square, and the 
altitude is that of the maximum cylinder. See Ex. XV, 9. 

7. A Norman window consists of a rectangle surmounted by a 
semicircle. Given the perimeter, required the height and breadth of 
the window when the quantity of light admitted is a maximum. 

The radius of the semicircle is equal to the height of the rectangle. 

8. A tinsmith was ordered to make an open cylindrical vessel of 
given volume, which should be as light as possible ; find the ratio be- 
tween the height and the radius of the base. 

The height equals the radius of the base. 

9. What should be the ratio bjtween the diameter of the base and 
the height of cylindrical fruit- cans in order that the amount of tin used 
in constructing them may be the least possible ? 

The height should equal the diameter of the base. 
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10. Detennine the circle having its centre on the circumference of 
a given circle so that the arc included in the given circle shall be a 
maximum. 

A max. for the value of which is in the first quadrant. 

1 1 . Given the vertical angle of a triangle and its area ; find when 
its base is a minimum. The triangle is isosceles. 

12. Prove that, of all circular sectors of the same perimeter, the 
sector of greatest area is that in which the circular arc is double the 
radius. 

13. Find the minimum isosceles triangle circumscribed about a par- 
abolic segment. 

The altitude of the triangle is four-thirds the altitude of the seg- 
ment 

14. Find the least isosceles triangle that can be described about a 
given ellipse, having its base parallel to the major axis. 

The height is three times the minor semi-axis. 

15. Inscribe the greatest parabolic segment in a given isosceles 
triangle. 

The altitude of the segment is three-fourths that of the triangle. 

16. A steamer whose speed is 8 knots per hour and course due north 
.sights another steamer directly ahead, whose speed is 10 knots, and 
whose course is due west. What must be the course of the first steamer 
to cross the track of the second at the least possible distance from her ? 

17. Determine the angle which a rudder makes with the keel of a 
ship when its turning effect is the greatest possible. 

SoiuHon: — 

Let ^ denote the angle between the rudder and the prolongation 
of the keel of the ship ; then if b is the area of the rudder that of the 
stream of water intercepted will be ^ sin ^ : the resulting force being 
decomposed, the component perpendicular to the rudder contains the 
factor sin' ^. Again decomposing this force, and taking the compo- 
nent that is perpendicular to the keel of the ship, which is the only 
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part of the original force that is effective in turning the ship, the ex- 
pression to be made a maximum is 

sin' 4> cos ^. 
Whence we obtain 

tan 4> = V2. 

1 8. The work of driving a steamer through the water being propor- 
tional to the cube of her speed, find her most economical rate per hour 
against a current running a knots per hour. 

Solution : — 

Let V denote the speed of the steamer in knots per hour. The 
work per hour will then be denoted by ki^^ k being a constant, and the 
actual distance the steamer advances per hour by t' — a. The work 
per knot made good is therefore expressed by 



Whence we obtain the result 



f^ = |A 



CHAPTER VII. 



The Development of Functions in Series. 



XVIII. 
The Nature of an Infinite Series. 

.118. A FUNCTION which can be expressed by means of a 
limited n umber of integral terms, involving powers of the inde- 
pendent variable with positive integral exponents only, is called 
a rational integral function. 

When f{x) is not a rational integral function, it is usually 
possible to derive an unlimited series of terms rational and in- 
tegral with respect to jr, which may be regarded as an algebraic 
equivalent for the function. The process of deriving this series 
is called the development of the function into an infinite series. 

When the given function is in the form of a rational frac- 
tion, the ordinary process of division (the dividend and divisor 
being arranged according to ascending powers of x) suffices to 
effect the development. Thus — 



' ^ ^ = I + 2 jr + 2 jt" + 2 jt" + 

\ — X 



• • • » 



a series of terms arranged according to ascending powers of x^ 
each coefficient after the absolute term being 2. 

It is to be observed, in the first place, that, owing to the 
indefinite number of terms in the second member, the equa- 
tion as written above cannot be verified numerically for an 
assumed value of x. In this case, however, the process not 
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only gives us the series, but the remainder after any number of 
terms. Thus carrying the quotient to the term containing jt*, 
and writing the remainder, we have 

= I + 2;r -h 2jr* • • • + 2J^ -i . 

1 — X I ^x 

This equation may now be verified numerically for any assumed 
value of ;r; or algebraically by multiplying each member by 
I — X, thus obtaining an identity. 

The ordinary process of extracting the square root of a 
polynomial furnishes an example of a series which may be ex- 
tended so as to include as many terms as we please ; but this 
process gives us no expression for the remainder. 

119. Assuming that /(x) admits of development into a 
series involving ascending powers of jr, and denoting the re- 
mainder after n + i terms by i?, we may write 

/{x) = A^Bx+ CV+ . . • + iVx" -f ^, . • . (i) 

in which A, B, C, , . , N denote coefficients independent of jr, 
and as yet unknown ; the value of R is however not indepen- 
dent of jr. If the coefficients B, Cy . . , N admit of finite 
values, it may be assumed that ^ is a function of x which van- 
ishes when jr = o ; and in accordance with this assumption 
equation (i) becomes, when or = o, 

/(0) = ^, (2) 

which determines the first term of the series. If in any case 
the value of /(o) is found to be infinite, we infer that the pro- 
posed development is impossible. 

120. When the coefficients B, C, . . . N admit of finite 
values, and the value of the function to be developed remains 
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finite, R will have a finite value. If moreover the value of R 
decreases as n increases, and can be made as small as we please, 
by sufficiently increasing «, the series is said to be convergent, 
and may be employed in finding an approximate value of the 
function f{x) ; the closeness of the approximation increasing 
with the number of terms used. A series in which R does not 
decrease as n increases is said to be divergent. 

When the successive terms of a series decrease it does not 
necessarily follow that the series is convergent ; for the value 
of the equivalent function, and consequently that of R^ may be 
infinite. To illustrate, if we put jr = i in the series 



• • • > 



we obtain the numerical series 

n-i + l + i + i+ • • • ; 

it can be shown that, by taking a sufficient number of terms, the 
sum of this series may be made to exceed any finite limit, the 
value of the equivalent or generating function of the above series 
being in fact infinite when ;r = i.* 

121. Since R vanishes with or, every series for which finite 
coefficients can be determined is convergent for certain small 
values of x. In some cases there are limiting values of x, both 
positive and negative, within which the series is convergent, 
while for values of x without these limits the series is diver- 
gent. These values of x are called the limits of convergence, 

* If we consider the first two terms separately, and regard the other terms as 
arranged in groups of two, four, eight, sixteen, etc., the groups will end with the 
terms i, \, -f^, -^, etc. The sum of the fractions in the first group exceeds | or \, 
the sum of those in the second exceeds } or i, and so on ; hence the sum of 2N such 
groups exceeds the number N^ and N may be taken as large as we choose. 

The generating function in this case is log , and unity is the limit of con- 

fcrgence. 



122 THE DEVELOPMENT OF FUNCTIONS. [Art. 121. 

We shall now demonstrate a theorem by which a function 
in the form f{xo + A) may be developed into a series involving 
powers of h^ and in Section XIX we shall show how this 
theorem is transformed so as to give the expansion of f(^x) in 
powers of x. 



Taylof^s Theorem. 

122. A function of h of the form f{xo + H) in general admits 
of development in a series involving ascending powers of h. 
We therefore assume 

f{xo^rh) = ^o+ ^oA + aA"+ • • • + NoK" + Rof . . (I) 

in which Ao, Bo, Co, . . . -A^o are independent of A, while Rq 
is a function of A which vanishes when A is zero. Hence, mak- 
ing A = o, we have 

/{Xo) = Ao. 

We have now to find the values of -ffo, C . . . A^o, which 
are evidently functions of Xo. For this purpose we put 

;r, = jTo + A, whence A = jr, — Xo ; 

substituting, equation (i) takes the form 

/{x,)=/{Xo) + Bo{x,''Xo)'^Co{Xr''Xoy • • ' + No{x^ -XoY + Iiof 

in which we may regard Xx as constant and Xo as variable. Re- 
placing the latter by x, and its functions. Boy C, . . . ^o, and 
Ro, hy Bf Cf , . . Nf and R, we have 

/(;rO=y(;r)+5(;r,-;r)-hCT;r.~;ry. ..+iVrx.-jr)-+^. . (2) 
Taking derivatives with respect to x, we have 
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0=/'(;r)-^ + (.r.-;r)g-2a.r.-x) + (x.-;r)'g 



• • • 



-«iV(x.-;r)— + (x.-;r)-^ + g. ... (3) 

To render the development possible, B, C^ . . . N^ and R must 
have such values as will make equation (3) identical^ that is, true 
for all values of x. 



123 It is evident that B may be so taken as to cause the 
first two terms of equation (3) to vanish, and that, this being 
done, C can be so determined as to cause the coefficient of 
{xi — x) to vanish, Z^ so as to make the coefficient of {xi — x)* 
vanish, and so on. The requisite conditions are^ 



/'(x)^B = o, 



dB 
dx 



— 2C=0, 



d£ 
dx 



- 3Z? =: O, etc., 



and finally 



, .ndN ^dR ^ 



From these conditions we derive 



B=f('\ 



<:=jg= ,/■>). 



^ = »f = i:^/"W' 



E = 



I-2-3-4 



/"W, 



and in general 



N= 



1-2 • . •« 



fix). 



Putting Xo for ;r, and substituting in equation (i) the values of 
Ao^ B:y, Co, . . . iV^ we obtain 

/(xo+ A)=/(To)+/'(.r,)A+/"(;r„) ^ • - • +/- (^o) —^ +^ (4) 

I'2 I«2 • • • If 
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This result is called Taylor's Theorem, from the name of its dis- 
coverer, Dr. Brook Taylor, who first published it in 171 5. 

It is evident from equation (4) that the proposed expansion is 
impossible when the given function or any of its derived func- 
tions is infinite for the value Xo. 

Lagrange^ s Expression for the Remainder. 

124. R denotes a function of x which takes the value R^. 
when jr = aro> and becomes zero when x-=^Xy. It has been 
shown in the preceding article that R must also satisfy the 
equation 

, .n dN dR 

or, substituting the value of N determined abovCi 

^=-^^— ^/*+V) (5) 

dx 12 • • « -^ ^ ' ^^' 

This equation shows that -j- cannot become infinite for any 

value of X between Xo and Xiy provided /"'•^X^) remains finite 
and real while x varies between these limits. Since it follows 
from the theorem proved in Art. 104 that all preceding deriva- 
tives must be likewise finite, the above hypothesis is equivalent 
to the assumption that/(;r) and its successive derivatives to the 
(n + \)th inclusive remain finite and real while x varies from Xo, 
/^ j^o + h. 

125. Let P denote any assumed function of x which, like 

Ry takes the value Ro when x-=^ Xo and the value zero when 

dP 
jT = ;r, , and whose derivative -7- does not become infinite or 

dx 

imaginary for any value of x between these limits. 
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Then, Rq being assumed to be finite^ P^ R denotes a func- 
tion of X which vanishes both when X'=^ Xo and when jr = x, 
and whose derivative cannot become infinite for any interme- 
diate value of X. It follows therefore that the value of this 
function cannot become infinite for any intermediate value of x. 

Since, as x varies from Xo to x^^ P— R starts from the value 
zero and returns to zero again, without passing through infinity, 
its numerical value must pass through a maximum ; hence its 
derivative cannot retain the same sign throughout, and as it can- 
not become infinite it must necessarily become zero for some 
intermediate value of x. Since x, =jro + h this intermediate 
value of X can be expressed by Xo + ^A, ^ being 2l positive proper 
fraction. It is therefore evident that at least one value of x 
of the form 

jr = Xo + Bh 

will satisfy the equation 

dP dR f^. 

^-^=^ (^> 

126. The value of P will fulfil the required conditions if we 
assume 

p^ix,,^xr^^ 

for this function takes the value Ro when x = Xo and vanishes 
when X = Xi ; moreover its derivative with reference to x, viz., 

dP _ (n^i)(^x,^xY . 

di- r^^ ' . . . . ^7) 

does not become infinite for any intermediate value of x. Sub- 
stituting in equation (6) the values of the derivatives given in 
equations (5) and (7), and solving for R^ , we obtain 

Ro^ ^ -/— r— n/"'''(^o+ **). ... (8) 
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This expression for the remainder was first given by Lai* 
grange. 

The series may now be written thus : 



1-2 



• . • 



f(Xo^ h)=f{Xo) -h/X^o)A +/"(Xo) 

+ /V0) '¥r^\Xo+eh) ^ r,. . .(9) 

It should be noticed that the above expression for the remain- 
der after « + i terms differs from the next, or {n + 2)th term 
of the series, simply by the addition of dh to ;ro. 

, The Binomial Theorem. 



I27t We shall now apply Taylor's Theorem to the function 
{a -h by^ in order to obtain a series involving ascending powers 
of*. 

In this case b takes the place of //, and a that of Xo ; hence 



{x)-fnx 



-•. y{^o)=^. 



o 



=a 



.-. f'{x^=mx\ 



fH-\ 

O 



^ma 



m.i 



f\x)^m(m - i)x'^-' .-. f"{x:)=m{m - i)x7'" =m{fn ^ i)d 



and 



f\x^=m{m — i){fn — 2) . . . (iw — « -f i)^'*-'". 
Whence 

I'2 



+ /«(w - l)(w - 2) . ■ . (w ~ ;/ 4- j^,>.y ^ 

I»2»3 • • • w 



• • • 



This result is called the Binomial Theorem, 
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Examples XVIIL 



I. To expand log (x„-¥ K) by Taylor's Theorem. 
Solution; — 

/(4c,+ /4) = log (*„+>!) 
/(«) = log X ••• /(Jfo) = log x^ 



/' W = \ 






/"(*) = -^. ••• /Vo) = -:^ 



/'"W = J 



I«2 



/. /'"(*o) = ^ 



/^(X) = 



__ 2'3 



.-. /'Vo)=- 



I'2'3 



/•(*)=-(-!)• 



I-2'»«(« — l) 



•••/"(^o) = -(-l) 



1.2... (n — i) 



By substituting in equation (4), Art. 123, we obtain 
log (*o+ >*) = log^o+ z 1 + 



*o 2-^0 3-^0 4^0 



-(-x)-^+i?o. 



Employing Lagrange's expression for the remainder (Art. 126) we 
derive 



2. Expand a'*^*. 
Solution : — 



f(x,+ h)^ar^^'^ 
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f(x) = a- 

/'(x) = log tf'tf" 



/(*o) = ^' 



/"{x) = (log «)••«• .-. /"{xj) = (log a)'.«r 



/•(*) = (log a)'-a- .: /•(*„) = (log «)••«••. 



Substituting in equation (4), Art. 123, we have 



a-*'=<t"[i + \oga.A + (loga)' ^... + ^og a)--/f- | ^ 

L ^ ** I'2 I«2 • • • « J ° 



3. Find the expansion of /(^Tq + A), when /(jt) = j? log j? — «, writ? 
ing the (« + i)** term of the series. 

/{x^+ A) = xjog x^ -- x^-h log x^'A +--'---—, '— + ... 



+ ( - 1 )•-.---- 



xz ■ («— l)« 



• • 



4. Expand sin~* (x^ + ^) to the fourth term inclusive. 
sin-(a:,+ A) = sin-x,+ ^ ■ + -^^ -^ 



+ ~: nr • + • • • 



(i-xl)i I-2-3 
5. Prove that 

^^!Vj__..,] 

I-2-3-4-5 J 



6. Prove that 



tan (iTC + A)= I + 2^ + 2^ + JA* + V^* + 
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XIX. 

MaclaurifiLs Theorem. 

128. We shall now give a particular form of Taylor's Series, 
which is usually more convenient, when numerical results are to 
be obtained, than the general form given in the preceding sec- 
tion. 

This form of the series is obtained by putting x^^o and 
replacing h by x in equation (4), Art. 123. Thus, 

/W=/(o)+/'(o>+/"(o)j^---+/-(o)-j-^|^+J?„ . . (I) 

and, the same substitutions being made in equation (8), Art. 126, 
we obtain 



I -2 •••(;/+ I )' 

Equation (i) is called Maclaurin's Theorem: it maybe used 
in developing any function to which Taylor's Theorem is ap- 
plicable, by giving a different signification to the symbol /. 
Thus, if log (i 4- A) is to be developed by Taylor's Theorem, 
f{x) = log jr, the value of x^ being unity; but, if log (i ■\- x\\ 
is to be developed by Maclaurin's Theorem, we must put . 
/(jr)= log (i + x). (Compare Ex. XVIII., i, with Art. 130.) ^ 

The Exponential Series and the Value of e. 

129. As an example of the application of the above theo- 
rem, we shall deduce the development of the function e-^, which 
is called the exponential series, and shall thence obtain a series 
for computing the value of £. 

The successive derivatives of e^ being equal to the original 
function, the coefficients, /(o), /(o), etc., each reduce to unity; 
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we therefore derive, by substituting in equation (i) and in- 
troducing the value of R^ 

€*= I + jr4. — + .4- + €^ • T 



I«2 1-2.3 ^'2 n i.2« •••(«+!) 

Putting X equal to unity, we obtain the following series, which 
enables us to compute the value of the incommensurable quan- 
tity « to any required degree of accuracy : 

II I 

«= I + I + — + + 



1-2 12-3 I-2-34 

I 



1-2.3 • • « 1*2-3 • • (« + i)* 

The computation may be arranged thus, each term being de* 
rived from the preceding term by division : 

2.5 

.16666666667 
4166666667 

833333333 
138888889 

1984 I 270 

2480159 

275573 

27557 
2505 

209 

16 



2.7 1 828 1 82846 



Since ^ is less than f, the remainder (n being 14) is less than 
^ of the last term employed in the computation, and therefore 
cannot affect the result. Inasmuch as each term may contain a 
positive or negative error of one-half a unit in the last decimal 
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place, we cannot, in general, rely upon the accuracy of the last 
two places of decimals, in computations involving so large a 
number of terms. Accordingly, this computation only justifies 
us in writing 

€= 2.7 1 828 1 828. 



Logarithmic Series. 



/ 



130. The logarithmic series is deduced by applying Mac- 
laurin*s Theorem to the function log(i + x). 
In this case 

/W = log(l + ^) A /(0) = 



f(x)^ 



I + X 



/. ./'(o) = i 



f\x) = - r-^— T5 .-. f\o) = - I 



r\x) = 



1-2 



(I + x)^ 



.-. f"\0) = 1.2 



hence 



X^ X* X* 

6V / 234 



. . . (I) 



Since this series is divergent for values of x greater than 
unity (see Art. 120), we proceed to deduce a formula for the 
difference of two logarithms, which may be employed in com- 
puting successive logarithms; that is, denoting the numbers 
corresponding to two logarithms by n and « + A, we derive a 
series for 

log (if + A) - log n = log ?— — . 
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A series which could be employed for this purpose might be 

obtained from (i), by putting in the form i + -. WcoIk 

tain, however, a much more rapidly convei^ng series byAe 
process given below. 

Substituting — jt for jr in (i), we have 



log (i - jr) = - ^ 



^r* ;r' ;r- 



. . w 



Subtracting (2) from (i), 



>og^-^ = ^[- + y + y + y-^---]. • • (3) 

a series involving only the positive terms of series (i). 

Putting 2 = > ^^ derive x = ; substituting 



I — X 
in (3), we have 



, « + A r // . //• , , h' 1 , , 



7%^ Computation of Napierian Logarithms. 

131. The series given above enables us to compute Napierian 
logarithms. We proceed to illustrate by computing log, lo. 
The approximate numerical value of this logarithm could be 
obtained by putting // ~ I and A = 9 in (4) ; but, since the series 
thus obtained would converge very slowly, it is more convenient 
first to compute log 2 by means of the series obtained by put- 
ting ;/ =: I and // = i in (4) ; thus : 

l0g«2 =2-H .+ r + ;+•••. 

^ L3 3 3' 5 3' 7 3' J 
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We thjii put 71 — % and h — 2 m (4) ; whence 

1 1 . 2ri I I I I . I I . n 

log. 10 = 3 log. 2 + --+ — j + — j+ — r3 + -*- • 

3L3 3 3 5 3 7 3 J 

In making the computation, it is convenient first to obtain 
the values of the powers of J which occur in the series for log 2, 
by successive division by 9, and afterwards to derive the values 
of the required terms of the series by dividing these auxiliary 
numbers by i, 3, 5, 7, etc. The same auxiliary numbers are 
also used in the computation of log. 10. See the arrangement 
of the numerical work below. 



\ 


0.3333333333 • 


I 


0.3333333333 


(*)• 


370370370 : 


; 3 


123456790 


(i)' 


41 I 52263 : 


; 5 


8230453 


(i)' 


4572474 


; 7 


653211 


(J)' 


508053 : 


: 9 


56450 


(J)" 


56450 : 


: II 


5132 


(J)'" 


6272 : 


: 13 


482 


(J)" 


697 : 


■• 15 


46 


(J)" 


77 • 


; 17 


5 



0.3465735902 

2 
log. 2 = 0.693 1 47 1 804 



\ 


0.3333333333 : 


I 


0.3333333333 


(J)' 


411 52263 : 


3 


1 371742 1 


(!)• 


508053 ; 


; 5 


101611 


(J)" 


6272 


: 7 


896 


(1)" 


77 


: 9 


9 



0.3347153270 
O.III57I7757 

0.223I4355I3 

2.079441 5412 



3 log, 2 = 

log, 10 = 2.30258509 
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The tabular logarithms of the system of which lO is the 
base, are derived from the corresponding Napierian logarithms 
by means of the relation 



log,-r = log. ID log,o^, 



whence 



logxo^r = 



log, lo 



log, JT = M. log« jr. 



The constant 



, denoted above by My is called the modulus 



log, 10 

"df common logarithms. Taking the reciprocal of log, lo, com 
puted above, we have 

M = 0.43429448. 



The Developments of the Sine and the Cosine. 



132. Let 

then 



f{x) = sin Xy 



f\x) = COS x,f\x) = - sin x,/"\x) = - cos Xyf^{x) = sin a: ; 

/" being identical with/, it follows that these functions recur 
in cycles of four ; their values when x = are 

o, I, o, — I, etc. 



Hence substituting in equation (i), Art. 128, we have 



X X 

sm jr = JT h 



I'2«3 1-2 • •• 5 I'2« • • 7 



In a similar manner, we obtain 



(0 



cos X= I -^ 



+ 



1.2 I-23-4 1-2 



. • . 



+ (2) 
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Examples XIX« 



I, Expand (i + *)• 



(I + x)-= I + «« + a^EJzA^ + -(« - (« -_i)y + . . . 

1.2.3 



1*2 



It is evident that no coefficient will vanish if m is negative or frac- 
tional. This is the form in which the binomial theorem is employed 
in computation, x being less than unity. 

2. Find three terms of the expansion of sin' x. 

' % 9 X* 2X* 

sm x = X h -i • • • 

3 3'S 

3. Expand tan x to the term involving x^ inclusive. 

X 2X 

tan x= X -\ + — + • • • 

3 IS 

4. Expand sec x to the term involving x* inclusive. 



sec^ = I + — 4- — ^ 4- 7 + 



• • 



J. 2 i*2«3*4 1*2 . . . • 5 
5. Expand log sec jp to the term involving x* inclusive. 

X X X 

logsec x = — H- — + — + ••• 
2 12 45 



& Find four terms of the expansion of C sec x. 



2X 



€'secjc=i+;c + jic'H h ••• 

3 

7. Derive the expansion of log (i — jc') from the logarithmic serie% 
and verify by adding the expansions of log (i + x) and log (i — x). 

8. Derive the expansion of (i '\r x)t from that of c*. 

(i -h x)t = I + 2jr + ^ • • + J^. 

^ ' 1*2 12 ' n 
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9 Find, by means of the exponential series, the expansion of x^^ 
including the »th term. 



10. Expand 



I + JUT 



by division, making use of the exponential 



senes. 



J = I + + —z + • • • 

I + jc 23 8 30 

11. Find the expansion of €*log(i + x) to the term involving x*, 
by multiplying together a sufficient number of the terms of the series 
for €• and for log (i 4- x), 

^•logCi +*)=* + — + — +2^+ ••. 

a 3 40 

12. Expand log(i + €*). 



X . X* x^ 



l0g(l + «-) = l0g2+- + -g--^ + 



• • • 



13. Expand (i 4- €*)" to the term involving x* inclusive. 

(l +«•)"= 2M I + - . j; + -^ 

12 2 1-2 

/i(/i* + « + 2) X* 

+ 1 • + 

2 1-2-3 



f 



14. Find the expansion of V{i ± sin2jc), employing the formula 
♦'(i ± sin 2x) = cos jrr ± sin x. 



V(i ± sin 2jc) = I ± :c — -— q: 



1*2 I»2*3 

15. Find the expansion of cos'jc by means of the formula 
cos' jc = J(i -f cos 2X), 



cos* JC = I — jtr* -f- 



2 :r 



2 JC 



i*2-3-4 1-2 



+ 
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m 



1 6. Find the expansion of cos* x^ by means of the formula 
cos' X = ^(cos 3x + 3 cos x). 



cos 



, JC — I H • • • • +1— 1 1 • , 



1-2 



4 1-2.3.4 4 



1-2 



2n 



17. Compute log«3, and find logio3 by multiplying by the value of 
M (Art. 166). 

log* 3 = 1.0986 1 23. 
logxo3 = 0.4771213. 



18. Find log«*269. 

Put n = 270 = 10 X 3*, and h 

19. Fmd log, 7, and log. 13. 



= — I- 



log.269 = 5.5947 1 14. 

log. 7= 1.9459101. 
log.i3 = 2.5649494. 



CHAPTER VIII. 

Curve Tracing. 



XX. 



Equations in the Farm y = f (x). 

133. When a curve given by its equation is to be traced, 
It is necessary to determine its general form especially at such 
points as present any peculiarity, and also the nature of those 
branches of the curve, if there be any, which are unlimited in 
extent. 

The general mode of procedure, when the equation can be 
put in either of the forms, ^ =/(^) or -tr = 0(^), is indicated in 
the following examples. 



Asymptotes Parallel to the Coordinate Axes. 

134. Example \. a^y — xy =^ a* (i) 

Solving for 7, we obtain 

y=-. 7. (2) 

a — X 

When jr = o, J/ = /I. Numerically equal positive and nega- 
tive values of x give the same values lot y\ the curve is there- 
fore symmetrical with reference to the axis ol y. Asx increases 
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from zero, y increases until the denominator, a' — x', becomes 
«ero, when y becomes infinite ; this occurs when x= ±a. 

Draw the straight lines x= ±a. These are lines to which 
the curve approaches indefinitely, for we may assign values to 
X as near as we please to + a or to — a, thus determining points 
of the curve as near as we please to the straight lines x=a and 
x= —a. Such lines are called asymptotes to the curve. 

When X passes the value a,y becomes 
negative and decreases numerically, ap- 
proaching the value zero as x increases 
indefinitely. Hence there is a branch 
of the curve below the axis of x to 
which the lines x = a and ^ = o are 
asymptotes. 

The general form of the curve is in- 
dicated in Fig. 15. 

The point (0, a) evidently corresponds to a minimum ordi- 
nate. 



'W\ 



Fig, 15. 



135. Example 2. aV =y{x — af. 
Solving for_y. 



- (X - af 



(■) 
(2) 



When X is zero, y is zero : / increases as x increases until 
X =a, when y becomes infinite. Hence 



is the equation of an asymptote. When x passes the value 
a.^-does not change sign, but remains positive, and as x in- 
creases y diminishes, approaching zero as x increases indefi- 
nitely. 
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Examining now the values oi y which correspond to nega- 
tive values of ;r, we perceive that, y becomings 
negative, the branch which passes through the 
origin continues below the axis of jr, and that 
y approaches zero as the negative value oi x 
Fig. 17. increases indefinitely. Hence the general form 
of the curve is that indicated in Fig.. 17. 




136. To determine the direction of the curve at any point, 
we have 



. dy ^ a 4- X 



(3) 



The direction in which the curve passes through the origin 
is given by the value of tan ^ which corresponds to x = 0^ 
From (3), we have 

^1 = 1; 

the inclination of the curve at the origin is therefore 45^ 



Minimum Ordinates and Points of Inflexion. 

137. To find the minimum ordinate which evidently exists 

on the left of the axis of ^, we put the expression for -^ equal 

to zero, and deduce 

X'=- —a. 



The minimum ordinate is therefore found at the point whose 
abscissa is — a \ its value, obtained from equation (2), is 



-\a. 



d*y 



h point of inflexion is a point at which -^ changes sign (see 
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Art. 74) ; in other words, it is a point at which tan ^ has a 
maximum or a minimum value. In this case there is evidently 
a point of inflexion on the left of the minimum ordinate. From 
equation (3) we derive 

putting this expression equal to zero to determine the abscissa, 
and deducing the corresponding ordinate from (2), we obtain, 
for the coordinates of the point of inflexion, 

x^ '-2a^ and ^ = — fa. 



Oblique Asymptotes^ 

138. Example 3. jt* — 2;r> — 2jr» — 8y = O. . « . . (i) 
Solving this equation for j/, we have 

X* X — 2 g ^ 

y=-^'irvi <^> 

It is obvious from the form of equation (2) that the curve 
meets the axis of x at the two points (o, o) and (2, o). Since 
y is positive only when ;r > 2, the curve lies below the axis of 
X on the left of the origin, and also between the origin and the 
point (2, o), but on the right of this point the curve lies above 
the axis of x, 

139 Developing the second member of equation (2) into 
an expression involving a fraction whose numerator is lower in 
degree than its denominator, we have 
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The fraction in this expression decreases without limit as x in- 
creases indefinitely ; hence the ordinate of the curve may, by 
increasing x^ be made to differ as little as we please from that 
of the straight line 

This line is, therefore, an asymptote. 




The fraction 



2 — jr 



;r* + 4 
is positive for all values 

of X less than 2, negative 
for all values of x greater 
than 2, and does not be- 
come infinite. The curve, 
therefore, lies above the 
Fig. 18. asymptote on the left of 

the point (2, o), and below it on the right of this point, as 

represented in Fig. 18. 



140. There is evidently a minimum ordinate between the 
origin and the point (2, o). 

We obtain from equation (2) 



and 



dy X X* + \2x — 16 




dx- 2 (;r' + 4)' • • • ' 


• • 


dy -x'+6x'+ 12X — S 




dx' -^ (x' + aY ■ ■ 


• • 



(4) 



(5) 



Putting -^ = o, we obtain x = o and x= 1.19 nearly, the only 

real roots ; the abscissa corresponding to the minimum ordinate 
is therefore 1.19, the value of the ordinate being about — o.ii. 
The root zero corresponds to a maximum ordinate at the 
origin. 
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Putting ^^ = o, we obtain the three roots jr = — 2, ancj 

;r = 2 (2 ± V 3) ; the corresponding ordinates are obtained 
from equation (3). There are, therefore, three points of in- 
flexion, one situated at the point (—2, — i), and the others 
near the points (0.54, — 0.05), and (7.46, 2.55). 

The inclination of the curve is determined by means of 
equation (4) to be tan- 'J at the point (2, o), and tan"*^ at the 
left-hand point of inflexion. 



Curvilinear Asymptotes. 



141. Example 4. x" — xy -\' \^ o. 
Solving for/ 



(I) 



y = — X -T —• « • • • • • \^) 

'^ X X 



In this case, on developing _y in powers of Xy the integral portion 
of its value is found to contain the second power of x ; the 
fraction approaches zero when x increases indefinitely ; hence 
the ordinate of this curve may be made to differ as little as we 
please from that of the curve 

y = x' (3) 

The parabola represented by this equation 
is accordingly said to be a curvilinear asymp- 
Me. It is indicated by the dotted line in 
Fig. 19. 

142. The sign of the fraction - is always 

the same as that of x, and its value is infinite 
when x is zero ; hence the curve lies below 
the parabola on the left of the axis of y, and 
above it on the right, this axis being an 
asymptote, as indicated in Fig. 19. 




Fig. 19, 



144 CURVE TRACING, [Alt. 1 42. 

Taking derivatives, we obtain 

;^ = 2:r-^, .•••... (4) 

and £^=^0 + ^) (5) 

There is a point of inflexion at ( — i, o) ; the inclination of the 
curve to the axis of x at this point is tan ~' (— 3). 

There is a minimum ordinate at the point (i ^^4, \y/2). 

This cubic curve is an example of the species called by 
Newton the trident. The characteristic property of a trident 
is the possession of a parabolic asymptote and a rectilinear 
asymptote parallel to the axis of the parabola. 



Examples XXVI. 

1. Trace the curve j' = j; (jc' — i). 

Since y is an odd function of x^ the curve is symmetrical with re- 
ference to the origin as a centre. Find the point of inflexion, and 
the minimum ordinate. 

2. Trace the curve y (jc — i) = x*. 

The curve has for an asymptote the line jr = i ; there is a mini- 
mum ordinate at (2, 2), and a point of inflexion at (4, | V3). 

3. Trace the curve y = jc* (x — a\ determining its direction at 
the points at which it meets the axis of x. 

The asymptote is found by the method of development, thus 

^ = .(r-±y=.(i-^-^-etc.); 

the equation of the asymptote is therefore 

y^x-\a. 
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4. Trace the curve o^ ■\- xy '\- 2x — y = o. 

5. Trace the curve y = jc* + ^', and find its direction at the 
origin. 

The curve has a maximum ordinate at (— |, ± f V3). The 
value of y may be taken as the function whose maximum is required. 
(See. Art. 108.) 

6. Trace the curve >' -=■ o^ — xy. Find the point of inflexion, the 
minimum ordinate, and the asymptotes. 

The curve has a rectilinear asymptote jf = — i, and a curvilinear 
as3rmptote J' =*' — x + i. This curve is a trident. (See Art. 142.) 

7. Trace the curve y = jc* — or*. 

Both branches of the curve are tangent to the axis of x at the 
origin. 

' 8. Trace the curve ^'^ — 4^ = y + jc". 
Solving ioxyy we obtain 

y—2± V(x* + *• + 4) = 2 ± V[(^ + 2) (jc" - jc + 2)]. 

The factor jc* — x + 2 being always positive, the curve is real on 
the right of the line j: = — 2. 

Find the points at which the cur\'e cuts the axis, and show that 
the upper branch has a maximum ordinate for ^ = — f and a mini- 
mum ordinate for ^ = o. 

9. Trace the curve {jx — 2d) xy =^ a {jx — a) {x — ^a). 

lo- Trace the curve (x — 2a) xy =a* {x —a) {x ^ ^a). 

11. Trace the curvey = jc* (i — x'Y : find all the points at which 
the tangent is parallel to the axis of x, 

12. Trace the curve 6jc (i — x) y= i + ^x. 

This curve has a point of inflexion, determined by a cubic having 
only one real root, which is between — i and — 2. Find the three 
asymptotes, and the maximum and the minimum ordinate. 
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/^3. Trace the curve jpy = (jc + 2)* (i + jc*). 
Solving the equation for j', we have 



y^± 



X -\- 2 



V(i+^)= ±(2+:r)(i+i5-y. 



The asymptotes are y =x -\- 2,y ^ — .r — 2, and x =0. The 
curve has a minimum ordinate corresponding to a- = ^^2 ; the inclina- 
tion at the point at which it cuts the axis of x is tan"* ( ± t Vs). There 
is a point of inflexion corresponding to the abscissa « = — 6.1 nearly. 



XXL 

Curves Given by Polar Equations. 

143. The following examples will illustrate some of the 
methods employed when the curve is given by means of its 
polar equation. 

Example^. r = acosdcos26 (i) 

When ^ = o, r = <z, the generating point P therefore starts 
from A on the initial line. As increases, r decreases and 
becomes zero when ^ = 45°, /^describing the half-loop in the 
first quadrant, and arriving at the pole in a direction having an 
inclination of 45° to the initial line. When d passes 45°, r 
becomes negative, and returns to zero again when d = 90°, P 

describing the loop in the third quad- 
rant. As 6 passes 90°, r again becomes 
positive, but returns to zero when 
6=, 135°, P describing the loop in the 
second quadrant. As Ovaries from 135** 
to 180°, r again becomes negative, /^de- 
^^' '^' scribing the half-loop in the fourth quad- 

rant, and returning to A. 
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In this example if we suppose 6 to vary from i8o** to 360**, 
P will again describe the same curve, and, since d enters the 
equation of the curve, by means of trigonometrical functions 
only, it is unnecessary to consider values of 6 greater than 360°. 

144. Putting equation (i) in the form 

r = ^z (2 cos'^ - cos ^, {CcJ f' '- 9 



we derive 



-=2 = « (— 6 cos*^ sin ^ H- sin ^. ^ C 
au 



To determine the maxima values of r, we place this derivative 
equal to zero, thus obtaining the roots 

sin tf = o and cos 6 = ± J V6 ; 

the former gives the point A on the initial line, and the latter 
gives the values of 6 which determine the position of the maxi- 
ma in the small loops. The corresponding values of r are T - V6. 

To determine the position of the maximum ordinate, we 
have from (i) r ■ 

^ = r sin ^ = i ^z sin 46. 

The maxima values occur when sin40=i, and the minima 
when sin 4^ = — I ; that is, we have maxima when 6'=^\n and 
when 6 = f t, and minima when ^ = f^r and |;r. 

145. In the preceding example the substitution ol -^r n 
for changes the sign but not the numerical value of r. When 
this is the case, ^and tf +;r evidently give the same point of 
the curve, and the complete curve is described while varies 
from o to n. If however this substitution changes neither the 
numerical value nor the sign of r, and d + n will give points 
S3nmmetrically situated with reference to the pole ; that is, the 
curve will be symmetrical in opposite quadrants. 
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Again if the substitutioa of — tf for 6 does not change the 
value of r, B and — give points symmetrically situated with 
reference to the initial line, hence in this case the curve is sym- 
metrical to this line ; but, if the substitution ol — 6 for 6 
changes the sign of r without changing its numerical value, the 
curve is symmetrical with reference to a perpendicular to the 
initial line. 




The Determination of Asymptotes by Means of Polar 

Equations. 

146. When r becomes infinite for a particular value of 9 the 
curve has an infinite branch, and, if there be a corresponding 
asymptote, it may be determined by means of the expression 
derived below. 

Let ^, denote a value of 6 for which r is infinite, and let OB 
be drawn through the poje, making this angle with 
the initial line ; then, from the triangle OBP^ Fig. 
20, we have 

PB= r3in(/9. -/9). 

'G. 20. Now, if the curve has an asymptote parallel to 
OB, it is plain that as B approaches ^1 the limiting value of PB 
will be equal to OR^ the perpendicular from the pole upon 
the asymptote. Hence, if the curve has an asymptote in the 
direction ^i, the expression 

OR^\rsxxi{e, ^e)\, 

which takes the form 00 . o, will have a finite value, and this 
value will determine the distance of the asymptote from the 
pole. Fig. 20 shows that when the above expression is posi- 
tive OR is to be laid off in the direction 0^ — 90°. 

If upon evaluation the expression for OR is found to be in* 
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finite we infer that the infinite branch of the curve is para- 
bolic 



147. Example 6. 



(0 



Since r becomes infinite when tf = i, we proceed to apply the 
method established in the preceding article for determining the 
existence of an asymptote. In this case we have 



[rsin((», -())] 



r alf si n ( I - ^ n 



-\a. 



The angle 9=\ corresponds to 57° 1 8', nearly, and ^nce 
the expression for the perpendicular on the asymptote is neg< 
ative its direction is ^i + 90° = 147° 18'; consequently, the 
asymptote is laid off as in Fig. 21. 

Numerically equal positive and negative values of S give the 
same values for r ; hence the curve is symmetrical with refer- 
ence to the initial line. 

While varies from o to i, r is negative and varies from o 
to 00, giving the infinite branch in the third 
quadrant. 

As 9 passes the value unity, and increases 
indefinitely, r becomes positive and decreases, 
approaching indefinitely to the limiting value 
a, which we obtain from (1) by making ft 
finite. Hence the curve describes an infinite 
number of whorls approaching indefinitely to 
the circle r = a, which is therefore called an / 
asymptatie circle. 

The points of inflexion in this curve are 
determined in Art. 175. 




Fig. 3t. 
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Examples XXI. 

1. Trace the curve r = a cos" \ 0. 

Show that, to describe the curve, 6 must vary from o to 3«' ; also* 
that the curve is symmetrical to the initial line. Find the values of 
which correspond to the maxima and minima ordinates and abscissas,, 
the initial line being taken as the axis of x, 

2. Trace the curve r = fl(2sine — 3 sin*e). 

Show that the entire curve is described while © varies from o to tt, 
and that the curve is symmetrical with reference to a perpendicular 
to the initial line. 

3. Trace the curve r = 2 -I- sin 3O. 

A maximum value of r (equal to 3) occurs at = 30° ; a mini- 
mum (equal to i) at 6 = 90°. The curve is symmetrical with refer- 
ence to lines inclined at the angles 30°, 90**, and 150** to the initial 
line. 

4. Trace the curve r = i + sin 50. 
The curve consists of five equal loops. 

5. Trace the curve /'* = a' sin 3O. 

The curve consists of three equal loops. 

6. Trace the curve r cos 6 = a cos 2©. 

The curve has an asymptote perpendicular to the initial line at the 
distance a on the left of the pole. 

7. Trace the curve r = 2 + sin |0. 

A maximum value of r occurs at © = 60°, and a minimum at 
6 = 180°. The curve has three double points, one being on the initial 
line. 

8. Trace the curve r cos 20 = a. 

The curve is symmetrical with reference to the initial line and 
with reference to a perpendicular to the initial line. There are four 

asymi>totcs. 
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9. Trace the curve r sin 4O = a sin 36. 

The curve is symmetrical to the initial line, and has three asymp- 
totes ; the minimum value of r is \a, 

ID. Trace the curve r^ = a^ cos 2©. 

The curve is symmetrical with respect to the pole since 
r = ± tf V (cos 2O) : r is imaginary tor values of 8 between }« and f «. 

1 1. Trace the curve r* = a^ cos f©. 

The curve consists of three equal loops, r being real for all values 

of e. 

12. Trace the curve r* cos © = a* sin 3©. 

The curve consists of two loops and an infinite branch which has 
an asymptote perpendicular to the initial line and passing through the 
pole. 

13. Trace the curve r = a 



2© - I 

Find the rectilinear and the circular asymptote, and also the point 
of inflexion. 



XXII. 
The Parabola of the nth Degree. 

I48> The term parabola is frequently applied to any curve 
in which one of the coordinates is proportional to the »th 
power of the other, n being greater than unity. The parabola 
proper is thus distinguished as the parabola of the second 
degree. 

The general equation of the parabola of the «th degree is 
usually written in the homogeneous form, (a being positive) 



r«-l 



y =• X** , 
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The curve passes through the origin and through the point 
(tf, tf), for all values of n. Since « > i, the curve is tangent to 
the axis of x at the origin. 

149. The following three diagrams represent forms which 
the curve takes for different values of n. When n denotes a 
fraction, it is supposed to be reduced to its lowest terms. 

Fig. 22 represents the general shape of 
the curve when n is an even integer, or a 
fraction having an even numerator and an 
odd denominator. 

Fig' 23 represents the form of the curve 
when n is an odd integer or a fraction with 
an odd numerator and an odd denominator, 
the origin being a point of inflexion. 

Fig. 24 represents the form of the 
curve when « is a fraction having an odd 
numerator and an even denominator. 
In this case y is regarded as a two- 
valued function, and is imaginary when 
X is negative. P,^ ^3 

Fig. 22 is constructed for the parabola 
in which » = 4. 

Fig. 23 is the cubical parabola in which 

«=3- 

Fig. 24 is the semi-cubical parabola in 

which If = f ; the equation being 

a^y = ± xif 

Fig. 24. ^^ ^y = ^"• 

The curves corresponding to the general equation 
y = A -^ Bx -\- Cx' '\- Dx*-^ . . . Lx" 
are sometimes called parabolic curves of the /^th degree. 
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714^ Cissoid of Diodes. 

ISO. Let ^ be a point on the circumference of a circle, 
and BC a tangent at the opposite 
extremity of the diameter AB\ let 
^^ be any straight line through A^ 
and take CP = AD; then the locus 
of P is the cissoid. 

To find the polar equation, AB 
being the initial line, let DB be 
drawn, and denote the radius of the 
circle by a ; then AC = 2a sec 0; 
and since ADB is a right angle, 
AD = 2a cos ff. The polar equatipn 
of the locus of Py A being the pole, 
is, therefore, 




Fig. 25. 



C'fiD 



/ n ZK I — cos* 

rz=z2a (sec ^— cos 0) = 2a ^ — 

^ ^ cos^ 



or 



r = 2a 



sin*^ 
cos 8 



(I) 



151. To obtain the rectangular equation, we employ the 
equations of transformation 

sin^ = ^, cos^=^, r» = ;r*-fy; 



whence, eliminating we obtain 

r =z2a^^y 



rx 



and thence the rectangular equation of the curve 

j: (jT* + y) = 2tfy , . • • 



or 



1^ = -^ 

^ 9/X — 



2a 



(2) 
(3) 
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The Cardioid. 



152. The curve defined by the polar equation 




r = 2a(i — cos^ . . (i) 

is called the cardioid. In Fig. 
26, A denotes the pole. 

The polar equation can also 
be written in the form 



r = 4^? sin* )fl 



(2) 



Fig. 26. 



Transforming equation (i) to 
rectangular coordinates, we have 
for the rectangular equation of 
the cardioid. 



(^ -f y)' + ^x^x^^f) - 4/jy = o 



. . 



(3) 



A point at which two branches of a curve have a common 
tangent is called a cusp. This curve has a cusp at the origin. 



Xhe Lemniscata of Bernoulli. 

IS3> The curve defined by the polar equation 
7^ = a' cos 26 . . . (i) 



is called the lemniscata. In Fig. 27 
O denotes the pole : a is the semi- 
axis of the curve. 
From (i), we have 




Fio. 27. 



r* = tf' (cos' e - sin« 8), 
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or 

whence we have 






H = a» 



{i^+ff + e?{/-:^) = 0, 



(2) 



the rectangular equation of the lemniscata, referred to its cen- 
tre and axis of symmetry. 

If we turn the initial line back through 45°, (i) becomes 

r* = a*sin2^, (3) 

and the corresponding rectangular equation is 

(;r* 4- y )* = 2c?xy (4) 

When the equation has this form, the coordinate axes are the 
tangents at the origin. 

The Logarithmic or Equiangular Spiral. 

154. This spiral is defined by the 
polar equation 



or 



r = ^z6**, . . . . (i) 
log r = log a + nd^ 




the logarithm of the radius vector being y\q, 28. 

a linear function of the vectorial angle. 

It is proved in Art. 168 that this curve cuts its radius vector 
at a constant angle whose cotangent is n ; hence it is sometimes 
called the equiangular spiral. 

The Loxodromic Curve. 

155. The track of a ship whose course is uniform is a curve 
that cuts the meridians of the sphere at a constant angle, and 
is called a loxodromic curve. 
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If we project this curve stereographically upon the plane of 
the equator the meridians will project into straight lines, and, 
since in this projection angles are unchanged in magnitude, the 
projection of the curve will make a constant angle with the 
projections of the meridians and will therefore be an equiangu- 
lar spiral. 

Let 6 denote the longitude of the generating point mea- 
sured from the point at which the curve cuts the equator, and 
C the course ; that is, the constant acute angle at which the 
curve cuts the meridians, the generating point being supposed 
to approach the pole as B increases. Taking as the pole the 
projection of the pole of the sphere, the polar equation of the 
projected curve will be of the form 

r^zae"*^, (i) 

in which a is the radius of the sphere, since = o gives r = a\ 
we also have 

« = — cot Cy (2) 

since the angle whose cotangent is ;/ is the supplement of C 
(see the preceding article). 

Denoting by ^ the co-latitude of the projected point we 
have, by the mode of projection, 

- = tan i^ ; (3) 

n 

and, denoting the corresponding latitude by /, 

Equation (i) is therefore equivalent to 

tan(i;r-i/) = e-*^*>^^; 
whence, solving for 6^ we have 
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^ = — tan C log, tan {\n - \l) = tan Clog. tan {\n + \l), 
or, employing common logarithms and expressing in degrees^ 

»° = 131.9284 tan C logxo tan (45'' + J/) . . . (4) 



The Cycloid. 



156. The path de- 
scribed by a point in 
the circumference of a 
circle which rolls upon 
a straight line is called 
a cycloid. The curve 
consists of an unlimited 
number of branches cor- 




FiG. 29. 



responding to successive revolutions of the generating circle ; a 
single branch is, however, usually termed a cycloid. 

Let Oy the point where the curve meets the straight line, 
be taken as the origin, let P be the generating point of the 
curve, and denote the angle PCR by ^, Since PR is equal to 
the line OR over which it has rolled, 

OR=^PR = atp, 



and, from Fig. 29, we readily derive 

X ^ a{tp — sin tj:) I 
y z=i a(i — cos^') J 



(I) 



167. These two equations express the values of x and y in 
terms of the auxiliary variable '/% and constitute the equations 
of the cycloid. If desirable, tp is easily eliminated from equa- 
tions (i) and an equation between x and ^ obtained. Thus, 
from the second equation, we have 
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COS ^ = ^ — ^ , whence sin i> = .lS3^ — ^1 . 
a a 

and hence from the first of equations (i) 

x^a cos-' ""-^ — V{2ay — /), .... (2) 

or ;r = a vers"' - — V{2ay — y). 

Equations (i) will in general be found more convenient than 
equation (2). Thus we easily derive from (i) 



dy __ sin tf) dtp __ sin ^' 



whence 

dy 
dx' 



dx (i — cos^) d^ I — cos^' 

_ d fdy \ _ cos ^' — I ^'/' __ __ I 

"~ dx \dx) ~ (i — cos ^y dx ~~ ^z(i — ( 



cos ^)* * 



158. The cycloid is frequently referred to the middle point 
O or vertex of the curve as an origin, the directions of the 
axes being turned through 90°. 

Denoting the coordinates referred to the axes OX* and 
Oy\ in Fig. 29, by x andy, we have 

y = ;ir — tf ;r = /I (0 — ^ — sin ^), 
or' = 2a — J' = a (i + cos ^), 

or, denoting ^ -^ ;r by ^\ 



' = « C^-' + sin ^') ) . 

r'=a(l -cos^fc) \ ^^^ 



y = 

X 



In these equations ^' = o gives the coordinates of the ver- 
tex and f = ± n gives those of the cusps. 
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The Epicycloid. 



159. When a circle, tan- 
gent to a fixed cfrcle exter- 
nally, rolls upon it, the path 
described by a point in the 
circumference of the rolling 
circle is called an epicycloid. 

Taking the origin at the 
centre of the .fixed circle, 
and the axis of x passing 
through A^ (one of the posi- 
tions of P when in contact 
with the fixed circle,) a^ b, ^, 
and Xy being defined by the 
diagram, we have, evidently. 




Fig. 3a 



a^ =bX'''X = ^ ^' 



The inclination of CP to the axis of x is equal to ^ 4- ;^, or to 
— T — ^ ; the coordinates of P are found by subtracting the pro- 
jections of CP on the axes from the corresponding projections 
of OC ; hence 



x=^{a -{• b) cos ^ - * cos — 7 — ^ 
y =i {a + b) sin ^ — b sin — r — ^ 



>• 



. (I) 



These are the equations of an epicycloid referred to an axis 
passing through one of the cusps. 
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Were the generating point taken at the opposite extremity 
of a diameter passing through P in the figure, the projection of 
C/' would be added to that of 0C\ the axis of x would in this 
case pass through one of the vertices of the curve, and the 
second terms in the above values of x and y would have the 
positive sign. 

The Hypocycloid. 

160. When the rolling 
circle has internal contact 
with the fixed circle, the 
curve generated by a point 
on the circumference is called 
the hypocycloid^ whether the 
jf radius of the rolling circle be 
greater or less than that of 
the fixed circle. 

Adopting the notation 
used in deducing the equa- 
tion of the epicycloid we 
have (see Fig. 31), 




Fig. 31. 



OC^a-b, 



and 






The inclination of CP to the negative direction of the axis of 

X is 

a — b 

hence the equations of the hypocycloid are 



x^ (a ^ b) cos ^ •¥ b cos — r — 
y=' (a — ^) sin ^ — * sin — r — ^ 



• • • • 



(I) 



§ XXIL] THE FOUR'CUSPED HYPOCYCLOID, 



l6l 



The Four-Ctisped HypocycUnd. 




Fig. 32. 



I6L In the case of the 
hypocycloid when b = \a, the 
circumference of the rolling 
circle is one-fourth the circum- 
ference of the fixed circle, and 
the curve will have a cusp at 
each of the four points where 
the coordinate axes cut the 
fixed circle, as represented in 

Fig. 32. 

On substituting \a for b 

equations (2) Art. 160 become 



x^\a cos ^ 4- i« cos 3^' 
^ = ftf sin ^ — i^i sin 3^ 



:l 



(I) 



Substituting the values of cos 3^ and sin 3^ from the for- 
mulas, 

cos 3^ = 4 cos' ^ — 3 cos ^, 



and 



sin 3^ = 3 sin ^ — 4sin*^, 



we have 



X = 

y 



= <7COS* ^) , 

= ^sin" ^) * 



• • 



(2) 



whence ^ = c!^ cos* ^, and y^ = c^ sin*^. 



Adding, we have 



x^ ■\- y^ = <A^ 



(3) 



the rectangular equation of the curve. 



CHAPTER IX. 

Appucations of the Differential Calculus to 

Plane Curves. 
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The Equation of the Tangent. 

162. The equation of the curve being given in the form 
y=^f{x\ the inclination of the tangent at any point is deter- 
mined by the equation 

Hence, if {xu y\) be a point of the curve, the equation of a 
tangent at (;r„ yx) will be found by giving to the direction* 
ratio Iff, in the general equation 



y-yi =m{x-x,). 



the value -^ ; thus 



j»'-j'.=^](^-^.)> 



(0 



or 



^'-^1=/' (^0(^-^0 (2) 

For example, in the case of the semi-cubical parabola 

y* = ax\ 
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we have 



ax ^ X 



The point (a, a) is a point of this curve ; the equation of 
the tangent at this point is, therefore, 

$y -- 2x= a. 



The Equation of the Normal. 

163. A perpendicular to the tangent at its point of contact 
is called a normal to the curve. 

The coordinate axes being rectangular, the direction-ratia 
of the normal is the negative reciprocal of that of the tangent ; 
for the inclination of the normal is ^n + ^, and 

tan(J;r + ^) = — cot ^. 

The equation of the normal may, therefore, be written thus — 



/' 



^-^'=-flf^-"^' 



(I) 



or 



y-y^ = - 



/'(x.) 



{X - X^). 



(2) 



As an illustration, let us take the equation of the ellipse 



a 



— I- — = I • 



whence 



'di~ 



afy 



The equation of the normal at any point (jTi, y^ of the ellipse 
is, therefore, 



i64 



APPLICATIONS TO PLANE CURVES. [Alt. 1 64. 



Subtangents and Subnormals. 

164. Denoting by s the length of the arc measured from some 

ds 
fixed point, ^ denotes the velocity of Py the generating point 

of the curve ; let PT^ equal to ds^ be measured on the tangent 
at Py then PQ and (2^ will represent dx and dy^ and the angle 
TPQ will be ^ ; hence t 



cos<J=g, sm^ = g. (I) 



and 



ds = i/(^/^ + d/y . . (2) 




Fig. 33. 



165. The distance PT (Fig. 34) on the tangent line inter- 
cepted between the point of contact 
and the axis of x is sometimes called 
the tangenty and in like manner the in- 
tercept PN is called the normal. 

From the triangles PTR and NPRy 
we have 

Fig. 34. 




/>Ar = ^sec^=^g=V[' +(!)'"• 



The projections of these lines on the axis of jr, that is TR 
and RNy are called the subtangent and the subnormal. 

From the same triangles, we have 
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he subtangent, 



TR^yco\.^^y-^ 



-^uid the subnormal, RN^- y tan ^ = ^ ^. 



The Perpendicular from the Origin upon the Tangent. 

166. If a perpendicular/ to the tangent PR be drawn from 

the origin, we have, from the triangles in Fig. 

r 35, 

/ = jrsin — ^cos^, . . . (l) 

^ — 90° being taken as the positive direction of^. 
Substituting the values of sin ^ and cos ^, 
Fig. 35. equation (i) becomes 




__xdy — ydx _ xdy — ydx 

^ " Is "7o^»T^ 



(2) 



For example, let us determine p in the case of the four- 
•cusped hypocycloid, 



x^ a cos" ^, 



y=.a sin* ^. 



Differentiating, 



dx= — '^a cos* ^ sin ^ rf^, and rfy = 3a sin* ^ costf^dtf} ; 



ivhence 



ds= ^a sin ^ cos ^ rf^. 



Substituting in equation (2) we obtain 

p = a cos* ^ sin ^ -^ a sin' ^ cos ^^ = /i sin jfr cos ^ = ^{axy\ 
To ascertain the direction of p it is necessary to determine 
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^. The ambiguity in the value of ^ as determined from tl^^e 
equation tan ^ = ^ niay be removed by means of one of th^^e 
formulas of Art. 164. Thus, in the present case, we have 

tan ^ = — tan ^, whence = — if>, x)r <J = ^ — ^t ; 

dx 
but, since cos ^ = -^ = — cos ^, 

we must take ^ = ;r — ^. 

The direction oi p when positive is therefore \n — ^. 

Examples XXIIL 

1. In the case of the parabola of the »th degree 

find the equations of the tangent and the normal at the point (tf, d). 

2. Find the subtangent and the subnormal of the parabola 

f - 4ax. 

3. Prove that the subtangent of the exponential curve 

y = a' 

is constant, and find the ordinate of the point of contact when the 
tangent passes through the origin. t. 

4. Find the subnormal of the ellipse whose equation is 

a' ^ b' ^' 

5 . Find the subtangent of the curve 

a^-^ y.z=. Off*- 
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6. In the case of the parabola 



.a 



find/ in terms of x. 



For the upper branch,/ = - 



V(tf+Jc)- 



7. Find, in terms of ^, the equation of the tangent to the four« 
cusped hypocycloid (Art. 161), and thence show that the part inter- 
cepted between the axes is of constant length. 

8. In the case of the epicycloid, find the value of ds in terms of 
the auxiliary *angle ^. See Art 159. 

^x = 2 (tf + 3) sin -^ (]l^. 

20 

9. Determine the value* of / in the case of the epicycloid em- 
ploying the value of ds determined in the preceding example. 



XXIV. 

Polar Coordinates. 

167. When the equation of a curve is given in polar co- 
ordinates the vectorial angle B is usually taken as the inde- 
pendent variable ; hence, denoting by s an arc of the curve, it 
is usual to assume that ds and dB have the same sign ; that is, 

that -j^ is positive. 

au 
In Fig. 36 let PT^ a portion of the tangent line, represent 
ds\ then, producing r, let the rectangle PT be completed, and 



i68 



APPLICATIONS TO PLANE CURVES. [Art. 167. 



let i> denote the angle 77^5 ; that is, the angle between the- 

positive directions of r and s. The re- 
* solved velocities of P along and perpen- 




Fio. 36. 



^ 



dr 



8 dicular to the radius vector are -;- and 



rdB 



dt 



-zT, the latter being the velocity which P 

^ would have if r were constant ; that is, if 
P moved in a circle described with r as a 
radius. Hence we have 



PS = dr and PR = rdd. 



From the triangle PST^ we derive 



tan^ = 



rdd 
dr' 



sin^ = 



rje 

ds' 



dr / V 



and 



%-A'*m (^) 



168. The second of equations (i) shows that, in accordance 
with the assumption that ds has the sign of dB^ the value of ^ 
will always be either in the first or in the second quadrant 

The first of equations (i) is equivalent to 



cot^ = 



dr^ 

rdB 



(3) 



which shows that cot ^ is the logarithmic derivative of r re- 
garded as a function of B. Thus in the case of the logarithmic 
spiral 



we have 
hence 



log r = log a + nB^ 
cot ^ == « 
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whence it follows that, in the case of this curve, tp is constant. 
See Art. 1 54. 

169. It is frequently convenient to employ in place of the 
radius vector its reciprocal, which is usually denoted by u ; 
then 



r=l. and dr-^-% 
u ur 



(4) 



Making these substitutions in equations (2) and (3) we have 



I =.v[.- +(!)•]. « 



and 



cot ^ = — 



du 

ude 



(6) 



Polar Subtangents and Subnormals. 



170. Let a straight line perpendicular to 
the radius vector be drawn through the pole, 
and let the tangent and the normal meet 
this line in T and N respectively ; then the 
projection3 of PT and PN upon this line, 
that is OT and ONy are called respectively 
the polar subtangent and the polar subnormal. 
In Fig. 37, OPT=i ^ ; whence 

dr du 




Fia 37. 



and 



r\\T ^ , dr du 



u'dO' 



Fig. 37 shows that the value of OT \s positive when its 



170 



APPLICATIONS TO PLANE CURVES, [Alt. I70. 



direction is * — 90° ; that of ON is, on the other hand, positive 
when its direction is ^ + 90°, 



The Perpendicular from the Pole upon the Tangent. 

171. Let/ denote the perpendicular distance from the pole 
to the tangent ; then, from Fig. 37 we obtain 



. . . mdd 

/ = rsm^=:r'-T: = 



ds J\. W\ 



(I) 



ds 
These expressions give positive values for /, because -j^ is 

assumed to be positive, and Fig. 37 shows that p has the direc- 
tion ^ — 90"*, ^ being the angle which the positive direction of 
$ makes with the initial line. 

The relation between / and u is obtained thus:— from (i) 
we have 

1 _ ds^ 



and, transforming by the formulas of Art. 169, 



I , (du\ 



\de) 



(2) 



I72p The expression deduced 
u + -j^ is frequently useful. 

Differentiating (2), we have 



below for the function 



2udu + 2 



du d^u __ 2dp . 



de de 



f ' 
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hence (« + ^f)rf«=_|, 

, dr 

or since du = , 

r 

d'u r' dp 

u H = — • — . 

de^ p' dr 

The Perpendicular upon an Asymptote. 

173, When the point of contact P passes to infinity the 
tangent at P becomes an asymptote, and the subtangent 
OT coincides with the perpendicular upon the asymptote. 
Hence (^, denoting a value of B for which r is infinite) the length 

of this perpendicular is given by the expression — -j- > ^^^ 

duA%^ 

like the polar subtangent is, when positive, to be laid off in the 

direction B^ — go°. 

This expression for the perpendicular upon the asymptote 

is also easily derived by evaluating that given in Art. 146. 

Thus — 

Points of Inflexion, 

174. When, as in Fig. 37, the curve lies between the tan- 
gent and the pole, it is obvious that r and p will increase and 

decrease together; that is, ^will be positive. When on the 

dr 

other hand the curve lies on the other side of the tangent, 
~ is negative. Hence at a point of inflexion -^ must change 
sign. 
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Now, since/ is always positive, it follows from the equation 
deduced in Art. 172 that the sign of this expression is the same 
as that of 

«+ -7^; (0 



de"' 



hence at a point of inflexion this expression must cliange sign, 

175. As an illustration, let us determine the point of in- 
flexion of the curve traced in Art. 147 ; viz., 



In this case 



r= - 



a9__ 



«=i(i-.-«); 



whence 



^ = V'. and ^=-V- 
d6 a dS" a 



therefore 



u + 



d(t 



= I(,_»-_6»-) 



^-^-6 



a^ 



Putting this expression equal to zero, the real roots are 

and it is evident that, as B passes through either of these values, 
the expression u + j^ changes sign. Hence the points of in- 
flexion are determined by 



tf= ± 4/3 



and 



3^ 
2 
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Examples XXIV. 

1. Prove that, in the case of the lemniscata r' = a* cos 2% 

f = ^H^\n, and ^^ = |\ 

2. Find the subtangent of the lituus r* = — , and prove that the 
perpendicular from the origin upon the tangent is 

2a Vo 



i\ • 



V(i + 40") 

3. Find the polar subtangent of the spiral r (€* + «"•) = «, 

a 



4. Find the value of/ in the case of the curve i^ — a"* sin «6. 

z 

/ = a (sin n$) » • 

5. In the case of the parabola referred to the focus 

6. In the case of the equilateral hyperbola 

r* cos 26 = d5*, prove that/ = — . 

7. In the case of the lemniscata 

r* = tf * cos 26, prove that/ = —5- . 

«. In the case of the ellipse r = ^ ^^ ^ ^ [ , the pole being at 

I ■"" € COS V 
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the focus, determine/. 

^ 4^(1—2^008© + ^)* 

9. In the case of the cardioid 

r = tf ( I + cos 6), prove that r* = 2af, 

10. Show that the curve rG sin 6 = a has a point of inflexion at 

nrhich r = — . 
n 
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Curvature. 

176. If, while a point P moves along a given curve at the 

ds 
rate -y-, it be regarded as carrying with it the tangent and 

normal lines, each of these lines will rotate about the moving 
point P at the angular rate — , ^ denoting the inclination of 

the tangent line to the axis of x. 

The point P is always moving in a direction perpendicular 

ds 
to the normal with the velocity --^. Let us consider the 

motion of a point A on the normal at a given dis- 
tance k from P on the concave side of the arc. 
^ While this point is carried forward by the motion 

X of P with the velocity ^ in a direction perpen- 

17i^ oft 

^ * dicular to the normal, it is at the same time car- 
ried backward, by the rotation of this line about P, with the 
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velocity --j— ; since this is the velocity with which A would 
at 

move if the point P occupied a fixed position in the plane ; 

and the direction of this motion is evidently directly opposite 

to that of P. Hence the actual velocity of A will be 

ds , d^ 

in a direction parallel to the tangent at P. 

Let p denote the value of k which reduces this expression 
to zero, and let C (Fig. 38) be the corresponding position of A : 
then, 

ds d^ 

Tt^^Tt^""' 

ds 
whence ^^^ f^^~dJh ^^^ 

177. The value of p determined by this equation is, in 
general, variable ; for, if the point /'move along the curve with 

a given linear velocity -7-, the angular velocity -~ will gene- 

dt dt 

rally be variable. If however we suppose the angular velocity 
-J- to become constant, at the instant when P passes a given 

ds 
position on the curve, -tt, the value of p, will likewise become 

constant, and C will remain stationary. When this hypothesis 
is made, the curvature of the path of P becomes constant, for 
P describes a circle whose centre is C, and whose radius is p. 
Hence this circle is called the circle of curvature corresponding 
to the given position oi P\ C is accordingly called the centre of 
curvature^ and p is called the radius of curvature. 
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The Direction of the Radius of Curvature. 

178. If in Fig. 38 the arrow indicates the positive direction 
of s ; the case represented is that in which ^ and s increase to- 
gether, and therefore the value of p as determined by equation 
(i), Art. 176, is positive. Hence it is evident that when p is 
positive its direction from P is that of PC in Fig. 38 ; namely, 
^ + 90°. In other words, to a person looking along the curve 
in the positive direction of ds^ p, when positive, is laid off on ifie 
left-hand side of the curve. 

For example, let the curve be the four-cusped hypocycloid, 

X = a cos* ^', y = a sin* ip. 

It was shown in Art. 166 that for this curve 

ds = 3a sin ^ cos ^ dtl^\ and ^ = ;r — ; 

hence rf^ = — dfj)^ 

ds 

and /o= -rr = -- 3asin ^ cos^ (i) 

dip 

When tj) is in the first quadrant p is negative ; its direction 
is therefore ^ - Jt = J^r — ^, which is in the first quadrant. 
When ?/^ is in the second quadrant p is positive and its direction 
is ^ -I- ^?r = |t — ^, which is in the second quadrant. 



The Radius of Curvature in Rectangular Coordinates. 

179. To express p in terms of derivatives with reference to 
x^ we have 
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*=un-.i, ^ ^=4..(^n. 



hence 



and 



d'y 



d^_ 


( 


dx' 


dx 


I + 


m' 


ds 
dx 


I 


* (t)^ 


d<k 
dx 




d*y 
dx^ 






• • 



. . . (I) 



Since 3- is assumed to be positive, should be so taken as 
ax 

to cause x to increase with s^ and it must be remembered that 

the direction of p is ^ 4- 90° when p is positive, in accordance 

with the remark in the preceding article. 

180. To illustrate the application of the above formula, we 
find the radius of curvature of the ellipse 



y^±- Via'- x'), 
a 



Differentiating. g = t ^f^^i)' 



and 






• • 



Putting * = <i V(i — i') we obtain 



I + 



\dx) ~ a'- X* • 



(I) 



(2) 



. . . . (3) 



whence, substituting in equation (i) of the preceding article, 
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(4) 



Expressions for P in which x is not the Independent 

Variable. 

181. To express p in terms of derivatives with reference to 
y^ we have 



whence -^- = 
ay 



d*x 

dy 



-Gf) 



«» 



and p= — 



[■ - m 



dy 
d'x 
df 



In this case ds and dy were assumed to have the same sign^ 
hence ^ must be taken so as to cause y to increase. 

182. When x and y are expressed in terms of a third vari- 
able we employ the formula deduced below. 
Differentiating 



^= tan 



dx' 



both dx and dy being regarded as variable, we have 



rf^ = 



dxd^y ^ dy d^x 
d? 



-^y 



dxd'^y — dyd*x ^ 
da^^-df 



whence 



_ds _ {dx' H- dyf* 






d^ dxdy — dyd^x 



• • • 



. (0 
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Examples XXV. 



I. Find the radius of curvature of the cycloid 



jc = a (^ — sin ^), 



^ = a(i _cos^). 



ds 
Prove that ^ = ^ (;r — ^), and ^^ 9^ "Ji- 



p = — 2 ^{2ay), 



2. Find the radius of curvature of iYkt parabola y^ = ^ax. 



_ ^ (a + x)"^ 



p= =F 2 



Va • 



3. Find the radius of curvature of the catenary 



=f (*'■*■'"')' 



and show that its numerical value equals that of the nonnal at the 
same point. See Art. 165. 

4. Find the radius of curvature of the semi-cubical parabola 



a/ = jc*. 



(4^ + 9x)M 



5. Find the radius of curvature of the logarithmic curve 



y^a& 



0* 



i8o 
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6. Find the radius of curvature of the cissaid 



A 



y- 



{^a — x)i ' 



P = 



_ aVx(Sa — 3jc)* 



3 (2a — xY 



7. Find the radius of curvature of the paraMa 






8. Find the radius of curvature of the ctMeal parabola 



a*y = X*. 



^ 6a'x 



9. Find the radius of curvature of \ht prolate cycloid 



x = atp ^ d sin 0, 



y =: a — d cos ^. 



P = 



__ (fl* -h ^' — 20^ cos ^)i 



^(acos^ — ^) 



XXVI. 



Envelopes. 

183. The curves determined by an equation involving x 
and y together with constants to which arbitrary values may 
be assigned are said to constitute a system of curves. The 
arbitrary constants are called parameters. When but one of 
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the parameters is regarded as variable, denoting it by a, the 
general equation of the system of curves may be expressed thus : 

/(•^»7»«)=o (i) 

When the curves of a system mutually intersect (the intersec- 
tions not being fixed points), there usually exists a curve 
which touches each curve of the system obtained by causing the 
value of a to vary. 

For example, the ellipses whose axes are fixed in position, 
and whose semi-axes have a constant sum, constitute such a 
system ; and, if we regard the ellipse as varying continuously 
from the position in which one semi-axis is zero to that in which 
the other is zero, it is evident that the boundary of that por- 
tion of the plane which is swept over by the perimeter of the 
varying ellipse is a curve to which the ellipse is tangent in all 
its positions. A curve having this relation to a given system 
of curves is called the envelope of the system. 

Every point on an envelope may be regarded as the limit- 
ing position of the point of intersection of two members of the 
given system of curves, when the difference between the cor- 
responding values of a is indefinitely diminished. For this 
reason, the envelope is sometimes called the locus of the ultimate 
intersections of the curves of the given system. 

184. If we differentiate equation (i) of the preceding arti- 
cle (regarding or as a variable as well as x and y) the resulting 
equation will be of the general form 

/: {x, y, a) dx 4- fj^x, y, a)dy + f'^(x, y, a) da^O, . (2) 

In this equation each term may be separately obtained by 
dififerentiating the given eqtiation on the supposition that the 
quantity indicated by the subscript is alone variable. See 
Aii. 64. 
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From equation (2) we derive 

dx f^ (x, y, a) f^ {x, y, a)dx' 



(3) 



In Fig. 39 let PC be the curve corresponding to a particular 
Value of <ar, and let P be the point (x, y^ ; then ^ 

the expression for -^ given in equation (3) 

determines the direction in which the point P 
is actually moving when ;r, 7, and a vary ^ 
simultaneously. This direction depends there- 




FiG. 39. 



dit 



fore in part upon the arbitrary value given to the ratio --=- 

185. Now if a were constant da would vanish, and equa- 
tion (3) would become 



dy ^ _fr (^» y^J") 
iix 



fy{^^y>^) 



(4) 



.- dy 



This expression for - - determines the direction in which P 

moves when PC is a fixed curve. 

Let AB be an arc of the envelope, and let C be its point of 
contact with PC Now, if P be placed at the point C, it is 
obvious that it can move only in the direction of the common 
tangent at C, wluther a be fixed or variable. It follows there- 
fore that, at every point at which a curve belonging to the 

system touches the envelope, the expressions for -j- given in 

dx 

equations (3) and (4) must be identical in value. 

Assuming that/^(jr, ^, ot) dind f (x, y, a) do not become in- 
finite for any finite values of x and^, the above condition re- 
quires that 

/;(^i;'i«) = o (5) 
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Hence the coordinates of every point of the envelope must 
satisfy simultaneously equations (5) and (i) ; the equation of 
the envelope is therefore obtained by eliminating a between 
these two equations. 

186. Let it be required to find the envelope of the circles 
having for diameters the cbuble ordinates of the parabola 

If we denote by a the abscissa of the centre of the variable 
circle, its radius will be the ordinate of the point on the para- 
bola of which a is the abscissa, the equation of the circle will 

therefore be 

y + (jr — a)* — 4/iaf = 0. (l) 

Differentiating with reference to the variable parameter a, v/e 
have 

— 2 (;ir — a) — 4« = O, 

or or = 2a + ;r ; •(2) 

substituting in (i), and reducing, we obtain 

y = 4/i(a-f- X) (3) 

The envelope is, therefore, a parabola equal to the given para- 
bola and having its focus at the vertex of the given parabola. 

Two Variable Parameters. 

187. When the equation of the given curve contains two 
variable parameters connected by an equation, only one of 
these parameters can be regarded as arbitrary, since, by means 
of the equation connecting them, one of the parameters can 
be eliminated. Instead, however, of eliminating one of the 
parameters at once, it is often better to proceed as in the fol- 
lowing example. 
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Required, tin envelope of a straight line of fixed length a, 
which moves with its extremities on two rectangular axes. 

Denoting the intercepts on the axes by a and fi, the equa- 
tion of the line is 

or and fi being two variable parameters which, by the condi- 
tions of the problem, are connected by the relation 

a» + /? = tf« (2) 

Differentiating (i) and (2) with respect to a and fi as vari- 
ables, we have 

^+^=0. (3) 

and ada + fid ft = o (4) 

We have now four equations from which we are to eliminate 

a, /?, and the ratio -j- . Transposing and dividing (3) by (4), 

dp 

we obtain 

X ^ y 

Substituting in (i) the value of y derived from the last 
equation, we have 

;r(a» + /?) = «»; 
whence by equation (2) 
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In like manner we find 



ft =^iat. 



Hence, substituting in (2) 



;r5 -f- j4 = a^. 
The envelope is therefore a four-cusped hypocyclaid. 



Evolutes. 




188. In Fig. 40 let C be the centre of curvature of the given 
curve : this point is so determined (see Art. 176) as to have no 
motion in a direction perpendicular to the normal 
PCy but since p is in general variable, it has a mo- 
tion in the direction PC. Hence C describes a 
curve to which the normal PC is always tangent 
at the point C. Moreover, since P has no motion „ 
in the direction PC^ if we regard P as a fixed 
point on this line, the rate of C along this moving 
line will be identical with its rate along the curve which it 
describes. Hence the motion of PC is the same as that of a 
tangent line rolling upon the curve described by C, while P^ a 
fixed point of this tangent, describes the original curve. 

The curve described by the centre of curvature C is there- 
fore called the evolute of the curve described by P, and the 
latter is called an involute of the former. 



Fig. 4a 



189. Since the evolute of a given curve is the curve to 
which all the normals to the given curve are tangent, it is 
evidently the envelope of these normals. 



1 86 APPLICATIONS TO PLANE CURVES. [Art. 189.. 



The equation of the normal at the point (;r, y) of a given 
curve may be written in the form 

jr'-x + (/-^)g=0, (I) 

(x\ y) being any point of the normal. See Art. 163. 

In this equation y and -^ are functions of x determined by 

ax 

the equation of the given curve, and x is to be regarded as the 

arbitrary parameter. Hence, differentiating with reference to 

Xy we have 

The equation of the evolute is therefore the relation be- 
tween x' and y which arises from the elimination of x between 
equations (i) and (2). 

190. As an illustration, let it be required to find the evolute 
of the common parabola 

y = 2a^x^ ; 



=©'. 



wh.nc. £=\^) . and j^_ -^. 

Substituting, we obtain from equation (2) of the preceding 
article 

whence, from equation (i) of the same article, 

270;^'^ = 4 (;r' — 2ay, 

the equation of the evolute, which is, therefore, a semi-cubical 
parabola having its cusp at the point (2^7, o). 
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191. It is frequently desirable to express the equation of 
the normal in terms of some parameter other than x before 
differentiating. Thus, let us determine tite evolute of the ellipse 
by means of the equation of the normal in terms of the eccen- 
trie xingle. 

The equations of the ellipse are 

X — a cos ^% and ^ = ^ sin ^ ; 

whence dx— — a sin tj: d^u and dy = b cos ^ df. 
Substitution in the equation of the normal, 

(y —x)dx+ {y —y)dy = 0, 
gives ax' sin ^' — by' cos tp ^ (c? — l^ sin ^ cos ^ = o. 

Differentiating, we have 

ax' cos if) 4- by sin ip — {a^ — b^) (cos?0 — sin' ^) = o ; 

eliminating y and x' successively, and dropping the accents, 
ax = {a^ — l^) co^ if? and ^7 = — (^i* — ^) sin'^; 

whence (ax)^ + (by)^ = (^ — ^)J. 



Examples XXVI. 

I. Find the envelope of the system of parabolas represented by the 
equation 

y =y(a:-flf), 
in which a is an arbitrary parameter and c a fixed constant. 

y=^^x\ 
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2. Find the envelope of the circles described on the double oi^ 
dinates of an ellipse as diameters. 

3. Find the envelope of the ellipseSi the product of whose semi- 
axes is equal to the constant r*. 

The conjugate hyperbolas, 23^ = ± r'. 

4. Find the envelope of a perpendicular to the normal to the para- 
bola, y = 4^, drawn through the intersection of the normal with the 
axis. 

y = 4if (2a — x), 

5. Find the envelope of the ellipses whose axes are fixed in posi- 
tion, and whose semi-axes have a constant sum c. 

The four-cusped hypocycloid, jp* +^* = ^*. 

6. Given the equation of the catenary 

prove that 

y — 2yy and jp'= jc — - T*^ — «'^), 

and deduce the equation of the evolute. 

y= a log y ^ ^y'* - 4^')* T ^ (y* - 4«*)*- 

° 2a 4df ^^ ' 

7. Derive the equation of the evolute to the hyperbola, its equa- 
tioBS in terms of an auxiliary angle being 

jp = a sec ^ and ^ = ^ tan ^. 
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The equation of the normal is 



AT sin ^ + ^ = (a* + ^*) tan ^, 



and the equation of the evolute is 



aM - ^t/« = («• + ^•)*. 



8. Find the equation of the evolute of the cycloid. 
The equation of the nonnal is 

sin . 



I — cos^ 



The equations of the evolute are 



jc = tf (^ 4. sin ^) 



and 



y=, — tf (i — COS^). 



The evolute is therefore a cycloid situated below the axis of x^ 
having its vertex at the origin. See equations (3), Art, 158. 



CHAPTER X. 



Functions of Two or More Variables 



XXVII. 



The Derivative Regarded as the Limit, of a Ratio. 

192. The difference between two values of a variable is fre- 
<iuently expressed by prefixing the symbol A to the symbol 
denoting the variable, arid the difference between correspond- 
ing values of any function of the variable, by prefixing A to the 
symbol denoting the function. Hence x and x + Ax denote 
two values of the independent variable, and Af{x) denotes the 
difference between the corresponding values oi f{x)] that is, 

Ay=Af{x)=f{x^Ax)-f{x). . . . (i) 
If we put Ax = o, we shall have J/ = o ; 

hence the ratio ^ ^ f{x ^ Ax) - f{x) ^ 

Ax Ax ^ ' 

takes the indeterminate form - when Ax = o. The value as- 

o 

sumed in this case is called the limiting value of the ratio of the 

increments^ Ay and Ax^ when the absolute values of these incre- 

ments are diminished indefinitely. 

I93i To determine this limiting value, for a particular value 
.a of Xy we put a for x and z for Ax in the second member of 
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equation (2), and evaluate for ^ s o, by the ordinary process 
(see Art. 82). Thus 



f{a^z)^f{a) 



1=/'W (3) 

-Jo 



Therefore when Ax is diminished indefinitely, the limiting value 
of -p corresponding \.o x = a\% -j- , and, since a denotes any 
value of X, we have in general 

limit 0/^ = % 
Ax ax 

If we denote by e the difference between the values of -7^ and 

Ax 

-r-i we shall have 
dx 

Ax-dx^'' ^^^ 

and the result established in the preceding article may be ex- 
pressed thus — 

^ = o when Ax = o ; 
in other words, e is a quantity that vanis/ies with Ax. 



Partial Derivatives. 

194. Let u = f{x, y\ 

in which x and y are two independent variables. The <leriva^ 
tive of u with reference to ;r, y being regarded as constant, is 

denoted by -=- «, and the derivative of u with reference to y^ x 

dx 

being constant, by -r- «. These derivatives are called the par- 
tial derivatives of u with reference to x and y respectively. 
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Adopting this notation, the result established in Art. 64 may 
be expressed thus : 

dx dy 

provided u denotes a function that can be expressed by means of the 
elementary functions differentiated in Chapters II and III. 
It is now to be proved that this result is universally true. 

195. Let AxU denote the increment of u corresponding to 
j^x^ y being unchanged, Jy« the increment corresponding to zTy, 
X being unchanged, and Au the increment which u receives 
when X and y receive the simultaneous increments ^x and ^j^^ 
Let 

W =f{x -^ /lx,y), 



and 
then 



and 
hence 



u" =f{x + Jx,y + Jy); 
Jj^u = u' — u, 
Ayti = u' — u\ 

Au =z u" — u; 

Au^ AxU -\- AyU* (i) 



Denoting by At the interval of time in which or, y^ and u re- 
ceive the increments Axy Ay^ and Au, we have 



Au 
At 



AxU AyU' 

+ 



At 



At 



(2> 



Since Au is the actual increment of u in the interval At^ the 

du 

limit of the first member of equation (2) is, by Art. I93»^> the 

rate of u. The limit of -^ is the rate which u would have 

At 
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were x the only variable ; and, since -j-U'€lx\s the value which 
du assumes when this supposition is made, if we put 



dx 



U'dx =• dxU^ 



dM 



this rate will be denoted by J -. Hence by equation (4), Art. 
193, equation (2) becomes 

dt^^ dt ^^^ dt ^^ ' 

in which e^ e\ and e" vanish with At ; but when J/ = o, Ax 
3nd therefore v! ^ u\ hence, putting At = o, we have 



= 0, 



du^ 
dt 



dxU dyU 



dt 



dt' 



Therefore 



that is, 



du = djfU + dyU\ 

du = —,-U' dx -\- -j-U'dy. 
dx dy 



196. Thia result is usually written in the form 

, du J du J 
du^ ^-dx ^ -J- dyi 
dx dy 

but when written in this form it must be remembered that the 
fractions in the second member represent partial derivatives^ 
the symbol du in the numerators standing for the quantities 
denoted above hy d^u and d^Uy which are sometimes called /ar- 
lial differentiak. The du that appears in the first member is 
called the total differential of u when ;r and ^ are both variable. 
The above result is easily extended to functions of more 
than two independent variables. 



194 FUNCTIONS OF TWO OR MORE VARIABLES. [Ex. XXVII, 

Ezami>les XXVIL 

I. Given « = (^ +y)*i prove that 

du du ^ 



dx 



0. T ■ "^ 



dy 



2. Given u = — 7- 



X -{-y' 



prove that 



^ . du 
iiir ' dy 



3. Given 1^ = tan"* (^"Ij::^) » P'^^^ ^^^ 






du du 

4« Given f^ = log^, to find md -j-. 



du I 
4&"" jrlogjr* 


du _ — logjr 
^""jr(logj^)* 


XXVIII. 





7*A^ Second and Higlier Derivatives regarded as Limits 
197. In Art. 193 it is shown that 

Ax dx 

In this equation ^ is a function of x and likewise of Ax ; hence 

de 
the derivative -2- is in general a function of x and of Ax. It is 

dx 
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also proved in the same article that e becomes zero when Ax 
vanishes ; that is, e assumes a constant value independent of the 
z'olue of X when Jx becomes zero ; hence, when Ax is zero, the 
derivative of e with reference to x must take the value zero,, 
-whatever be the value of ;r ; in other words, 

-7- vanishes with Ax. 
dx 

In a similar manner it may be shown that each of the higher 
derivatives of e with reference to x vanishes when AX = 0. 

198. Since — is a function of :r, A -~ will denote the incre- 
Ax Ax 

ment of this function corresponding to Ax. Employing the 

symbol — to denote the operation of taking this increment,. 

and dividing the result by AXy we obtain, by applying to this 
function the principle expressed in equation (4), Art. 193, 

A Ay d Ay , , . 



Ax Ax dx Ax 



-m*') 



+/ 



de 
In this equation both e' and -r- vanish with Ax by the preced- 
ing article ; hence the sum of these quantities likewise vanishes 
with AXf and may be denoted by e. Thus we write 

A Ay _d'y . 

-AiTx-d^^*' ^^> 
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199. Since Ax is an arbitrary quantity it may be r^arded 

as constant, whence A ~- is the increment of a fraction whose 

Ax 

denominator is constant ; but this is evidently equivalent to the 

result obtained by dividing the increment of the numerator by 

the denominator ; that is, 

^y ^ A' Ay 

Ax Ax 

The numerator A • Ay is usually denoted by the symbol A*y ; 
hence equation (2) may be written thus : 

Ax' d^^'' ^^^ 

and, since e vanishes with AXy it follows that the second deriva- 
tive is the limit of the expression in the first member of equa- 
tion (3). 

In a similar manner it may be shown that each of the higher 
derivatives is the limit of the expression obtained by substi- 
tuting A for d in the symbol denoting the derivative. 

Higher Partial Derivatives. 

200. The partial derivatives of u with reference to x and y 
are themselves functions of x and y. Their partial derivatives, 
viz., 

d du d du d du a ^ ^^ 

dx dx^ dy dx^ dx dy^ dy dy^ 

are called partial derivatives of u of the second order. 

It will now be shown that the second and third of these 
derivatives, although results of different operations, are in fact 
identical ; that is, that 

d du __ d du 
dy dx dx dj* 
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Employing the notation introduced in Art. 195, we have 

^xU^ f {x -Sr Ax, y) - f {x, yy, 

if in this equation we replace yhy y •\- Ay, we obtain a new 
value of AxU, and, denoting this value by A'^u, we have 

A'ji=f{x-\- Ax,y + Ay) — / {x, y -\- Ay). 

Since this change in the value of Aj^u results from the increment 
received by y, the expression for the increment received by 
AjgU will be A^ {AjgU) ; hence 



A, (Axu) = J;« — AjcU, 



or 



A,{A^)=/{x+Ax,y+Ay)^/{x,y+Ay)'-/{x+Ax,y)+/(x,y). 

The value of A,(A^), obtained in a precisely similar manner, 
is identical with that just given ; hence 



A, (A^) = Ax {A^y 



(I) 



Since Ax is constant, we have, as in Art. 199, 

Ax "^^ Ax' 

Hence, dividing both members of equation (i) by Ax • Ay, we 
have 

Ay ^^_^ A^ . . 

Ay' Ax "Ax' Ay* ^ ' 



or, employing the symbol — asin Art. 198, 



A A A A 

Ay Ax Ax Ay 
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From this result, by a course of reasoning similar to that em- 
ployed in Art. 198, we obtain 



d du ^ d du 
dy dx dx dy 



(3) 



201. The partial derivatives of the second order are usually 
denoted by 

(Pu d'u dhi 

dx' • 



dxdy' 



dy 



t * 



the factors dx and dy in the denominator of the second being, 
by virtue of formula (3), interchangeable, as in the case of an 
ordinary product. 

The numerators of the above fractions are of course not 
identical. Compare Art. 196. 

Formula (3) of the preceding article is readily verified in 
any particular case. Thus, given 



u =y-' 



whence 



du 
di 



= ^log^, 



du 



and -y- = xy*'^\ 
dy 



• • 



d du ^ , / , V d du 

^.•^=r^-'(^iog>.+ i) = ^-^. 

Examples XXVIII. 

1. Given u = sec (y + ax) + tan (j^ — ax\ prove that 

d^u _ , (tu 

2. Verify the theorem - . = , , when u = sin (x^\ 

^ dxdy dydx 

3. Verify the theorem -^-j- = 'T'TZ ^^^^ ^ ^ ^^S ^^ ^^ + ^^ 
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4. Verify the theorem ,. . = -; — 77 when u = tan~* — . 

' ay ax ax ay y 

5. Verify the theorem ^^, = -^^ when « =^ log (i + ^\ 



6. Given iv = sinjr cos^', prove that 



d'u 



itu 



(Tu 



d/dof dx^d/ dxdydxdy* 



7. Given u = jcV + £^*s' + jpy**, derive 



i^ 



dx^ dydz 



= 6yrt* + 8/*. 



8. Given 



f^ = 



i^(4a^-^) 



y prove that 



d* 



d^ 



dc^^ dadb 



u. 



9. Given » = (jr + >')•, prove that 

^ ^'tf _ du 

^dx^^^dxdy dx' 



10. Given u = 



-y prove that 



(A^+y+**)* 



i/'tf ^ ^ __ 

d^^ d/^ dz'^^' 
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2 ELEMENTARY METHODS OF INTEGRATION [Alt. I. 

at the time /, from a fixed origin taken on the line of motion, 
V is the rate of s ; that is, 

ds 

hence equation (i) is equivalent to 

ds ^ gtdt^ (2) 

which expresses the differential of s in terms of / and dt. Now 

it is obvious that ^gf is a function of / having a differential 

equal to the value of ds in equation (2) ; and, moreover, since 

two functions which have the same differential (and hence the 

same rate) can differ only by a constant, the most general 

expression for s is 

s = \gfi + C, (3) 

in which C denotes an undetermined constant. 

2. A variable thus determined from its rate or differential 
is called an integral^ and is denoted by prefixing to the given 

differential expression the symbol , which is called the integral 

sign.* Thus, from equation (2) we have 



= \gtdt, 



which therefore expresses that j is a variable whose differential 
is gtdt ; and we have shown that 



\gtdt = :^gfi-\- C. 



The constant C is called the constant of integration; its 
occurrence in equation (3) is explained by the fact that we 
have not determined the origin from which s is to be measured. 

* The origin of this symbol, which is a modification of the long /, will be 
explained hereafter. Se . 91. 
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If we take this origin at the point occupied by the body when 
at rest, we shall have j = o when / = o, and therefore from 
equation (3) C = o ; whence the equation becomes s = \gfi. 



The Differential of a Curvilinear Area. 

3. The area included between a curve, whose equation I9 
given, the axis of x and two ordinates affords an instance of 
the second case mentioned in the first paragraph of Art. i : 
namely, that in which the rate of the generated quantity, al- 
though not given in terms of /, can be readily expressed by means 
of the assumed rate of some other 
independent variable. 

Let BPD in Fig. i be the curve 
whose equation is supposed to be 
given in the form 

y = /W- 

Supposing the variable ordinate 

PR to move from the position AB 

to the position CA the required 

area ABDC is the final value of the Fig. i. 

variable area ABPR, denoted by 

^, which is generated by the motion of the ordinate. The rate 

at which the area A is generated can be expressed in terms of 

the rate of the independent variable x. The required and the 




dA 



dx 



assumed rates are denoted, respectively, by — =- and -=- ; and, to 

dt dt 

express the former in terms of the latter, it is necessary to 
express dA in terms of dx. Since x is an independent variable, 
we may assume dx to be constant ; the rate at which A is gen- 
erated is then a variable rate, because PR or y is of variable 
length, while R moves at a constant rate along the axis of x. 
Now dA is the increment which A would receive in the time 
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dt, were the rate of A to become constant (see Diff. Calc, 
Art. 22). If, now, at the instant When the ordinate passes the 
position PR in the figure, its length should- become constant, 
the lite of the area would become constant, and the increment 
which would then be received in the time rf/, namely, the 
rectangle PQSR, represents dA. Since the base RS of this 
rectangle is dx^ we have 

dA=ydx^f{x)dx (I) 

Hence, by the definition given in Art. 2, A is an integral, and 
is denoted by 



= \f{x)dx. 



(2) 



Definite Integrals. 



4. Equation (2) expresses that ^^ is a function of jr, whose 
differential is/(;r)^;r ; this function, like that considered in Art. 
2, involves an undetermined constant. In fact, the expres- 
sion \f(x)dx is manifestly insufficient to represent precisely 

the area ABPR, because OAy the initial value of x, is not indi- 
cated. The indefinite character of this expression is removed 
by writing this value as a subscript to the integral sign ; thus, 
denoting the initial value by ^, we write 



A = 



= ^/(x)dx, (3) 



in which the subscript is that value of x for which the integral 
has the value zero. 

If we denote the final value of x (OC in the figure) by b, the 
area ABDCy which is a particular value of -^, is denoted by 
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writing this value of x at the top of the integral sign, 
thusy 

ABDC^\f{x)dx. (4) 

This last expression is called a definite integral^ and a and 
b are called its limits. In contradistinction, the expression 

/{x)dx is called an indefinite integral. 



1 



5. As an application of the general expressions given ini the 
last two articles, let the given curve be the parabola 

Equation (2) becomes in this case 

A = I j^dx. 

Now, since J j:* is a function whose differential fa ;A£r, this 
equation gives 

A=[x^dx = \:(^+C, (l) 

in which C is undetermined. 

Now let us suppose the limiting ordinates of the required 
area to be those corresponding to ;r = i and ;r = 3. The vari- 
able area of which we require a special value is now represented 

by I j^dx^ which denotes that value of the indefinite integral 

which vanishes when ;r = i. If we put ;r = i in the general 
expression in equation (i), namely \j^ -{- C, we have i + C; 
hence if we subtract this quantity from the general expression, 
we shall have an expression which becomes zero when ;r = I. 
We thus obtain 

A^[:t^dx = \x^-\. 
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Finally, putting, in this expression for the variable area, Jr =s 3, 
we have for the required area 



1 



Vrf;r = i3»-i = 8|. 



6. It is evident that the definite integral obtained by this 
process is simply the difference between the values of the indefinite 
integral at the upper and lower limits. This difference may be 
expressed by attaching the limits to the symbol ] affixed to the 
value of the indefinite integral. Thus the process given in the 
preceding article is written thus. 



j W;r = i;r« + c]'= 9-^ = 8 



% 



The essential part of this process is the determination of 
the indefinite integral or function whose differential is equal to 
the given expression. This is called the integration of the 
given differential expression. 

Elementary Theorems. 

7. A constant factor may be transferred from one side of the 
integral sign to the other. In other words, \i m is a constant 
and u a function of Xy -^ 



mudx = m udx. 



Since each member of this equation involves an arbitrary 
constant, the equation only implies that the two members have 
the same differential. The differential of an integral is by 
definition the quantity under the integral sign. Now the 
second member is the product of a constant by a variable 

factor ; hence its differential is m ^/ \udx L that iSytnu dXt which 

is also the differential of the first member. 
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8« This theorem is useful not only in removing constant 
factors from under the integral sign, but also in introducing 
such factors when desired. Thus, given the integral 



J- 



\x''dx\ 

recollecting that 

rf(;r» + = (« + \)x''dx, 

we introduce the constant factor n + i under the integral sign ; 
thus, 

[x'^dx = -^— \{n + iSx^'dx = — — x^-^' + C. 

9m //a differential expression be separated into parts ^ its in^ 
tegral is the sum of the integrals of the several parts. That is, 
if «, z/, w, • • • are functions of ;r, 

(« + «/-!-«/+••• '')dx = \u dx -{-\v dx -{-\wdx -h • • • 

For, since the differential of a sum is the sum of the differ- 
entials of the several parts, the differential of the second mem- 
ber is identical with that of the first member, and each member 
involves an arbitrary constant 

Thus, for example, 

I (2 — Vx) dx = 2dx — \xdx—2x — \x + C, 

the last term being integrated by means of the formula deduced 
in Art. 8. 

Fundamental Integrals. 

10. The integrals whose values are given below are called 
the fundamental integrals. The constants of integration are 
generally omitted for convenience. 
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Formula {a) is given in two forms, the first of which is de- 
rived in Art. 8, while the second is simply the result of putting 
n= — m. It is to be noticed that this formula gives an indeter- 
minate result when « = — i ; but in this case, formula {b) may 
be employed.* 

The remaining formula; are derived directly from the for- 
mulae for differentiation ; except that (7''), {k')^ (/'), and (;// / 

are derived from (y), {k), (/ j, and {m) by substituting — for x. 



x^dx = 



.« + 1 



n 4- I 



Ux I 



^x^"' • 



dx 



= log(±jr)t. 



a^'dx = 



a' 



log a 



1 



t^dx'=^^ 



cosB do = sin 



s\r\6 dd = — cos 



' i'^) , 



(*) 



w 



id) 



W 



Applying formula {a) to the definite integral I x^dx, we have 



1: 



J 



^« + ' _^«-Hl 






which takes the form - when » = ~ i ; but, evaluating in the ostial maimer. 



n ^ I _«-*-! 



b"''-a 



-a \ _ 



W-(-l 



r-^Mog^-a"^' loga 



1 = log * — log a ; 

J« = — I 



a result identical with that obtained by employing formula {b), 

t That sign is to be employed which makes the logarithm real. See Diff. Calc, 
Art. 43. 
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Lv»=H"''=""» (/) 

S^M'V"^' '"'=-''•'■'> (^) 

[™ '^'- =fsec9tan»rf» = sec« (/<) 

f^4? = f<:os=c''cot«</» = -co5ec(l' (0 

J sin^ C J • • \ / 

J7(r^"7j "''"'"'■'■ '^^ ~'°'^'''+ '^' • • • t/) 

f— "^ = tan-*j:+ (7= — cot->4r + C" (-i) 

JfT + jrofl a a ^ 

f "^ 

JrV(i=^nf)"=''" '' + ''= """""'* + '^'^ • • <') 

\-:^{%r^ = r"" f + '^ = - ^ ""«"' J + '^' • ('■) 

l^f^/^sy = "='=■'•'• (") 
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Examples I. 

Find the values of the following integrals 



[dx 
[dx 

f ^ 
r dx 

5. I Vxdx, 

6. I (.V - lYdx, 



a 



J. \ (a " bxYdx^ 
8. f (a + xYdx, 

J —a 

r''dx 
9- J. T' 



aVx. 



I 



t — 



V^ 



1 



i.» 



3 



a 



^j: — a^jp 4 



5 Jo ""3^' 



2 4J-C ^ 



2 log tf. 



{-'dx 



log ( - ^) = log 2. 

— ' —1 
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II 



II. ; -dX^ 

12. I B' dx^ 

13. %\nBdO^ 

"'o 

14. 0,0^ xdx^ 

Jo 

[^ dB 
^5- Jo cos" B' 

'^- Jo ^{a'-^y 

^7- J.,,iN^> 
f* dx 



8 Vx(tf* + |«C + K)l = 23H • «*. 



€^— I. 



I —COS ft 



. 1' 

inAT = o. 



sin 



tan^ 



]r= ■• 



ajo 6 



sin 



n 
a 

n 

2 



19. If a body is projected vertically upward, its velocity after / units 
of time is expressed by 

a denoting the initial velocity ; find the space Sz described in the time 
/i and the greatest height to which the body will rise. 



Sx =^\v dt = atx — igti\ 



when f^=o,/=— ,j = — 

i 2' 



12 
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30. If the velocity of a pendulum is expressed by 



nt 
v= a cos — , 

2T 



the position corresponding to / = o being taken as origin, find an ex- 
pression for its position s at the time /, and the extreme positive and 
negative values of s. 



zra . nt 

5 = sm — » 

n 2T 



s-± 



2ra 

n 



when / = ^, 3^> 5^, etc 



21. Find the area included between the axis of x and a branch of 
the curve 

y = sin X. 2. 

22. Show that the area between the axis of x, the parabola 

/ = 4ax, 

and any ordinate is two thirds of the rectangle whose sides are the 
ordinate and the corresponding abscissa. 

23. Find {a) the area included by the axes, the curve 

and the ordinate corresponding to :r = i, and (/3) the whole area be- 
tween the curve and axes on the left of the axis oiy, 

(a) £ - I, (/?) I. 

24. Find the area between the parabola of the «th degree, 



and the coordinates of the point (a, a). 



11+ I 



§1.] 
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25. Show that the area between the axis of x^ the rectangular 

hyperbola 

xy= \, 

the ordinate corresponding to .v = i, and any other ordinate is 
equivalent to the Napierian logarithm of the abscissa of the latter 
ordinate. 

For this reason Napierian logarithms are often called hyperbolic 
logarithms. 

26. Find the whole area between the axes, the curve 
and the ordinate for x^a^m and n being positive. 



If « > »», 



n — m 



if «5»», 00. 

27. If the ordinate BR of any point B on the circle 

be produced so that BR • RP — a', prove that the whole area between 
the locus of P and its asymptotes is double the area of the circle, 

28. Find the whole area between the axis of x and the curve 



y (a* ■{•j^)= a\ 



ncf. 



29. Find the area between the axis of x and one branch of the com^ 
panion to the cycloid, the equations of which are 



xz^atj) 



^ = a (i — cos^). 



ZMif. 
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II. 

Direct Integration. 

II. In any one of the formulae of Art. lo, we may of course 
substitute for x and dx any function of x and its differential. 
For instance, if in formula {p) we put x — a in place of Xy we 
have 



I 



-— = log {x - a) 



or Ic^ {a - jr), 



according as jr is greater or less than a. 

When a given integral is obviously the result of such a sub- 
stitution in one of the fundamental integrals, or can be made 
to take this form by the introduction of a constant factor, it is 

said to be directly integrable. Thus, sin mxdx is directly in- 

teg^able by formula {e) ; for, if in this formula we put mx for tf, 
we have 



hence 



1 



sin mx * mdx= — cos mx , 



sin mx dx •=. — \s\nmx mdx^ cos mx. 

J m } m 



So also in 



V(a 4- bj^)xdxy 



the quantity xdx becomes the differential of the binomial 
{a + bx^) when we introduce the constant factor 2^, hence this 
integral can be converted into the result obtained by putting 

{a H- bx^) in place of ;irin \j^ xdxy which is a case of formula (a). 

Thus 

fv(a + bs^)xdx=z~[(a^'bx'f2bxdx=^-^{a'^bj^^. 



Sii.J 



DIRECT INTEGRA TION. 



IS 



IZ A simple algebraic or trigonometric transformation 
sometimes suffices to render an expression directly integrable, 
or to separate it into directly integrable parts. Thus, since 
— sin ;r ^ is the differential of cos jt, we have by formula {V) 

f ^ . ( sin xdx , 

tan xax = \ — ;7:::7-:7- = — log cos x • 



cos X 



So also, by formula (/), 

ftan» dd = j (see* ^- i) df^ = tan tf - tf ; 

by (e) and {a)^ 

|sin« Odd = f (I - cos? (f) sin Odd = - cos ^ -f- i cos^tf ; 

by (J) and {a), 



sin"* X 



-V(i-^ 



Rational Fractions. 

13. When the coefficient of dx in an integral is a fraction 
whose terms are rational functfons of jt, the integral may gen- 
erally be separated into parts directly integrable. If the de- 
nominator is of the first degree, we proceed as in the following 
example. 

Given the integral f — "^ 

by division, 

^-x ^i ^x 3 ^ 15 I 



dx\ 



2X + I 



4 2jr + i' 
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hence 



1 



^-^+3v^_ 



2X ■\- \ 



dx = 



2] 4J 4 J 2;r H- I 

7 - ^ H- ^ log {2x + I). 
440 



When the denominator is of higher degree, it is evident that 
we may, by division, make the integration depend upon that of 
a fraction in which the degree of the numerator is lower than 
that of the denominator by at least a unit. We shall consider 
therefore fractions of this form only. 



Denominators of the Second Degree. 

(4. If the denominator is of the second degree, it will (after 
removing a constant, if necessary) either be the square of an 
expression of the first degree, or else such a square increased 
or diminished by a constant. As an example of the first case, 
let us take 



I 



Kx - \f 



The fraction may be decomposed thus : 



J- + I -v — I + 2 I 2 

+ • 



{x- if- (x-i) 



2 — 



i- 1 ^ (T^nf' 



hence 



f ^ -f I , t dx f dx 



= log (:r - I) - 



x— I 



IS. The integral j 



^ + 3 



;r^ 4- 2jr + 6 



dx 
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17 



affords an example of the second case, for the denominator 
may be written in the form 

or* -f 2;r + 6 = (;r + l)* -h 5. 
Decomposing the fraction as in the preceding article. 



•^+ 3 ^ 



X + I 



+ 



(;r + ;)«+ 5-(;r+i)»+5' 



whence 



1 



^ + 3 



j;* + 2;r + 6 



f (^+ i)dx [ dx 

J(;r+ 1)^ + 5 J(^+ !)' + 



5 



The first of the integrals in the second member is directly 
integrable by formula {b\ since the differential of the denom- 
inator is 2 (jT + \)dxy and the second is a case of formula (k). 
Therefore 

\^.^L±J—-dx = i log (^ + 2;r + 6) + ~ tan-i^^T^. 
16. To illustrate the third case, let us take 



1 



2X 4- I 

jr* — ;r — 6 



rf;r, 



in which the denominator is equivalent to (x — \f — 6}-, and 
can therefore be resolved into real factors of the first degree. 
We can then decompose the fraction into fractions having these 
factors for denominators. Thus, in the present example, as- 
sume 

2;r H- I A B 



+ 



^ — X —6 ^—3 ;r 4- 2 



(') 



in which A and B are numerical quantities to be determined. 
Multiplying by {x — 3) (;r -h 2), 

2;r + I = ^ (;r -f 2) + B{x — 3). • . . * (2) 



i8 
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Since equation (2) is an algebraic identity, we may in it assign 
any value we choose to x. Putting jr = 3, we find 



7 = 5^, 
putting JT = — 2, 

-3^-5^, 



whence 



whence 



^=i> 



^=i. 



Substituting these values in (i), 



whence 



2X'^\ _ 7 3 

^-^-6"5(;r-3)"^ 5(^ + 2)' 



|p^r^zr6^-^ = *^^e(^"3) + |iog(jr + 2). 



(7. If the denominator, in a case of the kind last considered, 
is denoted by {x — a) {x - b), a and b are evidently the roots of 
the equation formed by putting this denominator equal to zero. 
The cases considered in Art. 14 and Art. 15 are respectively 
those in which the roots of this equation are equal, and those 
in which the roots are imaginary. When the roots are real and 
unequal, if the numerator does not contain jr, the integral can 
be reduced to the form 

dx 



I 



(-r -n)(x-by 



and by the method given in the preceding article we find 



I 



dx 



{x — a) (x — b) a — b 



log {x -a) - log {x - *) J 



I , X — a 



(AY 



* The formula of this series are collected together at the end of Chapter II. 
for convenience of reference. See Art. lOi. 
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in which, when x <ay log {a — x) should be written in place of 
log {x — a), [See note on formula (b). Art. ic] 
If ^ = — «, this formula becomes 



f 



dx \ , x — a . .^ 



x^ — c? 2a ^ X -h a 

Integrals of the special forms given in (A) and (A^ may be 
evaluated by the direct application of these formulae. Thus, 
given the integral 

dx 






2X^ + ^X — 2* 



if we place the denominator equal to zero, we have the roots 

a = ^, 6 = — 2; whence by formula {A)y 



f dx _ ^ f dx _ I I . 

J 2;r^ -f 3;r — 2 — ^J (x^i) 1^ + 2) ~ 2 * 2^ ^^ 



X + 2' 



or, since log (2jr — i) differs from log (x — ^) only by a con- 
stant, we may write 



I 



dx I , 2ar — I 

= 7 log 



2jr^ + 3.r — 2 5 ^ or + 2 



Denominators of Higher Degree. 

18. When the denominator is of a degree higher than the 
second, we may in like manner suppose it resolved into factors 
corresponding to the roots of the equation formed by placing it 
equal to zero. The fraction (of which we suppose the numerator 
to be lower in degree than the denominator) may now be decom- 
posed into partial fractions. If the roots are all real and un- 
equal, we assume these partial fractions as in Art. i6 ; there 
being one assumed fraction for each factor. 

If, however, a pair of imaginary roots occurs, the factor cor- 
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responding to the pair is of the form {x — a)* -f- /?, and the 
partial fraction must be assumed in the form 

Ax-><-B 

for we are only entitled to assume that the numerator of each 
partial fraction is lower in degree than its denominator (other- 
wise the given fraction which is the sum of the partial fractions 
would not have this property). For example, given 

^+3 



[ 



(^+ i)(^- i) 
Assume 

;r -h 3 Ax -\- B 



dx. 



+ ;rz-7' • • . (0 



{x^ -\- l){x — l) ;r^ + I X — I 
whence 

* + 3 = C^ - i){Ax + ^) + (;r2 + i)C. 

Since in an identical equation the coefficients of the several 
powers of x must separately vanish, the coefficients of jr. x 
and Ji^ give, for the determination ol A, B and C, the three 
equations 

^ + C = o, B-A — i^ C-B-i, 

From these we obtain ^ = — 2, -5= — i,C=2; hence, 
substituting in equation (i), 

X - Y I 2_ 2;r + I 

therefore 

f X '\- I _ r dx^ f 2 xdx [ dx 

= 2 log (jT - I) - log(;r« -H I) - tan-* ;r. 

19. The method of determining the assumed coefficients 
illustrated above makes it evident that, the denominator being 
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of the «th degree, we must assume n of these coefficients - 
because we have to satisfy n equations, derived from the 
powers of x from ;r" " ^ to ;r*». 

It is evident that we may take for the denominators of the 
partial fractions any two or more factors of the given denomi- 
nator which have no common factor between themselves, pro- 
vided we assume for each numerator a polynomial of degree 
just inferior to that of the denominator. But, since otir present 
object is to separate the given fraction into directly integrable 
parts, when a squared factor such as (;r — cCf occurs, instead 
of assuming the corresponding partial fraction in the form 

rs (which would require to be further decomposed as in 

\x — ay 

Art. 14), we at once assume a pair of fractions of the form 



H- 



B 



a* 



X — a (x — a) 

20. We proceed in like manner when a higher power of a 
linear factor occurs. For example, given 



I 



^ + 2 . 

'dx; 



(x - \y\x + i) 
we assume 

x_ 4-j A B C D 

(F=^r)«'(;ir -h I) " (;r - ly ■*■ (JT - i)» ■*■ ;r - I ■*■ ;r + r 

whence 

;r -h 2 = [^ -f 5(;r- I) + C(;r- \J\{x + l) + D{x - if. (l) 
Putting jr = I , we have 3 = 2-4 .'. ^=f. 

Putting;r = — I, we have i = — 8Z? .*. /?=— i- 

The most convenient way to determine the other coefficients 
IS to equate to zero the coefficient of ;r*, and to put jt = o. We 
thus obtain 
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o=Ch-A and 2 = -^ — 5+C— A 
from which C = J, and 5 = — J. Therefore 

f irH-2 ^..Sf^-^ \ { dx \ t dx \t dx 

J (Ir- ini+T) "■ 2 J {FI77 " 4 J(^^^ + 8 J i^i " 8j.i^i 

21. The fraction corresponding to a simple factor of the 
^ven denominator may be found, independently of the other 
partial fractions, by means of the expression derived below. 
Denote the given denominator by 0(^)» and let it contain the 
simple factor j: — «, so that 

0(;r) = (jr - tf)^'(;r) (l) 

in which ^\x) does not vanish when ;r = a. 

Let f[x) denote the numerator (it is not necessary here to 
suppose this to be lower than <p{x) in degree), and let Q denote 
the entire part of the quotient. Then we may assume 

Ax) __ Ax) ^Q^_A_^ P 



<P{x) (x - a)/ix) ^ ^ x^a^ i^xy 

in which Q and P are in general polynomials. Clearing of 
fractions, 

Ax) = Q{x - a)ilix) -h A^Hx) -^P{x- a). 

Putting jr = a, we have (since neither P nor Q can become in- 
finite) 

Aa) = At{a), whence ^=^, . . • • (2) 

an expression for the numerator A. 

Again, differentiating equation (i), we have 

<f>\x)=:tl>{x)-\-{x--aW{x); 
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whence, putting ^ = ^, <t>\a) = f[a\ the substitution of which 
in equation (2) gives another expression for A, namely, 



(P\a) 



(3) 



As an example, let us find the value of 

1^ + 2 






.1" 



-h 2^ — jr* — 2;r 



dx. 



The denominator is the product x{x^ — 0(^ + 2), and the first 
term of the quotient is obviously x ; hence we assume 



;r* -h 2 



= x -\- a+ - -h 

X 



B 



-H- 



H- 



Z? 



;r^ + 2jr* — ;i:* — 2;r ' ;r;i-f-i;r— i;r-f-2 

The coefficient of x'^ in the equation cleared of fractions gives 
« = — 2. Now forming the fraction 

f{x) _ Ar» H- 2 

<t>\x) "^ 4x^ -\- 6x^ — 2x " 2' 

we may determine A, B, Cand D in accordance with expres- 
sion (3) by putting therein for x successively o, — i, i and — 2. 
Thus ^ = — i,-fi = i, C=i, -0=5; whence 

1^ + 2 



or* -I- 2x^ — jr* — 2;r 



II 15 

;r 21^ 4- l) 2(^—1) ;i-|-2 



and 



1 



^+2 ^ ;r« 

1 5 o «* = 2;r -I- log 

/» -t- 2^ — j:^- 2;r 2 ^ ^ 



(.r + 2)V(^- I) 



22. We have seen that the decomposition of a given frac- 
tion into partial fractions presupposes a knowledge of the roots 
of the equation resulting from equating the given denominator 
to zero. In the case of the denominator ;r* — i, we can employ 
the expressions for the imaginary roots involving the circular 
functions of certain angles. (Diff. Calc, Art. 191.) In some 
simple cases the factors are expressible in ordinary surds. For 
example, we have 



24 ELEMENTAR Y METHODS OF INTEGRA TION. [Art. 22. 

^ - I = (^ - l)(^ + iX^-* + i)(^- ^ V2 + iX;r» + jr4/2 + I). 

It is to be noticed that when the fraction is a rational func- 
tion of some higher power of x^ we may simplify the process 
of decomposition. Thus it is legitimate to assume 

af^ _ A B 

because, if jsr = j:*, the numerator and factors of the denominator 
are rational functions of z. The first term could be treated in 
like manner with respect to x^\ but not the second, since the 
factors of AT* -f i involve x as well as t?^ 

28. We have seen in the preceding articles that the partial 
fractions corresponding to the real roots, whether single or 
multiple, are directly integrable, and also those corresponding 
to unrepeated imaginary roots. In the following example a 
case of multiple imaginary roots occurs: given 

a-^- X 






{a - x){a' + x^' 



dx. 



It is readily shown that the partial fraction corresponding 

\.o a — x\% — «/ r, and the remainder is conveniently 

2(f\a —x) ^ 

found by subtracting this from the given fraction ; thus 

a-\- X I ^ + 2^-*^ — 2€?X^ — X* 

{a - x){d' + x^y2(^a-x) ^ 2a'{a - x^al" + x^f ' 

The numerator of this remainder is found to be divisible by 
a — X, thus verifying the process ; and the given integral re- 
duces to 

-^log(a-^)+^J ^^^^, dx. 

The integration of the last term may be effected by a trans- 
formation given later. See Art. 41. 

24. Instead of assuming the partial fractions with undeter- 
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mined numerators, it is sometimes possible to proceed more 
expeditiously as in the following examples : 
Given 



I 



?(i+^ 



putting the numerator in the form i + ;r* — ;r*, we have 



f 



;k»(i+j^) 



dx 



-\ 



I +;r» 



-li^CTT^'^ 



;k»(i + A 

Treating the last integral in like manner, 

J I , [dx [dx [ X dx 

= -i-log^ + ilog(l+;«»)=--i5+log^5lL±^. 



2^ 

Again, given 



i? 



j^(l +;r)*'^' 



putting the numerator in the form (i + ;r)' — 2;r — **, we have 



1 



;t» (I + jr)» 



ar4: = 



=15 -1 



2+4: 

;r (l + x)* 
dx 



dx 



+ 



(I + ^) J( 



f dx 



J 



Hence by equation {A\ Art. 17, 



I 



dx 
;r»(l +^) 



- = 2 log 
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Examples IL 



r dx 

f dx 
[ xdx 

4. fv(a'-A:*)ar^, 



f >^ ^^ 

8. [ {a + iwat)' ^, 

f dx 

^ J sin 2A- 

[o. cos* X sin j; dx^ 

f cos ^/O 

[I. --•-■ — > 
J sin"0 ' 



— k)g(a — x>. 



tf — JT 



ilog(a'+:r*). 



^1 ^ 



a - V(a' - ^). 



24 



cxAzx 



I — COS** 



12. sec* 3 jr tan 3*dEr, 



— - cosec"6. 

2 



sec 3^: — I 



gm 



EXAMPLES. 



(i + 3 sin'^)'smj:cosj!a5c, 








1^(M*-X*)jJ=0; 


>»■.*, 


5* 


«c'(i«», 


tanfl + -tan'e. 
3 


tan'ijii 


-taii'a: + log cos j:. 


*sec*a:tanxflSli 


4 Jo 4 


/^> 


osm--- + ./(a'- »■). 


^COt'5<*, 


■-'o?'. 


/^^ 


V(»«x-*") 4-overs-'£. 


sin (or - 38) ot^ 


2 
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— T log ( tf — ^ sin or). 



J.tanJT 



i log a. 



fa ^ 

*^' J , tan JT 



iloga. 






dx 



1 jr log Jf' 



log (— logofn' = — log 2. 



f ^ 

*9. J^rn^t 



A-*^/x 



f x^ dx 

30. j-:^7rn-. 






33 



f dx 



34- J _ . 



V(2.t' - I) ' 



35 






- I, 



tan- 'e*. 





itan-V. 
3 




I . t-X^ 








I . -1 ^^5 
■ tan ^. 

Vio V2 




;r 




4 


T tan 
/3 





% II-] EXAMPLES. 2! 

' 4^ - -y + 3 



«• (log 2 - 8). 

fj:* + j; + I , , , . , 1 ,a-t— I 

?3TT7*' ' + l»g K - * + ■) + -^tan--^. 

f ax + 3 



4 ° J.- + 2 ' 

«• — J: + a log {aJT + 3). 
ilog(2J:+ i)- ' . 



■ J.*"-" 



rrv 



I , . , * — » cos flH" T - 

— ; tan • : = : 

asm or « sin ff J^ as si 
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<7- 


f ''' 

)^ — aorseca + a" 


I , ^ — a sec" — a tana 
aatana *x— a secor + « tanor' 


48. 


f &■ 


•" log"-'-3'''. 
13 " 3;«: — 2 + 3 ♦'a 


49- 


m- 


B-F^ 


SO- 


f 3* ~ ■ b 


J'-^^^fef'- 


jy-^- «.,'*• 


S"- 




■■»«:-^-,-ii- 


i'- 


J.v'+ j" + »+ ,• 


i[un-., + log''i.';V']. 


S3. 




I , j; — I Va , j: 


S4. 


1J^:?P^4-' 


f'<:^i<-!- 



:(« - .)■ 






;log 



(» + ■)• 



('— )• 



«n.] 



EXAMPLES. 



ll>gx-ilog(i +i)-ilog(i +*")-lo 



;'"'?+TTT- 



J « + V + I 



6r ( "^ 


■^' 7 


7 


'\„r'~' ' 


« + « , * x-\ 

^vc-- + «•) + ;'"« J- 

a- 


67 f" '*' 




+ <»)• 


3*J (a + by 

4« ■ 


''■ )*ll +..■1'^ 
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f dx 
f dx 
[ dx 



log— r-T + 



I + j: I + Jf 






+ -:9log — -J— 



3<w^ 3«" 



74. Find the whole area enclosed by both loops of the curve 

/ = .r-(i -at"). 



i 



75. Find the area enclosed between the asymptote corresponding 
to x = tf, and the curve 



76. Find the whole area enclosed by the curve 
Tj, Find the area enclosed by the catenary 



K 



=^[ 



^7 4. £"7 



]. 



the axes and any ordinate. 



^p--n- 



78. Find the whole area between the witch 
and its asymptote. See Ex. 23. 



4«A 
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III. 



Trigonometric Integrals. 

The transformation, tan'^ = sec* ^ — I, suffices to 
separate all integrals of the form 

ftan-*rf^, (I) 

in which » is an integer, into directly integrable parts. Thus, 
for example, 

ftan* Bde = ftan« B (sec» e--i)de 



4 J c-i 

Transforming the last integral in like manner, we have 



tan*« 



-I 



tan* d de. 



U 



I'.- u 



J • <■ 



f tan» Bde^ 



tan* B tan* B 



+ ftan BdB\ 



'^ce (see Art. 1 2) 



I 



^ Bzi^/i tan*^ tan*# , ^ 

tan* drf^ = log cos B. 



^en the value of » in (i) is even, the value of the final inte. 
End will be B. When n is negative, the integral takes the form 



1 



cot* B dB, 



^hich may be treated in a similar manner. 



r^ 



34 ELEMENTARY METHODS OF INTEGRATION. [Alt. 2U 



26. Integrals of the form 

fsec»^rf^ . 



W 



are readily evaluated when n is an even number, thus 



fsec« ^^/6' = [(tan^ ff + if sec^ Odd 

= [tan* ^ sec* * ^/^ + 2 [tan» » sec? Odd + {se(?ed9 
tan* ^ 2 tan* ff 



5 



4- tan 0. 



If « in expression (2) is odd, the method to be explained in 
Section VI is required. 

Integrals of the form cosec*0 dO are treated in like manner. 



Cases in which sin** e cos* dde is directly integraJble. 

27. If n is 2. positive odd number^ an integral of the form 

f sin'^ B cos* Bde (3) 

is directly integrable in terms of sin B. Thus, 

fsin» B COS* BdB^ |sin» ^ (i - sin» 5)* cos OdB 

_ sin» B 2 sin» B sin^g 
■"3 5 "^ 7 * 

This method is evidently applicable even when m is frac- 
tional or negative. Thus, putting y for sin B^ 
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COS»g 



J SI 



de 



lence 



1 



cos* # 
,-^- ad 
sin« ^ 



= l^^^=jr»*-Jy*; 



1 2 4 2 3 + sin' 6 
— 2V"t ^t = . 



= -2^ 



|/(sin 6) 



When m in expression (3) is a positive odd number, the in* 
tegral is evaluated in a similar manner. 

28. An integral of the form (3) is also directly integrable 
^hen m -^ n is an even negative integer y in other words, when it 
can be written in the form 

's\n'"6de 



i^?^—'-"^' 



ii^Vihich q is positive. 
For example, 



f-. 

Jsii 



dff 



x\e 



sinf 9 cos 



henc< 



s-^ = f (tan 9)-\ sec* B dd 

=j(tan^-* (tan* 61 + i) se(?6d$; 



Jsm 



de 



ini e cos* ff 3 



= -tant^- 



tan» ^ 



It may be more convenient to express the integral in terms 
of cot and cosec d, thus 

1^^?T =1'^''^ ^ ^^""^ ^ ^ ^^ cosec? Ode 



cot'' 6» cot^ g 

7 5 
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Integrals of the forms .treated in Art. 25 and Art. 26 are iiu 
eluded in the general form (3), Art. 27. Except in the cases 
already considered, and in the special cases given below, the 
method of reduction given in Section VI is required in the 
evaluation of integrals of this form. 



The Integrals [sin* dde, and\zo^^ dde. 

29. These integrals are readily evaluated by means of the 
transformations / 



sin* =:^i — cos 2d), and cos^ ^ = i(' 4- cos 20). 



Thus 



t^ 



[ sin* dde-^[de-\ [cos 2Q0dk=^ ^^ - Jsin 20, 



or, smce 



sin 26^ = 2 sin d cos 6^ \/ 



\- 



sin* BdB^ \(d - sin $ cos fl). 
In like manner 



• . . (^ 



I 



cos* e</e = i(e + sin e cos ^ - 



...(C) 



Since sin* 4- cos* ^ = i, the sum of thtse integrals is \d0; ac- 
cordingly we find the sum of their values to be 0^ 

In the applications of the Integral Calculus, these integrals 
frequently occur with the limits o and ^tt ; from (£) and (C) 
we derive 



n n 

{' sin» ede = {' co^ dde^: i*. 
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The Integrals J — 



de 



de 



sin e COS Q 



, f-; — -, and I 
J sin e J 



de 



cosfl 



30. We have 



jii 



de 



sin B cos ^ 



=1 



—--^- = log tan A 



...(/?) 



Again, using the transformation, 



we have 



r 

t 



hence 



sin = 2 sin \0 cos \0^ 



Jsin19~"JsinJ^cosi»""J tan^^ ' 



\ 



de 

sind 



= log tan ^0. • • • 



• • 



This integral may also be evaluated thus. 



sin Ode 



f de _ f si n Odd f sir 
Jsin6l""J sin»» "^J i - 



sin e de 



cos^d^' 



(^ 



Since sin ^rfiP = — ^(cos 6^), the value of the last integral is, by 
formula {A')y Art. 17. 

I , I — cos e . /I — cos e 

i'**g i+cosg ='°gV i+cos6) ' 



^d, multiplying both terms of the fraction by i — cos 6, we 

have 



I 



</tf _ . I — cos 6 
sO ~ °^ sin tf 



(£') 
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31. Since cos B = sin (^n 4- ^, we derive from formula (JS), 

By employing a process similar to that used in deriving for- 
mula {E\ we have also 



1 



dQ _ . I 4- sing 
cos ~ ^ cos 6 



{fl 



Miscellaneous Trigonometric Integrals. 

32. A trigonometric integral may sometimes be reduced, 
by means of the formulae for trigonometric transformation, to 
one of the forms integrated in the preceding articles. For 
example, let us take the integral 



I 



de 

a^xnO -^ b cos 6* 



Putting 
we have 



a ^= k cos a J 



b = ksln a. 



(I) 



f dd I r de . 

J a sin 6* + ^ cos ^ ~ ^ J sin (^ + a)* f J 4 



Hence by formula {E) 

dd 



I - 






)^V-- 






sin ff + ^ cos 9 k 



-ilogtan-((9 + a); 



or, since equations (i) give 



k = V{c? + ff), 



J ^Sl 



de 



sinO^ b cos 6 V{c? + **) 



tan^y = — , 



log tan - S + tan 



h{ 



-.*]• 
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33. The expression ^\vimO^\nnB d6 maybe integrated by 
means of the formula 



cos {m — n)B — cos ( w 4- «) ^ = 2 sin mB sin nd ; 



whence 

[sin ^g sin «grfg = ^'";'"-">/ - ^'" <*" + ">/ . . (I) 

In like manner, from 

cos (>« — ») ^ + COS (»f H- «) 5 = 2 COS md cos »^, 
we derive 

f a n ja sin (w — «) ^ . sin (m -^ n)6 , . 

cos »f # cos «^ ^# = 7 r— H 7 f— . . (2) 

J 2{m - n) 2{m + n) ^ ' 

When m- fly the first term of the second member of each 
of these equations takes an indeterminate form. Evaluating 
this term, we have 

..... (3) 



and 



1 



^m^ndde---- 



6 sin 2nd 



4^ 



jk tijn ^ sin 2n0 
cos^ ndad = - H 

2 ^n 



(4) 



Using the limits o and n we have, from (i) and (2), when m 
and n are unequal intcgerSy 






^■f. 



sin w# sin nBdB -\ cos w^ cos nddd=iO\ , . (5) 

o ' Jo 



but, when m and « are equal integers, we have from (3) and (4) 

^ sm^nddd = [\o^nede =-. .... (6) 

Jo Jo ^ 

34. To integrate V{\ + cos 6) dO, we use the formula 

2 cos^ ^^ = I -h cos 0. 
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whence 



V(l 4- 008 6^)= ± y2COSi«/, 



in which the positive sign is to be taken, provided the value 0! 
9 is between o and n. Supposing this to be the case, we have 

fv(i + zo%e)de^ V2 [cos^ede 

= 2 i^2 sin \d. 

For example, we have the definite integral 

«• 

f"" V{i 4- cose)de = 2V2sin- = X 
Jo 4 



Integration of 
35i By means of the formulae 



de 



a -^ d cos ^* 



* I = cos^ ^0 + sin^ i6 and cos = co^ ^0 — sin*|^ 

we have 

f d0 _ f d0 

]a + dcose- ] (a + d) cos'i^? -\- (a - t) sin» JS* 

Multiplying numerator and denominator by sec^l^, this be« 

comes 

sec?i0d0 






a 4- * -f (a - *) tanH*' 



and, putting for abbreviation 



tan ^0 = y^ 



we have, since i st^^0d0 = ^a^. 



Jtf 4- 



dl 

^cos tf 



^ ^ f ay 

]a -¥ b -ifia'-b) 



7- 
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The form of this integral depends upon the relative values 
of a and b. Assuming a to be positive, if b^ which may be 
either positive or negative, is numerically less than a^ we may 
put 






= A 



The integral may then be written in the form 

dy 



2 f dy 
a-b]T^' 



the value of which is, by formula {k\ 

2 y 

c\a-- b) c 

Hence, substituting their values for y and Cy we have, in this 

case, 

dB 2 . T /a — b 



t 



+ * cos « "" ^{(^ - ^) 



tan- 



•Wi 



+ b 



tan 



\b]. . (G) 



If, on the other hand, b is numerically greater than a, this 
expression for the integral involves imaginary quantities ; but 
putting 

b -\- a 



b-a 



= ^, 



the integral becomes 



2 f dy 



the value of which is, by formula (A'), Art. I7f 



log 



c -hy 



c(b — a) ^c—y 
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1 



Therefore, in this case, 
tf + * cos 5 "" 4/ (^ _ ^) *^S ^(^^^j_ |^(^-^) tan \ e 



. (^ 



■36. If ^ < I, formula (6) of the preceding article gives 



f T-r^^ — a = -7T^-3x tan-» fi/rrr^ tan i tfl . . (i) 
J I + ^ cos 9 V (i — r) \_y I •¥ e 'J ^ ' 



Putting 



^i-j-l.tani(? = tani^, 



(«) 



and noticing that ^ = o when 5 = o, we may write 



1, 



</# 



^ 



I + e cosB y (i — <*)' 



(3) 



Now, if in equation (i) we put ^ for 6 and change the sigfn ol 
r, we obtain 



Ir- 



d(l> __ 2 
e cos (t> " V{i — ^) 



tan 



■■[i/^: '«"»*]' 



hence, by equation (2), 



I, 



d^ 







I — «" cos^ y(i — ^) 



• • 



• • 



Equations (3) and (4) are equivalent to 



dS 



d<f> 



I +ecosB V(i -<»)' 



(4) 



(5) 



and 



d^ 



dd 



1 — fcos^ V(i— ^' 



(6) 
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the product of which gives 

(i + ^ cos ^ (i — r cos ^ = I — #• . . . . (7) 
By means of these relations any expression of the form 



I 



dd 



(l 4- ^ COS^*' 



where » is a positive integer, may be reduced to an integrable 
form. For 



de 



de 



J(i + ^ cos*)" "" Ji + ^ 
hence, by equations (5) and (7), 



cos* (i +^ cosd)»-« 



iV» 



de 



J^(i + ^cos*)- (i-^'-Ho 

By expanding (i — ^ cos ^)*"S the last expression is reduced 
to a series of integrals involving powers of cos ^ ; these may 
be evaluated by the methods given in this section and Section 
VI, and the results expressed in terms of by means of equa* 
tion (2) or of equation (7). 



Examples IIL 



I. Itan^mjr^ 
3. J sec* (6 + a) *, 



tan' mx tan mx 



yn 



m 



+ X. 



tan'(e + a) 



A-iloga. 



+ tan (6 4- a\ 
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sin' mx dx, 

sin* » cos' s di, 
♦'(sine) cos' «^ 
cos' s sin* s lA, 



«b'6 sin' a 
3 5 

7 Bii'e - 5 sin* fl + — sin^ 8. 
5 7 II 



sin' a <ft 

V (cos o) ' 



sin Q cos 
V'(sin 0) A 



sin 'a: f£r 
cos' a; * 



f cos* 9 — 3 COS* a. 

MuUipfyfyw:^i + cos*s. tan — cot 5. 

4 
i (tan' S — cot' e) + a log tan e. 

i tan' 9. 

1 I 

5 cos' X 3 cos' X ' 

tan'x tan'j: 
5 3 



sin* cos* db, 



^ [29 — sin 19 cos ae] 



S in.] 
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f sin* db 
J cos e ' 

fa cos* Silt) 
J= sins 



Je I — cos jc 



log tan — I — — sin 9. 
i0og3-l)- 



tanjx 
I — cot \x. 



J 1 ± sin j: * 
Multiply both terms of thefracHon ly \'^ wa.x. tan;cTsecx. 



'^" JsecO ± lane' 

34. cos e cos 30 06. jisf i4r/. 33, 

25. cose cos 3Q (ft, 

ati. I * sin* 9 sin ae dt), 

97. I sin 3G sin aS liE^ 



± log{i ± sine). 

J sin 4S + J sin 29, 

I 
3' 

\ on* 9T = i. 
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28. sin me cos iid Ay 



I — COS (»f 4- ») 6 I — cos (<w — If) e 

2 (f« + n) 2 (m — li) 



29. [cos jr cos 2jr cos ^x dxy 



Reduce products to sums by means of equation (2), Art. 33. 



I Tsindy sin. 
4L 6 4 



4r , sin 2X . 
H h X 



} 



30. I 4^(1 — cosx)dXy 
^'' Ja'cos'jc -f ^'sin'*' 



2i^2. 



32 



[__dx__ 
J I 4- cos* jc ' 



t •«! _ > 



33- t 

^^ J 4^ (3 cos" jc 4- 4 sin' x) 



cos X — b sin jc 



sin^^ 



« _\ » 



itan-'gtanx]. 



I .tana: 

-7- tan'*— ;— . 
V2 4/2 



I g 4- ^ tan jc 

ad^ ^ a — b tanjp' 



cos"* It cos^J. 



sin ^ cos' jc ^ 
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fsin X c( 



cos';c ' 



f r^ 
Putting y for cos *, /A^ integral becomes — — - — j^. 



cosjc tan"' (g cos x) 
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6 f ^ 
' ja + d sinQ* 

^ui sin 6 = cos (O — \n\ and use formulas {G) and ((7). 

^, ^ . 2 . r /<» "- ^ 2© — jr"! 

' V(b' -aY^ Vib-^-a)- V{b^a)XBXi (jO-i^)" 



f ^ 
^^' J3 + 5 cos©' 

38 f ^ 

J5 + .^ cos©' 



ilog 



2 + tanj© 
2 — tan^^ 



f ^ 
^^- J5-4COS©' 

f ^ 
J 2 cos © — I 



41 



J^ .^ — cos© 



|tan-*[Jtan J©]. 



|tan-M3taniO}- 



V3 I- V3tani© 



tan"* 4/2 



fi ^ 

42- f 

J^ 2 — cos© 

I - 1 ^ + cos © 



2 4^3 



sm© 



(I - *»)» 



^ J„(i +*cose)" 



i+^C0S9 I— <*i+^cos9' 

(a+/)>r 
a(i-<r')f 
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-rh--' — dx^ 

tf cosjr + ^smjr 



Solution: — 

By adding and subtracting an undetermined constant, the fraction 
may be written in the form 



/ cos X -¥ qsxnx •\- A{a cos x + bsinx) 



aco&x + 3sinx 



"A. 



we may now assume 



/ cos X -\- qsixix •\- A{a cos x ■\- b^nx) = k{b cos x — a sin jp); 

the expression is then readily integrated, and A and k so determined 
as to make the equation last written an identity. The result is 

f/cos^* +^sin*^ ^ ^±^^ + ^^log (acos* + *sm*). 
i acosx -\- bsmx a^ + Ir a^ -h b* ' 



^''•l^ 



dx 



+ ^ tan« 



, See Ex, 45. 



ax 



a' + 



"Zi + 8 . ,8 log (tf cos^ + ^sin<ap). 



47. Find the area of the ellipse 

X =^ a cos ^ 



^ = ^ sin ^. 



— 4ix^ sin* ^ ^^ = >ra^. 



48. Find the area of the cycloid 
;r = a (V' — sin ^) 



^ = a(i — cos^). 

(i — COS il^Ydtf) = 3«*^. 
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49. Find the area of the trochoid {b < a) 

x= atp — bsmtf^ y — a ^ ^cos ^. 

(20* + ») n. 

50. Find the area of the loop, and also the area between the curve 
and the asymptote, in the case of the strophoid whose polar equation is 

r = a (sec ± tan ©). 
Solution : — 
Using as an auxiliary variable, we have 



^ = flf (i ± sino) 



^ = a|tane±— J, 






the upper sign corresponding to the infinite branch, and the lower to 
the loop. Hence, for the half areas we obtain 

+ «• [ sin 6 ^* + /j' [ sin* 6 dfe =. tfH i + - 
and —a* [ sin ^ + tf* I sin' ^ = a* I i I. 
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CHAPTER II. 



Methods of Integration— Continueix 



IV. 
Integration by Change of Independent Variable^ 

37. If ;r is the independent variable used in expressing an 
integral, and y is any function of or, the integral may be ex- 
pressed in terms of j, by substituting for x and dx their values 
in terms of y and dy. By properly assuming the function j', 
the integral may frequently be made to take a directly integra- 
ble form. For example, the integral 



1 



X dx 
{ax + bf 



will obviously be simplified by assuming 

y :=ax -V b 
^or the new independent variable. This assumption gives 



y — b 
a 

substituting, we have 



whence 



dx = 



a ' 



_l { (y -b)dy 



f xdx _ )_ \ {y — i 
J (a* + *)* ~ a* J f 



I , b 



a» 
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or replacing J/ by x in the result, 



J- 



X dx If/ »v . b 



38. Again, if in the integral 



1 



dx 



f- I 



ive put J' = €*, whence 



^= log^, 



and 



=^ 



we have 






1?^. = I 



^j/ 



j(7-i) 



Hence, by formula {A\ Art. 17, 



j^i = log-^ = log (€• - I) -jr. 



It is easily seen that, by this change of independent variable, 
any integral in which the coefficient of dx is a rational func- 
tion of €*, may be transformed into one in which the coefficient 
of ^/^ is a rational function of ^. 



Transformation of Trigonometric Forms. 

39. When in a trigonometric integral the coefficient of dd is 
a rational function of tan 6^ the integral will take a rational 
algebraic form if we put 



tan = Xy 



whence 



de:= 



dx 



S2 
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For example, by this transformation, we have 



fr 



dB 



tan e 



= f ^ 

J(H.;r»)(l+;r) 



Decomposing the fraction in the latter integ^, we have 



J I + tan ^ "" 2 J I + j;* 2 J T 



I f xdx lf_^£_ 
+ ;r* 2J1 +ar 



or 



-1 



= i tan" ;r - i log (i + ;i^ + t log(i + jr) 






40. The method given in the preceding article may be em- 
ployed when the coefficient of dd is a homogeneous rational func^ 
tion of sin ^ and cos Oy of a degree indicated by an eiwn integer ; 
for such a function is a rational function of tan B, It may also 
be noticed that, when the coefficient of dB is a7iy rational func- 
tion of sin B and cos By the integral becomes rational and alge- 
braic if we put 

, B 
z = tan ; 
2* 

for this gives 



sin B — 



2Z 



I +^' 



cos B = 



r+7 



dB^ 



2ds 



This transformation has in fact been already employed in 

the integration of = . See Art. 35. 

^ a ■\- b cos B ^^ 
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Limits of the Transformed Integral. 

4-1. When a definite integral is transformed by a change of 
independent variable, it is necessary to make a corresponding 
change in the limits. If, for example, in the integral 



I 



dx 



(^2 + ^) 



% 



^ve put 



X -=- a tan 6^, 



whence 



\^ 



dx^a^^(?tidB, 



we must at the same time replace the limits a and oo , which 
arc values of jr, by \7t and J^r, the corresponding values of 0. 
Thus 



i; 



dx 



(«* + ;r7 



= i,j;cos' 



ede 



-2fl«L 



B + sin cos 9 



i:=- 



— 2 



8.^8 • 



The Reciprocal of x taken as the New Independent 

Variable. 

42. In the case of fractional integrals, it is sometimes use* 
{\x\ to take the reciprocal of x as the new independent variable. 
For example, let the given integral be 



I 



dx 



^{^ + if 



Putting 



*= -> 
y' 



whence 



ax=- y", 
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Hence, decomposing the fraction in the latter expression, 



f 



,r(.r^+l) 4 ^ ^ ^ 'x * 



Again, putting ;r* =^ or j/ = jr", we have 



Jdx __ 2f 



dy 



X i/(^-a») " 3J ^^ 4^(/-^) " ^at 



= — r sec"'-=T- = 






45. When this method is applied to an integral whose form 
at the same time suggests the employment of the reciprocal, 
as in Art. 42, we may at once assume y = jt*". Thus, given 
the integral 

dx 



I 



putting 



we obtain 



y^x\ 



1^(2 +^)' 



whence 



dx 

X 



dy 



I 



dx 



,0^(2 +a^ 



3Ji2y4- I 

6 12 J, 12 



Examples IV. 



[(rrlr*^ 



k>g[»+j^ + 



• +* 
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2. 



4. 



6. 



7. 



8. 



10. 



II, 



12. 



xdx 



• ) 



(i-^) 



^ — AT + I . 



{2x 4- ly 



0^ dx 



-, (^ + 2) 



dx 



t f 



I + e» 



<£y 



£jr _ ^.4r » 



-00^+ I • 



f'+ I - 

/IBP. 



I — f 



2 + tan © 



3 — tan 



^/O 



^ 



tan' 'J — I ' 



tan' ^A 



tan* 6 — I ' 



cos 9^ 



2^—1 
2(1 -:»:)' 

2^+1 log(2:r 4- i) 7 

8 2 8(2x4- i)* 



lOgJ'+^^^y-^J =l0g2 -^. 



jr-log(i 4- e*^). 



2 ^^6' 4- I 



I — log 2» 



•» + 2 log (£* — l). 



t — log (3 COS Q — sin e) 

2 



I , tan 0—1 © 

—log -. 

4 ° tan 6 4- I 2 



I , tan © — I , e 



<jcos — ^sino' 



US — ^ log {a cos e -- ^ sin e) 
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f COS h d^ « f 

^ Jcos(a + 0): 

(e + a) cosa ~ 8inaIogcos(e + a). 



14. 



sin (0 + ol) 



f sm (e 4- 
Jsin(6 + 



A 



(6 + >^) COS (a - >8) + sin (a — >8) log sin (fl -f- >8). 



2© + 2ar + jr 



f20 "f" 2^ 
tan (0 + a) cos </e, —cos 6 + sin a log tan 



^ f * cos e ^Q 
Jo sin (a + 0)' 



cos a log (2 cos a) + a sin a: 



f3 cos i ,^ 
o cos 



I , V^2 + 2 sin e n 6 __ log (3 + 2 1/2) 
— 2 sin Jo "~ V'2 



V2^°« V2 



.8. (^^M 
J sin 



Q//0 



sin© ' 



log tan 



n- + » 






ilog(«« + ^) + -^ 



2(a' -^a^y 



f /£r 
20. — TT — - 



+ .v»)' 



log 



4/(1 + :c») I 



2Z 



{ _^^dx 

' Jc(i + ^r 



- ^ sin' 2B dB= -7- • 
4J0 16 






l-loga. 
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f dx 



24. 



(a^ + i) ^ 






-log 



* + I 



1(1— ;r)" I — Jp ®i — 



i^^«JTl?^ 



f ^ 



28. f 
a,. J 



«a»^^^;c* + a«" 



flog(^-i)-log^. 



— ,sec- (I) . 



V. 

Integrals Containing Radicals. 

46. An integral containing a single radical, in which the 
expression under the radical sign is of the first degree, is 
rationalized^ that is, transformed into a rational integral, by 
taking the radical as the value of the new independent vari* 
able. Thus, given the integral 



1 



dx 
I + V(jr+ i)' 



6o 
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putting 

whence 
we have 



jr= V(;r4- I), 



4r=/- I, 



and 



dx^ 2,ydy^ 



J 



dx 



I + V(jr + l) 



Jl +^ J -^ Jl +J^ 



^t»A 



= 2J/— 2 log (I +^) 



.X^ 



= 2 4^(;r + I) - 2log[l + ^{X + I)]. 

47. The same method evidently applies whenever all the 
radicals which occur in the integral are powers of a single 
radical, in which the expression under the radical sign is linear. 
Thus, in the integral 

the radicals are powers of (jr — i)* ; hence we put^ =: (jf — i)i, ^ 

and obtain / / / ,V"t 



r — 



dx 



y 






ay _ _ 



= 6f(j-i)^jv + 6f -^=-3 + 61og2. 

Jo Jo y + I 



48. An integral in which a binomial expression occurs 
under the radical sign can sometimes be reduced to the form 
considered above by the method of Art. 44. For example, 
since 

f dx 

J: 



T 



l;r(;r«+ i)4 



V 




"■ V * f 



I 



f 
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lulfils the condition given in Art. 44 when « = 3, the quantity 
u^cJer the radical sign may be reduced to the first degree. 
'Z ^nce, in accordance with Art. 46, we may take the radical as 
tl^ ^ value of the new independent variable. Thus, putting 



ir = (;r«+lf, 



^liencc 
We have 



4J* = ^— I, 



and 



f dx _ 4 {i?dz 



dx i^dz 



X -3(^-0' 



Decomposing the fraction in the latter integral (see Art. 22), 

we have finally 



1 



dx 



4r(;r* + 



2 . -xf/^ X\ I 1 (^+ l)*-I 

-^ = - tan M (;r*+ I) 4- -log> \ 



Radicals of the Form s/iax^ + S). 

49. It is evident that the methpd given in the preceding 
article is applicable to all integrals of the general form 



|^.« + i(^^ + by^^dx. 



(I) 



in which tn and n are positive or negative integers. These 
integrals are therefore rationalized by putting 



y = ^(ax^ + b). 
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Putting #« ss o, the form (i) includes the directly integrable 



|(a;r« + *) 



» + *;r^. 



50« As an illustration let us take the int^^ral 





f ^ 




putting 


/- V(J^ + (f). 




whence 


jj*=y — ^1*, and 


dx ydy 


we have 


[ dx _{ dy 





Hence, by equation (A!^ Art. 17, 



I 



dx _ I f >^_ZJ? — J.1 t^C^ -f <^ — tf 



Rationalizing the denominator of the fraction in this result 
we have 



Therefore 



i 









• • 



w 



K v.i 
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In a similar manner we may prove that 



\ 



dx 



xV^a?-:^ a 



= ilog ^-^y-^ . ...(/) 



SI* Int^ials of the form 



]**"(<»» + by 



+*dx 



w 



are reducible to the form (i) Art. 49, by first puttingj^s-^ 
For example : 



f dx 



of tne form (2) ; but, putting ;r = - , whence 



J' 



and 



dx 



7' 



we obtain 



I 



<2r 



= -1 



j'rfK 



(at* + *)» J (^ + /b^i 



The resulting expression is in this case directly integrable» 
Thus 



1 



<£r I X />v 
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Integration of ^^^\ ^y 

52. If we assume a new variable z connected with x by the 
relation 

z-x^ ^(x'±(f) (I) 

we have, by squaring, 

^ — 2ZX = ± ^, . • (2) 

and, by differentiating this equation, 

2{z — x) dz — 2zdx ^iO\ 

whence 

dx _ dz 
z — x~ z * 



(3) 



or by equation (l), 

dx _^dz 

vix" ± ^) " 7 

Integrating equation (3), we obtain 

53. Since the value of x in terms of z, derived from equa- 
tion (2) of the preceding article, is rational, it is obvious that 
this transformation may be employed to rationalize any ex- 

dx 
pression which consists of the product of— ^^ —-jv and a 

rational function of x. For example, let us find the value of 



^V{x'±a')dx, 
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which may be written in the form 



1 



<'* =^ ''' 7(?r3i- ^ 



By equation (2) 



* = 



£*Ta» 



v/ 



2Z 



whence 



^±^=(i!^. 



Therefore, by equations (3) and (5), 



c? {dz c^ {ds 



4J 2 J^ 4 J^ 



s^ — a^ c? 



8; 



± — log 5. 



(4) 



(5) 



By equations (4) and (5), the first term of the last member 
is equal to \ xV{^ ± a^)- Hence 

^V{^ ± a?)dx = ''^^^^ ^^ ±^log [x + V{^±d')'] . . (L) 



Transformation to Trigonometric Forms. 



54. Integrals involving either of the radicals 



V(^ - ^\ 



V((^ + x^l 



or 



V(;r*-a^ 
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can be transformed into rational trigonometric integrals. Th 
transformation is effected in the first case by putting 

X = a sin 9^ whence ^{ff — jr*) = a cos %\ 

in the second case, by putting 

x = atan0, whence V(i^-f JJ*) = tf sec tf; 

and in the third case, by putting 

X = tf sec tf, whence ^{p? --'if)z=:a tan 9. 

55. As an illustration^ let us take the int^jal 



«r • 






puttings s= asin 0, we have ^{cf — x*) = a cos 0,dxssmaM9d 
hence - /^. r .^-^ 



lv{c?-J^dx = a^{cos^0d0 y 



^c?Q a* sin ^ cos B 



by formula {C) Art. 29. Replacing ^ by x in the result. 



Regarding the radical as a positive quantity, the val 
of B may be restricted to the primary value of the symh 

sin - ' - (see Diff. Calc, Art. 54) ; that is, as x passes from - 

to + ^7, passes from — ^ ir to + i ^. 
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Radicals of the Form ^{ao^ + 6x -^ c). 

5f = When a radical of the form V(aj(^ + 6x ■{- c) occurs in an 
integral, a simple change of independent variable will cause the 
radical to assume one of the forms considered in the preceding 
articles. Thus, if the coefficient of ;r* is positive. 



in which, if we put jr + — = y, the radical takes the form 

V{j^ ■¥ cf) or V{^ '- c?)y according as /^c — b^ is positive or 
negative. If a is negative, the radical can in like manner be 
reduced to the form V(p? — f) or i^(- c^—f) \ but the latter will 
never occur, since it is imaginary for all values of 7, and there- 
fore imaginary for all values of x. 

For example, by this transformation, the integral 



1 



dx 



(ax^ + 6x -{■ c)^ 



can be reduced at once to the form (y), Art. 51. Thus 



dx t dx^ 



2a 






4ax + 2b 
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57. When the form of the integral suggests a further 
change of independent variable, we may at once assume the 
expression for the new variable in the required form. For 
example, given the integral 



we have 



V{2ax-x^) = V[c? ^{x-af] 



hence (see Art. 54), if we put x — a = a sin 0^ vre have 

V(2ax —js^zzza cos 0y 



x = a{i -h sin 0), 



dx = a cosOddf 



A V{2ax - x^)xdx = c? fcos» «(i + sin ^) ^ 



— (0^ sin cos 0)^ — co^e 
2 3 



c? , X — a a 

— sm"' 

2 a 2 






a? . X — a 

=5 — sm - ' 

2 a 



+ g- '^{2ax — :^ [2jr* — 04? — 3^. 



I 



dx 



The Integrals 



CLfld 



dx 



V[(^~a)(^-/?)] -- ]v[(^-a)(/?-^)]- 



f dx 
58. An integral of the form ., ^ — 7 r- may by the 

J V\Cix* + ox + c) 

method of Art. 56, be reduced to the form (A!'), Art. 52, or to 
the form {j')y Art. 10, according as a is positive or negative 
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But, when the integral appears in one of the above forms (the 
quadratic under the radical sign admitting of linear factors), 
another mode of transforming is often convenient. 

Assuming )9 > or, we may in the first case, since the di£Fer- 
ence of the factors is the constant /? — a, put 



whence 



;r — a = (y^ — a) sec* B \ 
a: - /? = (/J - a) tan« B \ 



dx^2{fi^a) sec* e tan ed9. 



and 



J 



dx 



—=-, ^, -sr=: = 2\secffd0 = 2 log (sec + tan 9). 



Substituting, and omitting the constant log ^{/S — a), 



[ 



dx 



= 2 log [ i/{x -a) + ^(x - /?)]. (N) 



In the second case, the sum of the factors being /8 -> a, we 



may put 



whence 



X — 01 =::(/3 — a) sin' 6 ) 
/8-a:=(/?-a)cos»«r 

dx = 2{/3 — a) sin cos OdO, 



and the quantity under the integral sign reduces to 2d0. There- 
fore 



[ 



dx 



^[{x - «)(/? - X)-] 



/x — flf 

r=- = 2sin-'y-5 . . . . (0) 



/?-« 



The same transformations may of course be employed when 
other factors occur in connection with these radicals 



TO 
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It can be shown that the values g^ven in formulae {N) and 
{O) differ only by constants from the results derived by em- 
ploying the process given in Art. 56. 



Examples V. 



[. \^{a^xyxdx^ 



-^(«--*)*(3* + a«). 



2a» 



\. \ t/{x Ar ayjfdx, i (a -f Jp)* - — (a + ar)i + ^^ (a + jr)|. 
J 7 5 3 



A-. 



xdx 



f xdx 
^ ]V{x + ay 

{ dx 



xdx^ 



■V. 



dx 



^* J«V(2a*-a')' 



8. \ (a-x^:^ 



dx. 



-«* — JT 4- 2 ^JC — 2 log (l + ^X). 



- (« — 2df) i^(jc + a). 



8f^Ar+ 2log(i — Vx). 



^-^a^ 



7" 4 Jo " 28 * 



-tan-'|/ 



_a/^4g/ _2^>n° ^ 
9 7 5 Js/« 



2JC — a 



i6g> 
315 



f ^ 

••)2^^rzi?' 



4 4 8 
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zT^' 



3^4 , 9 
10 40' 



a (i + «) V(i - *). 



"^- ) y(^ + 



dx 



^{x + a) + V(* + bY 






.5.] 



i'(j?* + i) a[r 



JtationaHu the denominator. 

«• + (**- «•)♦ 

— W~' 

t(x + a)^—2(x+ l)i 
3 (a - *) 

I, V(x* + i) — I 



,6. J(^ + i)C^-i)t ^, 



L3 6 J 



V(«* — (^ — a see 



-.* 
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METHODS OF INTEGRA TION. 



[Ex.V. 



f 3^dx 



L~ 1 ^y + th ^' See fomuika (i::^ OMd {K).\ 



^-xV{x* + «*) - ^ a* log \x + v(^' + «•)] . 



V(a* - ^) 



ao. I — i 

J X 



dx, a log 



a - ♦'(a' - **) 



+ ♦'(«•- *»>. 
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f dx 

' \x + V(^ + ay 



^V(^+«^ + ilog[* + y(*« + ^)-^. 



JV(^M^^^ &.^./.Sx. 



log 



[i^(^ + a-)+^]- ^^"' + ^ . 






log [•(*• + a") + *]- i^^^^i^ - ?. 



•4. ] ^(f^ A . &* Formula (J^). jlog [*» + V(i + **)]. 



IV.] 



EXAMPLES, 



j^ log [« Vo + •'(o*" + «)] + i « *■(«»■ +»). 
f ix 






f ^ 






f ail 

V(A>-) '°''°°7["°"'-^'""'|]- 



f dx 

Ix 









3?_ *!? 
8 a " 



bgun^-^- 
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METHODS OF INTEGRA TION, 



[EX.V. 



f dx 

33- J«V(**-0' 



(•*• + !) 



V(^-i) 
3** 



liT- 



<& 



^ J(a-*)V(a'-4^)» 



35 



f dx 



3?5 



I ./±_+_x 






^*** Jo ♦'(a - *) [" Jo V(«:-*^J 



(iayf',_(. + «ino).^ = Sf^ 



37- f J 



<£r 



V(2<Mr — *»)• 



-i*^ 



2a — X 



39. f ♦'(2<M:-j:*).<ii^ 



./W.x* = ss8ecei 



4 



40. I V(2<Mf — 



j^)'Xdx, 



(• r cos'fl (I + rin fl) <* = a* Fj -ij 



4t. j ♦'(aa* — j:*)'Jr* <ii?, 



r* r , cos" 9 (i + smfl)' «* = aTSJ - 2.J . 
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42. j 



dx 



V{2ax + x") ' 



hy Art 56, log [^ + tf + V(2ax + jc*)] + C; 



4y ^'•/. ss, 



a log [ Vx + y(2tf + x)] + C". 



JcbU: 



"^^^ \ ^{2ax -\- x^) ' ^(^^ + "^^ -«log[^ + a + y(2aa; + ^)], 



44. 



Jl/i^^[=Jy(,^'^^)]. 



tf sin- V(2a;r — jr), 



♦^•i vcs+t^-^) ' ^y^'^-se, 



sm" + d 



fyArtsi, 2 sin-' i/^-|-^ + C". 



^•i; 



^ 



y((M: - jd") » 



2 sin-'y— = n. 



[__J^_dx____ 

r*__j^L_ 



. AT-i _ (at + 3) V^(3 4- 2J; - ^) 



sin 



8 



^n 



V(x*-axy 



log(3 + 2V2). 
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METHODS OF INTEGRATION. 



[Ex, V 



50. Find the area included by the rectangular hyperbola 

and the double ordinate of the point for which « = 20. 

a* [6^2 -log (3 + 8V2)]. 



51. Find the area included between the cissoid 

x{jx!^ +y) = 2ay^ 

.and the coordinates of the point (fl, a) ; also the whole area between 
the curve and its asymptote. 



(^ 7r — 2 jfl', and ^nd 



52. Find the area of the loop of the strophoid 



x(^3(? •\- f) -\- a (x* —/) = o ; 



also the area between the curve and its asymptote. 



2a' [ I 



and 2a 



■(— n- 



For the loop put y=. ^ x . ^ j- , since x is negative between the iimits 

y yd """ X J 

— a and o. 
53. Show that the area of the segment of an ellipse between the 

X 

minor axis and any double ordinate is ab sin -^ — -h xy. 
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VL 



Integration by Parts. 
59. Let u and v be any two functions of x ; then since 

d{uv) = udv •¥ V dUf 



whence 



uv = \udv 4- \vdUf 
\udv= uv —\vdu , . 



(I) 



By means of this formula, the integration of an expression 
of the form udv^ in which dv is the diflferential of a known 
function v, may be made to depend upon the integration ot 
the expression v du. For example, if 



we have 



« = cos~*;r and dv = dx. 



du = — 



dx 



V{}-:^' 



hence, by equation (i), 



[cos-' X'dx = X zos-^x 4- — K, 

J J i/(i - ^^ 



in which the new integral is directly integrable ; therefore 

f I/' 

cos-';r.^ = ;rcos"*;r — |/(i -- s?). 
The employment of this formula is called integration by parts. 
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METHODS OF INTEGRATION. 



[Art. exi. 



Geometrical Illustration. 



60. The formula for integration by parts may be geomet- 
rically illustrated as follows. Assum- 
ing rectangular axes, let the curve be 
constructed in which the abscissa and 
ordinate of each point are correspond- 
ing values of v and «, and let this 
curve cut one of the axes in B, From 
any point P of this curve draw PR 
and PS^ perpendicular to the axes. 
Now the area PBOR is a value of the 

, ■ ' indefinite integral u dv^ and in like 

manner the area PBS is a value of \vdu\ 
and we have 




Area PBOR = Rectangle PSOR - ArcdiPBS; 



therefore 



ludv = uv — \v dm. 



Applications. 

61. In general there will be more than one possible method 
of selecting the factors u and dv. The latter of course in- 
cludes the factor dxy but it will generally be advisable to in- 
clude in it any other factors which permit the direct integra- 
tion of dv. After selecting the factors, it will be found con- 
venient at once to write the product u^Vy separating the factors 
by a period ; this will serve as a guide in forming the product 
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V du^ which is to be written under the integral sign, 
the given integral be 



Thus, let 



J 



^ log X dx. 



I 



Taking j^^dx as the value of dv^ since we can integrate this 
expression directly, we have ^ 

^^ log X dx Jlog xij ^''^ \rT^ 



Mr t^ 






J^ 

i 



= — or'log jr \j^dx 



= -(3log;r-:l). 



62. The form of the new integral may be such that a 
second application of the formula is required before a directly 
integrable form is produced. For example, let the given 
integral be ^ ^ ^"^ 

\x^(cosxdx^ 

In this case we take cos xdx=^dv; so that having a^=^u, the 
new integral will contain a lower power of x : thus 



V 



^.•. 



Lr^cos ;r^ = ;r*«sin ;r — 2 Lrsin jr^. ^ 
Making a second application of the formula, we have 
\x^ cosx dx =^ x^ sin X "• 2 jr(— cos;r) + Icos jr<£r I 









'^ 



= ;rsin JT + 2x cos jr — 2 sin x. 



^ 



So 



METHODS OF iHTEGRATION. 



[Art 6} 



63* The method of integration by parts is sometimes 
employed with advantage, even iHien the new int^ral is no 
simpler than the given one ; for, in the process of successive 
applications of the formula, the original integral may be rqira 
duced, as in the following example: 



1 






i^K^'yr • 



.J .. 



a"^- 
^ 



Ik 



'• 



/ 






..-. A>t 



COS Inx + a) m f^^ » ^ . \ 3 
n If J ^ ' 



n H n tr J 

in which the integral in the second member is identical with 
the given integral ; hence, transposing and dividing, 

I f'"^ sin (nx + a)dx= . ^ [m sin {nx + a) — » cos (nx + a)]. 



64. In some cases it is necessary to employ some other 
mode of transformation, in connection with the method oi 
parts. For example, given the integral 



lsc(?0d9; 






-. r 



taking dv = sec^ 6 dOy we have 



r-- 



jsec«6^rfe = sec».tantf- fsec^tarf*d». • . (l) 



<s^ VI.] FORMULA OF RFDVCTIOiW 8 1 



If now we apply the method of parts to the new integral, by 

putt-ng , ^ . 

t^- /- — « 

LiN^ V sec # tan 6 dd^ dv^ 

the original integral will indeed be reproduced in the second 
t member ; but it will disappear from the equation, the result 
i being an identity. If, however, in equation (i), we transform 

the final integral by means of the equation tan' ff = sec* tf — I. 

'We have 

) 

[sec* 0de = sec ^ tan * - |sec» d0 + fsec ed9. 



Tr<msposingy 



f • ^ ,^ sin d f dO 



hence, by formula (F), Art. 31, 



H ^^'^ = 2-?^ -^ J '°S tan g 4- 1], 



FarmulcB of Reduction. 

65. It frequently happens that the new integral introduced 
by applying the method of parts diflfers from the given integral 
only in the values of certain constants. If these constants are 
expressed algebraically, the formula expressing the first trans- 
formation is adapted to the successive transformations of the 
new integrals introduced, and is called a formula of reduction. 
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METHODS OF INTEGRATION. 



[Art. Cv 



For example, applying the method of parts to the int^;ra] 



1 



;r* ^' dXf 



we have 



I 



U cJ 



AT- 



T ^^ 






e^ 



--{x^-'e^dx, . . . . (i) 



in which the new integral is of the same form as the given 
one, the exponent of x being decreased by unity. Equation 
(i) is therefore a formula of reduction for this function. Sup. 
posing ;« to be a positive integer, we shall finally arrive at the 

integral le^"^ dx, whose value is — . Thus, by successive appli- 
J ^ 

cation of equation (i) we have 

\x''€^dx = — x" -- ;r*-^. ... + (— i)* -A 1 . 



ion of \si\ 



Reduction of [stn'^dddand [cos^ddO. 



' 



66. To obtain a formula of reduction, it is sometimes neces- 
sary to make a further transformation of the equation obtained 
by the method of parts. Thus, for the integral 



[sm^ Ode, 



the method of parts gives 



[siti'^ede= sin«-'e(-cos») + (f« — l)[sin*»-« tfcoa?*^ 



§ VI.] REDUCTION OF TRIGONOMETRIC INTEGRALS. 



83 



Substituting in the latter integral i — sin* 6 for cos* 0^ 



J 



sin*» Odd = — sin*"-* ^cos^ 



+ (w - i) fsin--« ^rf* - (<w - I) jsin«»tf i»; 



transposing and dividing, we have 



1- 



sin'^ Ode = - 



sin'"-* cos m - I 



tn 



tn 



jsin— -tfrftf, •.•(!) 



a formula of reduction in which the exponent of sin is dimin- 
ished two units. By successive application of this formula, we 
have, for example : ^ ^.{:^ /<- - ^t,," ^ ^ 

f • « /I ^/i sin* ^/cos ^ 5 f . ^ /, ,A 
sm*^rf^= -^ 4-g- sm^^rftf 



sin*^cos 5 sin'^cos ^ 5 3 f . /» .« 
o 64 64J 



^ sin*^ g cos g 5 sin' cos g 5-3 sin cos g 5'3*i ^ 
" 6 6«4 6'4'2 6«4«2 

67. By a process similar to that employed in deriving 
equation (i), or simply by putting ^ = J;r — ^ in that equa- 
tion, we find 



1 



cos- 0d0 — 



cos**-' ^ sin m— \ 



m 



tn 



[cos*»-»*rf*, . . (3) 



a formula of reduction, when tn is positive. 
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METHODS OF INTEGRATION. 



[Art. 68. 



68. It should be noticed that, when m is negative, equation 
(i) Art. 66 is not a formula of reduction, because the exponent 
in the new integral is in that case numerically gpreater than the 
exponent in the given integral. But, if we now regard the 
integral in the second member as the given one, the equation 
is readily converted into a formula of reduction. Thus, put- 
ting — n for the n^ative exponent f« — 2, whence 

m = — ;i + 2, 

transposing and dividing, equation (i) becomes 



f dd cosg « — 2 . f 

Jsin* e" (« — i) sin*-» ^ "*" « - i Jsj 



de 



sjn*-»d 



. (3) 



Again, putting ^ = ^ tt — ^' in this equation, we obtain 



f de _ sin e n-2 f 

Jcos'«e~ (n — i^cos'-'O «— I J 



de 



cos"-''^ 



• ... (4) 



Reductio7i of \sin'"e cos" e de* 
69. If we put dv = sin'" e cos e de^ we have 

1 



sin*" # cos* ede = 



cos*'-'tfsin'^^+'g 
m + I 



+ f sin"'+» e cos*-» ede;. . . (l) 

but, if in the same integral we put dv = cos* e sin Ode^ we 

have 

sin'""*^cos*"^' e 



1 



sin'* e cos* ede— — 



n 4- I 



i-^ L (sin*«-»ecos*-^erfft ... (2) 

« 4- I J 



§ VI.] REDUCTION OF TRIGONOMETRIC INTEGRALS. 8S 

When m and n are both positive, equation (i) is not a 
formula of reduction, since in the new integral the exponent 
of sin is increased, while that of cos d is diminished. We 
therefore substitute in this integral 

sin**+» = sin** ^ (i — cos^ 9)^ 

so that the last term of the equation becomes 



« — I f . 

SI 

w 4- I J 



sin'^^cos^-'^rf^^ 



« — I f . 

SI 

m -h I ] 



sin'«^cos*^rfft 



Hence, by this transformation, the original integral is repro* 
duced, and equation (i) becomes 



fl + ^—^ 1 [ sin*" tf cos* ede = 



sin'^^'gcos^-'g 
m + I 



«— I f . 

I SI 

»f + I J 



sin** dcos'^'^ OdB^ 



Dividing, by I + = , we have 

fH -jr I W + I 



1 



sin** cos* 0d0 = 



sin'^^'gcos^-'g 



+ -5 L fsin*'»cos-»^^/», . • . (3) 



a formula of reduction by which the exponent of cos is 
diminished two units. 
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By a similar process, from equation (2), or simply by put- 
ting = \n — ff \vi equation (3), and interchanging m and «, 
we obtain 



J 



sin** cos* tf rftf = — 



sin^'-'gcos^^'g 
tn -V n 



+ ^ ^fsin— »»cos«tfrftf, . . . (4^ 



a formula by which the exponent of sin is diminished two 
units. 

70. When n is positive and m negative, equation (i) of 
the preceding article is itself a formula of reduction, for both 
exponents are in that case numerically diminished. Putting 
— m in place of w, the equation becomes 

Jsin'«^ (w- i)sin«-'e m- 1 Jsin'^-^tr ' ' ' ^5) 

Similarly, when m is positive and n negative, equation (2) gives 

fsin^^ ,^_ sin*^-'^ m — i fsin^-'^ , ., 

JZSi^ ""(«-i)cos«-^"^i^n"Jcos«-'(^ • • • • ^^^ 

71. When m and n are both negative, putting — m and — n 
in place of m and «, equation (3) Art. 69 becomes 



I 



de 



sin** cos* # (f« + n) sin**- ' cos^^' 

» + I f rfP 



+ 



— f 



m^ n Jsin'«9cos»-»^^* 



in which the exponent of cos is numerically increased. We 
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may therefore regard the integral in the second member as the 
integral to be reduced. Thus, putting n in place of » + 2, we 
derive 



1 



</9 



sin** tf cos" 9 (« — i) sin* - ■ tf cos" - ' B 



dO 



»— I Jsin«^cos"-»^ 



(7) 



Putting S = J ;r — ^, and interchanging m and », we have 



I 



dO 



sin** cos*» 9 {m— i)sin**-' tf cos*"' 



m + n — 2 ( 
w — I J si 



de 

sin'*-"^cos*tf 



(8) 



72* The application of the formulae derived in the preced- 
ing articles to definite integrals will be given in the next sec- 
tion. When the value of the indefinite integral is required, it 
should first be ascertained whether the given integral belongs 
to one of the directly integrable cases mentioned in Arts. 27 
and 28. If it does not, the formulae of reduction must be 
used, and if m and n are integers, we shall finally arrive at a 
directly integrable form. 

As an illustration, let us take the integral 



sin* 



cos* d0. 



Employing formula (4) Art. 69, by which the exponent of sin 
is diminished, we have 



[sin* 



^COS* 0d0 := - 



sintfco^^ if A^^gx 
6 + g]co«'6lrfA 
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METHODS OF INTEGRATION, 



[Art. 72. 



The last integral can be reduced by means of formula (2) Art 
67, which, when w = 4, gives 



f cos*<9rf» = 



cos* ^ sin ^ 3 



+ ^ fcos'^rf^; 
4 J 



therefore 



1 



• « /a A a ja sm^cos"^ . cos*#sm6^ , sm^cos^ . t 

6 24 16 ID 



73. Again, let the given integral be 



1 



cos* e dd 



'_ <■- 



By equation (5), Art. 70, we have 

[zos^edo 



J 



sin^ 



de__ zos^ e _ 5^ r cos* e dd 

~ 2 s\v? 6 2 J sin ^ * 



We cannot apply the same formula to the new integral, since 
the denominator m — i vanishes ; but putting « = 4 and »f = — i, 
in equation (3) Art. 69, we have 



ti 



u t 



I 



cos* Odd __ cos^ 
sin S ~~ X 



cos* 



6 fcos 
- + — ^ 

J SI 



co^ Odd 



sin 6 



+ 



1^"!^^ 



sin Ode 



Hence 



I 



cos* e dB 
sin»(9 



COS*^ , , ^ I ^ , ^ 

+ log tan - ^ 4- cos ft 

3 ^2 



cos* 5 cos* B 5 , ^ I ^ 5 

= r-o-fl — ^ — -^ log tan - 5 — ^ 

2 sm^ c' 2 ** 2 2 



cos (?. 
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8^ 



u I 8in**jp 



dx. 



sec ^xdx. 



J. f tsccr^xdx. 



4. |jr«log^^ 

a 

%. r osine^ 

Jo 

g, ixsec'^xd^ 



Examples VL 



xsin*^ jc + V(i 



-']>'- 



XBCC'^X — log [x + V('V^ i)J 



7i ^ iOg2 
4 2 



— sm i sin — . 

2m 2 m 4 



1 + ji;* j; 

tan*' X 

2 2 



jr*^' — 2^e' 4- 2€' — 2. 



} [a:* sec-' X — V(-^ — i)]. 



10. 



fe8m[j+e]^ -eco90+6) + sin(%e)]* = ^' 
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METHODS OF INTEGRATION. 



[Ex. VL 



II. ijcsec'x^ 



XXXCLX + logcosx. 



la. I^tan*^^ = Ijp (sec'jp * i)4Sv L xtanjr+logcos^ :f. 



13. 



I^sinjp^ 



14. 



I «sm- 

Jo 



JC^ 



■ 

15. jjc*tan-*Jr^, 



txvoLX -V acosjp— Ar'cosjc 



« Jo 2 J, 8 



Ar'tan-'J T ^ log (i + J^ 
3 "6 + 6 



Jo 3 9 Jo ^ 9 



17. I %'*co%xdx^ 

* o 



€'-* (sin X — cos x)^"* _ I 

2 



• Jo 



18. f 



e^^^^cosxdXp 



cos/3€*^^sin{/3 +*). 



19. U-*sin'j:^ =-l«"''(i— cos2jf)^L 



h-« 



10 



(cos 2* — 2 sin 2JC — 5). 



ta 



9 

Jo 



— (sin 6 — cos e) I* = - . 
2 X 9 
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21 



. Y* ^VCL X CQ% X dx^ 



— (sin 2« — 2 COS 2x). 
10 ^ ' 



22. 



I sin* mB ^, 



— sin' »fe cos »ie jG jsmiwecos <wQ 
4/« 8 Sm * 



23. Derive a formula of reduction for |(log^)*i^r^iibpy and deduce 
from it the value of nlogj:)'^:*^. 

(log x)^x^dx= (log xy — -— - -— — (log xy-^x^ dx. 

4 Pi -r 1 M -t" 1 J 

|(loga:)*;^^ = {logxy^^ {logxY^^ + ^^^ - ?^\ 



24. 



Urcos'^jb^ 



^x sin:r cos:r — J sin* ^ + Jjr^. 



f^ , ^ J?*sec-'J: j;V(j;»— i) log [;»:+ V(Ar'-i)] 
Jx S 6 6 

26. Derive a formula of reduction f or Lr* sin (;t + oc) dx, and de* 
duce from it the value of \x* cosxdx. 



[;i:*sin(jc + flr)^=— ^sin ;c+a+ — 

\x»'^ sin . 



+ n \x»'^ sm a: + a + - U&L 



•] 



I ;r* cos iT dEr s (j:* — 2o«* + i8o;r)sin^ + (5^ — 6o«* + iao)coe«i 
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[Ex. VI 



f t« • «« >. si 

27. Icos Osm 0^, — 

28. I* cos^esin^O^, 



sm cos sm 6 cos 5 . i r^ • * -.n 

\r -jlO^smOcosOj. 

6 24 16 



32J0 51a 



29. pco8*0^. sJnecos'Q ^ jsinocose _^ 3g.T^ 8 + ^n 

30. I^cos'e^ 



si n COS (8 cos* + 10 cos* Q + 1 5 ) + iS^ HT __ 94/3 -h i 

48 J. " 96 



31 



f cos' fj . 
J sin 

fsin' ^ 
J cos 






smo 



4 cos* 8 cos' 



cos^ '^ _ 3 cos __ 3 log tan ^5 
2 sin" fj 2 2 



os'O 8 ^ L4 2 J 



sin* 



!^_ _ Sj^'iLl + i ffl - 



,- ^ + - [0 — Sin cos e] 

3 COS 3 COS 2 



f J cos" . 
3^ J.5S^"^' 



-iSjr 



cos rn-j (^ . 48 — 1 

r — S COSOtfO = - 

srnO J» Jir 32 



[7 (ifj _ 

35* Jj'i~-f cosG)* 



w 

I f 7 /2V_ _ 3 

2j„COS G 3 



^'k 



dQ 



sin cos* 6' 



r— -• "♦- log tan - 

3 cos n cos C' a 
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37- f— 

J SI 



<ft 



:«« ^/v> 



sin d sm 2d 



4 sin^ 6 cos d 



3 cos e , 3 , ^ © 
Q . , ^ + 5 logtan- . 
8 sm e 8 ° a 



38. Prove that when n is odd 



1 



^ 



sec»-*G , sec*-»Q 

H + 



sin cos* « — I « — 3 



+ log tan ; 



and when » is even 



dri 



sec* -' sec*"*e 



sm cos* /? — I « — 3 



+ log tan - 

^ 2 



1 

{ dfi 1.5 Fsec*© . ^ . , ^ e"! 

39- H-s 4- » ^-1 c + ~ +sec + log tan - I . 

^^ J sm* cos*0 * 2 sm' cos'O 2 L 3 2 J 

40- /, a X , Put X -- sec e. 

J V(-v — i) 



41. f («•-*•)* <£y, 
f dx 



i.v 4/(.v« - l) + Jlog [^ + V(a^ - 1)]. 



— r * cos* ^ = ^ 5 



8 



43. J(tf" + ^)V(tf'-^)^, ^sm-'-^--^?^^ f^ J 



f ^^ 



jr(j:* — i) tan" J? 
8(^+i)' 8 
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. fcos'e — sin'e ^r f/ . . . . COS 9 — sin e ^~| 
^•J (sm9 + cos6)' ^L=J^''"°°'"*' ^«i°9 + coaor '*i 

sin Q COS 
sinO + COS6* 

47. Derive a fonnula for the reduction of Lrsec'^jr^; and refer* 

ring to Ex. II, thence show that this is an integrable form when n is 
an even integer. Give the result when ^ = 4. 



I 



x^i^xix^ 



jfsec*"»jctan jc 



sec**"*^ 



If — 2 f 

«-iJ 



) 



Arsec*-"j:4&; 



4 , AT sec* AT tan j: sec* or . 2 r ^ .1 -x 

jr sec* xdx ^ \- - \x tan J»r + log cos x\ 



48. Derive a formula of reduction for l^cos^x^ and deduce 
from it the value of \x cos* x dx. 



f - ^ ATcos^-'ATsmA: . cos* at . jf~i f 
lArcos«Ar</Ar= 1 5— H \xcos^^*X 






f • J -^ sin a: , , . \ . cos .* , , . ^^ 
Ijc cos' a: <£r = (cos* AT + 2) H (cor jp + 6)l 



49. Find the area between the curve 



jf = sec"'Jis; 
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the axis of x^ and the ordinate corresponding to *v = 2. 

y - log [a + t'j] = 0.77744. 

50. Find the area between the axis of x^ the curve 

y = tan-' jc, 

the ordinate corresponding to jr = i. -^^ s 0.43888. 



VII. 

The Integral and its Limits. 

74. Before proceeding to some formulae of integration 
involving special values of the limits^ it will be convenient to 
resume the consideration of the integral as defined in the first 
section. 

In Art. 3 we supposed a variable magnitude of which the 
values depend upon some independent variable x (but of which 
the expression as a function of x is as yet unknown) to vary 
simultaneously with x^ while x passes at a uniform rate over a 
certain range of values. And it is assumed that the rate of 
the function is then expressed in terms of x and its assumed 
rate ; or, what is the same thing, that the relative rate of the 
function as compared with that of x is known. Denoting this 
relative rate by/(;r), a known function of ;r, let F(x) denote the 
function under consideration ; then by the notation introduced 

F(x)= \Ax)dx (I) 
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F{pc) may now be defined as the function whose derivative 
\%J\x\ or whose differential is f(x)dx \ hence, from this point 
of view, integration is the search for the indefinite integral, or 
the inverse of the process of finding the derivative of a func- 
tion, equation (i) implying nothing more than that 

d\F{x)\ = f{x) dx. (2) 

But because this equation was found to be insufficient to fix 
the values of the function /% we introduced in Art. 4 the nota- 
tion of the subscript or lower limit ; so that, when we write 

F{x)^\f[x)dx, (3) 

we fully define the value of F{x) by implying the additional 
condition that F(a) = o. The integral thus modified is some- 
times called a corrected ijitegraly because the indefiniteness 
arising from the unknown constant of integration has been re- 
moved. It remains ** indefinite ** in the sense that it is a func- 
tion of a variable x to which no special value has been assigned. 
It is to be noticed that, in many applications, the constant is 
determined (and the integral thus ** corrected **) by the condi- 
tion that some other value (not zero) of F{x) shall correspond 
to a given value of x. These given simultaneous values of x 
and F{x) are called the tJiitial values, 

76. As explained in Art. 4, the value of x to which corre- 
sponds the required value of the magnitude is known as the 
final value of x, and is used as the upper limit of the integral. 
Denoting it by b, we thus assume that, as the independent 
variable x passes from a to b, the function F(x) passes by con- 
tinuous variation from its initial to its final value ; and, when 
this is the case, we may write 

^J{x)dx = F{b)-F(,a) (4) 
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in which the function /^is defined, not necessarily by equation 

(3), which implies F{a) = o, but by the more general equation 

(i), or simply by equation (2). 

We may now define the definite integral in equation (4) as 

i/ie increment received by a variable whose differential is f{x) dx 

while X passes from the value a to the value b ; or, as the mag* 

dx 
nitude generated at the rate f{x)-7 while x, with the arbitrary 

rate -7-, varies from a to 0, 
dt 

The condition mentioned above, that F{x^ shall vary con- 
tinuously, requires that, starting from some finite initial value 
F{a)y it shall not become infinite or imaginary for any value of x 
between a and b. The function F(^x) cannot become infinite or 
imaginary unless its derivative /(;r) becomes infinite or imagi- 
nary. Hence the condition will be fulfilled if f{x) remains 
real and finite for all such values of x. It is, of course, also 
assumed that there is no ambiguity about the value of f{x) 
corresponding to any of these values of x. Cases in which 
such ambiguity might arise will be considered later. 

76. Since the rate of x is arbitrary, we may regard dx in 
the expression for the integral as constant, and in that case it 
must be regarded as positive or negative according as b is 
greater or less than a ; in other words, dx must have the sign 
ot b — a. When f{x) does not change sign for any value 
between a and ^, we can thus infer the algebraic sign of the 
definite integral. 

Thus, if ^ > ^ and f{x) is positive for all values between 
the limits, F{x) is an increasing function of x, and x is itself 
increasing ; therefore the definite integral denotes a positive 
increment. For example, 



1 



"sin X , 
dx 



X 

denotes a positive quantity. Moreover, since in this case/(;r) 
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is less than unity for all values between the limits, the integral 
is obviously less than the increment received by jr, that is, less 
than n. 

It is evident from these considerations that an interchange 
of the limits changes the sign of the integral ; thus, 



^Ax) ^ = - j /(;r) dx. 



which agrees also with equation (4). Again, we infer from the 
same equation that 

^Ax)dx^^Ax)dx ^\f{x)dx, 

if c is between the limits a and b\ and this is also true when c 
is outside of these limits, provided the condition mentioned in 
the preceding article holds for the entire range of values of x 
implied by the several integrals. 

77. Returning now to the corrected iqtegral, equation (3), 
we see that it is the same thing as 



l: 



f{x) dx. 



in which x stands at once for the upper limit and for the in- 
dependent variable which, in the generation of the integral, is 
conceived to vary from the initial to the final value. When 
there is any danger of confusion between these two meanings 
of JT, it is well to use some other letter for the independent 
variable ; thus 



/, 



/(^) ds 



has the same meaning as the expression above ; and in general 
it must be remembered that an integral is a function of its 
limits, and not of the variable which appears under the integral 
sign unless the same letter serves also to represent one of the 
limits. 
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Graphic Representation of an Integral. 

78. A geometrical illustration was given in Art. 3, in which 
f{x) was taken as the ordinate of a curve, and the integral was 
in consequence represented by an area. We shall now employ 
another illustration, in which the ordinate j/ represents the in- 
tegral itself, regarded as a function of its upper limit. In other 
words, we shall consider what is called the graph of the func* 
tion (or graphic representation, employing rectangular coordi- 
nates), and shall regard this curve as derived from the expression 
for the integral, and not from the result of any process of 
integration. Putting 

y= f Ax)dx (I) 

we have 

g=/(;r) = tan0, (2) 

where has the same meaning as in Diff. Calc, Art. 38. 

Thus for every value of x we know the inclination of the 
curve to the axis of x. The notation also implies that when 
jr = a, J' = o. Starting, then, from the position {a, o), if we 
imagine the point {x, y) always to move in the proper direc- 
tion, a direction which changes as x changes, it will trace out 
a definite curve, so that the function y has a definite value for 
each value of x, 

79. As an example, let us take the function 



f *^*" ^ ^ / V 



a case in which the indefinite integration cannot be performed. 

Starting from the origin, the describing point must move in the 

varying direction defined by 

. sin X , . 

tan = (2) 



lOO 
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When ;r = o, we have tan = i, or = 45** ; the curve 
therefore starts from the origin at this inclination. But, since 

equation (2) shows that tan 
decreases as x increases, the 
curve as we proceed toward the 
right lies below the tangent 
at the origin, as in Fig. 3. 
The ordinate y con tin ues, how- 
■ ever, to increase (compare Art 
76) until, at the point A, x 
Fig. 3. reaches the value n for which 

= 0. As ;r passes through this value, changes sign ; there- 
fore y has reached a maximum value. From ;r = 7r to ;r = 2^ 
tan is negative, hence y decreases ; in this interval sin x in 
equation (2) goes through numerically the same values as before, 
but the denominator x is now much larger than before, hence 
it is plain that y does not decrease to zero. In like manner it is 
obvious that it will increase again from x =. 27r to x =• ^n, and 
so on, reaching alternate maxima and minima, which contin- 
ually approach an asymptotic value of y corresponding to 
;ir = 00 . The form of the curve for positive values of x is there- 
fore that represented in Fig. 3. For negative values of x the 
curve has a similar branch in the third quadrant. It is evident 
that we can in no case have a finite value of the integral when 
;r = 00, unless, as in this case, the quantity under the integral 
sign approaches zero as a limit when x increases without limit. 
80. When the graph or curve of the indefinite integral is 
drawn, the definite integral between any limits c and d is rep- 
resented by the increment ol y in passing from the abscissa c 
to the abscissa d, and the condition given in Art. 75 requires 
that the curve shall be continuous between the points corre- 
sponding to the limits : in other words, that these points should 
belong to the same branch of the curve. 

In the illustration above, /(;r) remains real and finite for all 
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values of x ; accordingly in this case all values of the limits 
are possible. But if f(x) becomes infinite or imaginary for 
any value of x between the limits, it will usually be found that, 
although the indefinite integral y = F(x) may have a finite 
value at each limit, the corresponding points will belong to 
separate branches of the curve, and therefore equation (4) of 
Art. 75 cannot be used. 

For example, if /(;r) = ;r-*, which is infinite for j: = o, we 
have for the indefinite integral 

[dx I 

and y is also infinite when ;r = o. 

The graph of this integral is an equilateral hyperbola, by 
means of which we can represent, for example, the definite in- 
tegral between the limits 
— 2 and — I as the differ- ' ^ 

ence BR between two values 
of the ordinate. But we 
cannot interpret in this case 
an integral between whose 
limits the value x -=. o lies 
(that is, with one negative 
and one positive limit), 
because the corresponding 
points would lie on dis- 
connected branches of the 
curve. 

It will be noticed that, 

for the same reason, if we 

use the notation of the corrected integral we cannot represent 

the entire curve by a single equation ; thus the two branches 

as drawn in Fig. 4 have the separate equations 

r dx , {''dx 

y^\_^-r and y^\j^^ 




Fig. 4. 
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the latter expression denoting an essentially negative quan- 
tity. 

81. It may happen, however, that the indefinite integral 
remains finite for a value of x which makes /(;r) infinite. In 
such a case, if the value of f{x) remains real while x passes 
through this value, we shall still have a continuous curve and 
a continuous variation of the ordinate between limits which 

include this value of x. For 
r example, when f[x) = jr""*, which 

is infinite for ;r = o, and is real 

for both positive and negative 

values, we have 







K\ 



;r»-h^. 



Fig. 5. 



The curve which is drawn in 
Fig. 5 touches the axis of y and 
is real on both sides of it, form- 
ing a cusp. Thus the ordinate 
varies continuously while x passes 



through zero, and we can write, for instance. 



rj=H]>»-*=^' 



in accordance with equation (4), Art. 75, as illustrated in Fig. 
5 by the difference of ordinates BR. 



Multiple-valued Integrals. 

82. When the indefinite integral is a many-valued function, 
the condition that it shall vary continuously while x passes 
from the lower to the upper limit requires the selection of 
properly corresponding values at the two limits. In illustra- 
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tion let us construct the graph of the fundamental integral 

^ = lol^(^ = ''"""'• ••••(') 

In this case x can only vary between the values — i and 
+ I. Proceeding from the origin, the curve, Fig. 6, has the 
inclination 45*', which is gradually in- 
creased to 90 when ;r = i, at the point 
A, for which the value oi y is \n. As x 
passes from o to — i a similar branch 
is described in the third quadrant, com- 
pleting the curve drawn in full line, the 
ordinate of which is in fact the primary 
value of the indefinite integral sin"';r 
(Difl. CaU:., Art. 74). But the complete 
curve y=' sin~' jr, or ;r=sin y, has another 
branch continuous with this at the point 
(i, ^T), as represented by the dotted 
line. In order that the point moving 
in accordance with the integral expres- 
sion shall describe this branch, we must 
suppose that ;r, after reaching the value 
unity at the point A^ begins to decrease, 
and that, as dx thus changes sign, the radical |/(i — x\ which 
then becomes zero, also changes sign, so that the quantity 
under the integral sign remains positive, and y goes on in- 
creasing. Since the radical cannot change sign, while varying 
continuously, except when it passes through the value zero (at 
which time its two values are equal), it is only when ;r = ± I 
tliat X can return to its previous values without causing j/ also 
to return to the corresponding previous values; that is, with- 
out making the generating point return upon the path already 
described. 

We may thus, by the alternate increase and decrease of x 
between its extreme values, describe an infinite number of 




Fig. 6. 
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branches. In this generation of the integral the value of the 
radical undergoes periodic change of sign but is never am- 
biguous ; for in drawing the curve we assumed that in equa-^ 
tion (i) the radical had its positive value when j: = o and 
y =^o. This assumption determines the value of the radical 
for every other value of ^ ; it is, in fact, always equal to cos^. 

83. In the direct application of limits to the integral (i), it 
is of course sufficient to limit the indefinite integral to its 
primary value, the radical being positive for all values of x be- 
tween the limits ; but, when the integral is the result of trans- 
formation, care may become necessary in the selection of the 
values at the limits. 

Consider, for example, the integral 

v' dz 



J 



j\» 



which can be evaluated directly by formula {J') in the form 

sin"' —7- = ■ — . But suppose we make the transformation 

4/2 J., 4 , 

dx 

jB* = I — Xf whence dz = , and ^{2 ^ jb^) = |/(i -f- x), 

2Z 

It is first to be noticed that, because the value of z is neg- 
ative at the lower limit, we should in the value of dz put 

dx 
z = — i/(i — x); thus dz = — -. ;,, and the result of trans- 

^ ^ ' 2 J^{l — X) 

formation is 



C^* dz I (" dx 



The relation £^ = i — x shows that as z increases from — i 
to o, X increases from o to i, and the corrected integral in the 
second member (which is sin"' x) increases from o to in. 
Then as z further increases from o to 4/2, x decreases from i 
to — I ; but the integral continues to increase from Jtt through 
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values which are not " primary," reaching the final value \n at 
the upper limit, so that we have for the value of the second 
member of the equation i(f ?r — o) = Jw as before. 

84. To illustrate another mode in which an integral may 
acquire multiple- values, let us consider the graph of the fun- 
damental integral 



tan*' X. 



Proceeding from the origin at the inclination 45°, the curve 
approaches, as x increases without limit, an asymptote parallel 
to the axis of x at the distance 
\n. The similar branch de- 
scribed for negative values of 
X completes the full line in 
F*&- 7> representing the pri- 
mary values of tan"* ;r, which 
are employed in any direct 
application of limits to the 
integral. But the complete 
curve y = tan~* x consists of 
an unlimited number of branches which are repetitions of this 
curve at successive vertical intervals each equal to n^ so that 
each asymptote is approached by two branches. 

Now, when the integral arises from transformation, it may 
happen that x passes through infinity, changing sign, and then 
the ordinate will pass without discontinuity of value from one 
branch to the next. For example, given the integral 




Fig. 7. 



I 



5; 

6 



de 



5" 



_ f 6 S( 



sec* B de 



9tan«6^' 



cos' ^ 4- 9 sm 
if we put tan B •=> x, this becomes 



tan"'oj 



io6 
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As 9 passes from o to \ny x increases from o to + 00 , and 
tan'' 3jr increases from o to \n. But as 6 further increases 
from \n to |^7r, x changes sign and passes from — 00 to 
— \ 1/3. During this interval tan"* '^x still further increases 
from \n to \n^ which is therefore in this case to be taken as 
the value of tan"' (— 4/3), while we take zero as the value of 
tan"' a Hence 



I 



5f 

6 



de 



2n 



cos* S + 9 sin' 9 ' 



Formula of Reduction for Definite Integrals. 

86. The limits of a definite integral are very often such as 
to simplify materially the formula of reduction appropriate to 
it For example, to reduce 



r 



x^^-'dx. 



ve have by the method of parts 



1 



X^ B'^dx = — jT* 6-' + 



n U- 



'x'^'^dx. 



Now, supposing n positive, the quantity ;r*e--' vanishes when 
jr = o, and also when ;r = 00 [See Diff. Calc, Art. 107 ; Abridged 
Ed.y Art. 91]. Hence, applying the limits o and 00 , 



r 



x^B"dx 



=«i 



;r*"' B-'dx. 



\ 



\ 



^ 
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By successive application of this formula we have, when n is 
an integer, 



86. From equation (i) Art ^^ supposing f» > I, we have. 



Jo ^ Jo 



If i» is an integer, we shall, by successive application of this. 

formula, finally arrive at J Vfl - - or T sin ^rfS = i, according 
as m is even or odd. Hence 



if f» is even, I sm*" Odd ^ ^ 7-^^^ — ^r-^ • -» • • \P) 

Jq fH yfft — 2j«**»«*2 2 



andif wisodd, psin>"g^g = ^^^"/^^^'"3)"•'^ . . {py 

Jo m{m-'2) I ^ ^ 



87. From equations (3) and (4) Art. 69, we derive 



F sin*" e cos- e rffl = ^"" ^ f ' sin** cos— « tf rftf, 

Jo IW+«Jo 



and F sin«» cos- 5 rf^ = — — - \ sin— -» cos- tf liA 
J^ m -{- n lo 
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By successive applications of the first of these formulae, we 
produce a series of factors in the numerator decreasing by in* 
tervals of two units from n — \^ and ending with i or 2, as in 
formulas (Z') and (Z''). By the second formula we then pro- 
duce a like series of factors in the numerator beginning with 
tn— \. The successive factors in the denominator produced 
in the process form a single series beginning with m ^ n and 
decreasing by intervals of 2, the final factor being greater by 
2 than the sum of the exponents in the final integral Now 
this final integral will take one of the four forms 

www w 

J' de, I'sin e M, V cos e de, or Tsin ^ cos 6 dfi. 

according as ;;/ and ;/ arc even or odd. Thus the final factors 
in the denominator are, in the four cases respectively, 

2, 3> 3» 4; 

while the values of the final integrals are respectively 

iTty I, I, i. 

The result will therefore be the same if we carry the series 
of factors in the denominator in all cases to i or 2, and ignore 
the final integral except in the first case (m and n both even), 
when its value is ^n. Therefore we may write, when m and n 
are positive integers, 

n 

sm*- BeOS'* Odf^ = ^— ,--\v- -.- ^\ ^ — «» • (G) 

J „ (w -f- n){tn + w — 2) ^^' 

provided that each series of factors is carried to 2 or I, and a is 
taken equal to unity, except when m and n are both even^ in which 

This formula, of course, includes formulae (P) and {jP'). 
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Change of Independent Variable in a Definite Integral. 

88. A change of independent variable is frequently made 
for the purpose of simplifying the limits, rather than of chang- 
ing the form of the integral. For example, suppose the limits 
in formula (0 to be multiples of \n by any consecutive integers 
k and >fe -f- I. Putting d = \kn -|- 0, we have, according as k 
is even or odd, 



,(* + 1)' 



I sin*" d cos* Odd = ± \ sin"* <p cos* £/0, 



or 



3 



.(*+i)^ 



' sin* 6 cos* Odd =z ± r cos*" sin* £/0. 

But by formula (Q) the integrals in the second members 
have the same value ; hence the numerical value of the integral 
of formula (0 is the same for every quadrant. The sign to be 
used is obviously that of sin** 9 cos* 6 in the quadrant in ques- 
tion. We can thus readily determine the value of the integral 
when the limits are any multiples of \n. When m and n are both 
even, the sign is always +, and we have to multiply the result 
of formula (0 by the number of quadrants. In other cases, we 
have two positive and two negative results while d describes 
one revolution. 

89. When the limits of an integral of the form considered 
above are o and \n, we may by introducing the double angle 
obtain the limits o and \n. Since, if = 2^, 

sin cos 9=i sin 0, sin* 9=i(i — cos 0), cos* 6^=^14- cos 0), 

the integral will, whenever m and n are either both even or both 
odd^ be thus converted into one or more integrals of the same 
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form, with integral values of the exponents, and having limits 
of the desired form. 

For example, by this transformation we obtain 

J' sin* e cos* edB^ ^ f '^'"* (i - cos 0) d<t> 



■"6414-22 5-3-iJ 64L16 5 J* 



90. A transformation which does not change, or which 
interchanges, the limits may sometimes reproduce the given 
integral together with known integrals, and thus lead to its 
evaluation. When the limits a and b of any integral are finite, 
they will be reversed by the substitution 

X ^=- a -V b — z. 
Thus 

^ f{x)dx = - V /{a -{'b-'Z)dz=[ /{a^-b^ z)dB\ 

or, since it is indifferent whether we write z ox x for the in- 
dependent variable in a definite integral, 

^ f{x)dx^ {'/{a + b-x)dz. 
For example, 
Ve sin* edff = f V - ^ sin* {n^0)de= V{n - ^ sin* tf dB\ 

hence 

2 ['» sin* ede=i ;r f'sin* dO, 

and, by formula (P\ 



I 



4. 2 2 10 
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91. When the limits are o and eo , they will be reversed if 
we assume for the new variable the reciprocal or a multiple of 
the reciprocal of x. For example, if in 



J„ a' + X* 



, whence dx = ■ 



'•dy 



hence 

The Integral regarded as the Limit of a Sum. 

92, We have seen in Art. 3 that, if the curve > =/(^) be 

constructed, the integral [ /(x)dx (in which we suppose /(;r) 

to remain finite and continuous as 
X varies from a to b) is rep- 
resented by the area included by 
the curve, the axis of x and the 
ordinates corresponding to x = a 
and X = b. 

Let CD in Fig. 8 be the curve, 
and let the base of this area, AB, 
whose length \&b — a, be divided 
into n equal parts. Denote the 
length of each part by ^x, so that 

b = a-\-nAx, 

ind erect an ordinate as in the 6gure at each point of division. 
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The whole area is thus divided into n parts, as represented by 
the equation 

ydx = I ydx -H I ydx -h . . . + j^^. (i) 

Now if we denote the values of y corresponding to ^z -f- ^x, 
a + 2 Ax, * - * bhy y^,y^, , . .y^, the rectangles y^Ax, y^Ax, . . . 
y^Axy which are constructed in the figure, are approximations 
to the several terms of the second member of equation (i). 
Hence the sum of these rectangles, 

^yAx^y^Ax -hy^Ax + . . . -^ y^Ax, ... (2) 

is an approximate expression for the integral in equation 
(i). When, as in Fig. 8, y increases continuously while x passes 
from a to d, the sum of the rectangles exceeds the curvilinear 
area, that is, 2yAx exceeds the integral. 

If we take for the altitude of each rectangle the initial 
instead of the final value of j in the interval, we shall obtain in 
like manner an approximate expression, 

2yAx = yjx -f y,Ax -f . . . -h y^^, Ax, . (3) 

which will, in this case, represent an area less than the curvi- 
linear one, so that 2'yAx is less than the integral. Thus the 
integral is intermediate in value to the two expressions in 
equations (2) and (3), of which the difference is 

:2yAx — 2'yAx = {y^— y^)Ax. ... (4) 

Therefore the difference between the integral and either of 
the approximate expressions is less than {y^ — y^) Ax, 

Now when the number of parts n is indefinitely increased. 



§ VII.] THE INTEGRAL AS THE LIMIT OF A SUM, II^ 

SO that ^x is decreased without limit, the limit of {y^ — y^) Ax 

is zero; it follows that \ ydx is the limit of '2 yAx for any 

range of values of x for wiiich y is an increasing function of x. 
It can be shown in like manner that the same thing is true 
while J/ is a decreasing function, and therefore in general 



/ 



f{x)dx^ the limit of ^/(ar) Ax . . . (5) 



x>a 



when Ax decreases without limit. 

93. The typical term /(or) Ax is called the element of the sum 
in equation (5). It will be noticed that the sum will have the 
same limit whether the x in f^x) Ax be taken as in equation 
(2) or as in equation (3), or in any other msinuer, provided it be 
some value within the interval to which Ax corresponds. The 
expression f(pc) dx is, in like manner, called the element of the 
integrals equation (5). 

In many applications of the Integral Calculus, the expres- 
sion to be integrated is obtained by regarding it as an element. 
In so doing we are really dealing with the element of the sum ; 
but as we intend to pass to the limit we may, in accordance 
with the remark made above, ignore the distinction between 
any values of x between x and x + Ax, By equation (5), we 
pass to the limit by simply writing d in place of J, and the 
integral sign in place of that of summation,* so that in practice 
it is customary to form the element of the integral at once by 
writing d instead of A, 

* The term integral^ and the use of the long x, the initial of the word sutn^ 
as the sign of integration, have their origin in this connection between the 
processes of integration and summation. 
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Differentiation of an IntegraL 

94. The integral I J\pc)dx is by definition a function of x, 
whose derivative, with reference to or, is /(or). Thus, putting 

f* dU 

U^\Ax)dx, i^^Ax\ 

This gives the derivative of an integral with reference to its 
upper limit. By reversing the limits we have, in like manner, 

when the lower limit is regarded as variable. 
95. Now writing the integral in the form 



U^\udx, 



(I) 



if u is a function of some other quantity, 01^ independent of x 
and a, U is also a function of or, and therefore admits of a de- 
rivative with reference to or. From (i) we have 



dU_ 
dx 



= u 



whence 



d_dU_du 
da dx "~ dot 



By the principle of differentiation with respect to independent 
variables [See Diff. Calc, Art. 401 ; Abridged Ed., Art. 2q6\ 
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H5 



Therefore 



and by integration 



±dU^£ dU 
dxda da dx * 

d dU du 

^_^_ ^___ — _____ • 

dx da da ' 



dU 
da 



= \%^*c 



(» 



Now, in equation (i), (7 is a function of x and a which, when 
;r = ^, is equal to zero, independently of the value of a. In 
other words, it is a constant with reference to a, when x^a\ 

therefore -=— = o when x =^ a. If, then, we use ^ as a lower 
da 

limit in equation (2), we shall have C = o. Therefore 



dU 
da 



-\. 



du 
da 



dx 



(3) 



Substituting for x any value b independent of a^ we have 



A. 
da 






which expresses that an integral may be differentiated with 
reference to a quantity of which the limits are independent, by 
differentiating the expression under the integral sign. 

96. By means of this theorem, we may derive from an inte- 
gral whose value is known, the values of certain other inte- 
grals. Thus, from the first fundamental integral, 



I 



x^dx = 



« + I 



(t) 
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we derive, by differentiating with reference to n^ 

J ^ (II + l)» • 

the result being the same as that which is obtained by the 
method of parts. 

97. The principal application of this method, however, is 
to definite integrals, when the limits are such as materially to 
simplify the value of the original integral ThuSp equation (i) 
of the preceding article g^ves 



f 



t^dx ^ 



»+ I* 



whence, by successive differentiation, 






Integration under the Integral Sign. 

98. Let 74 be a function of x and a, and let a and a^ be O0li> 

stants : then the integral 



^=k[fa'"^]'^' • • • 



• • 



U! 



§ VII.] INTEGRATION UNDER THE INTEGRAL SIGN. II7 

Is a function of x and a^ which vanishes when a = a^^ inde- 
pendently of the value of x^ and when or = a, independently of 
the value of a. From (i) 






dU { . ^ d dU 

whence -^ -^ = u 

dx dot 



therefore -r- t- = «<> whence -r- = « ^/a + 6 

dadx dx i 

Now -7- must vanish when a = a^, since this supposition makes 

U independent of x ; therefore, if we use a^ for a lower limit 
in the last equation, we must have C = o ; therefore 



and since U vanishes when ;r = ^i. 

Comparing the values of 27 in equations (i) and (2)9 we have 



f[ udxdazs. udadx. 

aAa Jala 



It is evident that we may also write 



I \ udxda=\ I \ dadx 9 . . • • (3> 



provided that the limits are all constants. 
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99. By means of this formula, a new integral may be d^ 
rived from the value of a gfiven integral, provided we can int^ 
grate, with reference to the other variable, both the expreSi 
sions under the integral sign and also the value of the int» 
graL Thus, from 



f. 



i»+ I* 



by multiplying by dn^ and integrating between the limitl 
and s^ we derive 



whence 



j; 



"-' d.=\^'** 



logjr 



r+ I 



100. When the derivative of a proposed integral widi refer- 
ence to a is a known integral, we can sometimes derive its 
value by integrating the latter with reference to a. Thus^ let 



-i: 



"^-ojr_ ^-/Lr 



dx. 



In this case 



da 



Jo « Jo « 



hence, int^rating, 



« = — loga + C=log-, 



(I) 



(2) 



in which C has been determined by the condition derived from 
equation (i) that, when a = /?,« = o. 



§ VI I.] ADDITIONAL FORMULjE OF INTEGRATION. IIQ 



Additional Formula of Integration. 

101. The formulae recapitulated below are useful in evalu- 
ating other integrals. {A) and (^') are demonstrated in 
Art. 17; {B) and (C) in Art. 29; (Z?) and {E) in Art. 30; 
{F) in Art. 31 ; (G^ and {G') in Art. 35 ; {H) and (/) in Art. 50; 
(/) in Art, 51 ; (AT) in Art. 52; (Z) in Art. 53 ; {M) in Art. 55 ; 
(V) and (O) in Art. 58; {P) and (/>') in Art. 86; and (Q) in 
Art. 87. 



X — a 



X — d){x — b) a — b ^ x — b 



\ 

t dx \ ^ X — a [ dx I ^ a -{- X , ^, 



[sin» »</» = J (^ - sin ^ cos ^ 



(^ 



fcos»^</« = i(»+sin6'cos^ (C) 



f 
f 



dd 



sin ^ cos 6^ 



= log tan 6> . . . . 



. (/?) 



^^ I ^ 1 zi 1 I — cos ^ 
^-^ = log tan ^6 = log — r—^ — 
m ^ ^ *=* sm ^ 



• • 



• • • • • {£) 



IZ = '°8 »"[; ^- 3 = 'OS -'-S^" = "e (- «+'""^- f'') 



j^ + 



^<^ 



*cos6^""i/(^i»-^) 



— r«v tan 



r /a 



/a ^ b 
Tb 



tan 



i<*]. . 



. {G) 
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]« + * COS d~ V(^-a») "^ V{6+a) -v(6-a)tanlfi' ' '^*'' 



i 
I 



J7(F+^ = a'°^ i^ * • • • 

dx I . a- Vie?— if) 



• • • • 



ifl) 



(/) 



dx 



(a*» + *)» *•(«*» + *) 



(/) 



1 V(^ = ^°s t^ ^ ♦'^^ =*= '^l 



(^) 






j7rc^Tr^^7jir^ = 2 log [♦'(*-«) +♦'(*-/»)]. . -m 



V[(^ - «) (;r - /O] 






(^ 



p8in>'grfg=['cog-g^ = <^-/X'"-3) — -'.f. . If) 

h Jo #»(»«- 2) 3 8 * ' 
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= 1 



ir 
a 



_ (l« — l)(«f — 3) • • • • 2 



sin- Srftf = r cos"^ Ode = 

o f» (»f — 2) 



• • 



(/") 



). {m + «)(»« + » — 2) ^ ^'^^ 



in whicn a = i, unless m and » are both even, when a = — • 



Bzamples VIL 



r^TTESTe' [«>*. and « an integer] yjfzT?^ 



o 2 + C066' 



2nyr±|7r 
V3 



I ' sin* Ouft^ 
I nn" &<A^ 



$. J^,C08'9iS^ 



if 
32 

16 

16 
35 



!>• 



Bcaf^d^ 



5i» 



■lt?2 
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7. sin' cos* 6 d^ 



35 



8. rsin"*6 cos"* bd^ 






10 



Jo i/(l-^")' 



II. f%V--^')*^» 



12 



r 



(x'^d'i^dx 






r x' dx 

''^- Jo («-+A-»r* 



15. Prove that 



— I sin** A. 
2*- Jo 



1*3*S • • 


(2«— l) «- 


2*'i«6 • • 


• • ^#1 *> * 


2-4*6' 


• • • 2« 


3.5.7. . 


• (2«+l)' 



2tf' 

i6ii 
ita' 



I Jr«-'(a— jr)-*-«<& = j jc«-« (a— jr)*-» &. 



and derive a formula of reduction for this integral, supposing n > 
and m > i 



o •J-: 



i vii.j 
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16. Deduce from the result of Ex. 15 the value of the integral 
when #^ is an integer. 

1"*--. (a-x)<-'^= /:';f • • <*»-'> ^+—. 

Jo nyn+i) • • •(n-tm — 1) 



17. I {a-\-xy{a-x)^dx. See Ex, 16. 



- - a 



G ■ 

45045 



8. rsin* © (cos ©)* d^. Put sin' = jc, and see Ex. 16. 



S-7-II-I9 



19. Show by a change of independent variable that 



Jo (a' + o^r ""Jo (^*+aT ' 



and therefore 



r x" dx __i_r dx __ n^ 
Jo (a« + a^)'"'2joa'+.r'~4a 



20. j 



90 



A- logj; d^ 



log a 



2a 



21 



r tan"'jc.<^y 



1: 



22. I tan 

o 



-1 



x_ xdx 
a X* 4- a 



4 » 



6V3* 



16?' 



23. Derive a series of integrals by successive differentiation of the 
definite integral I e-"^ dx. 

Jo 



r 



I«2 



o a*"*" 
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04. Derive from the result of Art 63 the definite integrals 



r«-~sin«x^ = ^jjr^--^, and r«-~cos w^ = jp^-j; 



and thence derive by differentiation the integrals 



J CO aOO 

^« ***smiM:^ — 7— 7-- — 771, and I . 
o \tiv + «')" Jo 



n^--i 



o^'"""^^**^=(i?W)' 



15. From the results of Ex. 24 derive 



A« € - -« sm iwc dlr = , ^f , ,,. ^ ; 



\ 



j; £- »»tr COS nxdx = ^^ ^^— 



K + «Y • 



s6. From the fundamental formula iji!) derive 



i 



dx 



oa -^ ^0^ 2a*/3* ' 



and thence derive a series of formulae by differentiation with refer- 
ence to a. 



c 



dx 



n I-3- • • (2« — 3) I 



(a + fi^Y 2*y& 1-2 •••(«— i) a 



»-♦• 



•7. Derive a series of integrals by differentiating with reference to 
a the integral used in Ex. 26. 



I 



* x^'^-'^dx _ ^ i-3'5 • - (2« — 3) I 
(a + fix^V "" 2"a4 I 2'3 • • • ^^ — i) ' j(f" -♦ ' 



g VII.3 
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28. From the integral employed in examples 26 and 27, derive 
the value of f, K^ + X')' ' 

IHfferenUate twice with reference to ft^ and once with reference to a. 



1: 



x^dx 



__ 'i'3'' 



o(a + /J^)* 1.2.3 i6ai/rt' 



fl9. Derive an integral by differentiation, from the result of Ex. II., 67 



I 



dx 






ja Derive an integral by integrating -i— — 5 = — . 

( Ttan-^^- tan-'-^ I — = -log^. 
JoL ^ ^Jj; 2 ®^ 



SI. Derive a definite integral by integrating 



i; 



n 



S' '^•*sin nxdx'=' -1-- — 3 



with reference to n. 



nP ^V 



I«' P « nix V 4M* ^ j^ 
(cos <w: — COS ^jc) <]&: = — log -i -,. 
o ^ 2 ° w 4- a 



32. Derive a definite integral from che integral employed in Ex. 31 
ov integration with reference to m. 

r?^|^e-«_«-*x]^= [^tan-^ -tan-'?]. 
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33. Derive an integral by integrating with respect to m 



£ 






I 



COSILVAT = — lOg-5— s. 

AT 2 ° a + « 



34. Derive an integral by integrating with respect to n the integral 
used in the preceding example. 



1 



^ s-mx 



(sin ax - sin Ar) ^ = tan- !!!^^^\ 



35* Show by means of the result of Ex. 32 that, n being positivei 



1: 



sin nx , n 
ax = — . 

o X 2 



36. Derive an integral by integration from the result of Ex. II., 6y. 






37. Evaluate ^og^~ ~>i«'^ ^^ ^® method of Art. 100. 



38. Evaluate 



f.-L-fl 



logiiiPdEKi 



8^ 
jiiii(loga — t). 



S VIII. 1 PLANE AREAS. \2f 



CHAPTER III. 

Geometrical Applications— Double and Triple 

Integrals. 



VIII. 
Plane Areas. 

r02. The first step in making an application of the Inte- 
gral Calculus is to express the required magnitude in the form 
of an integral. In the geometrical applications, the magni- 
tude is regarded as generated while some selected independ- 
ent variable undergoes a given change of value. The inde- 
it^endent variable is usually a straight line or an angle, var>qng 
between known limits ; the required magnitude is either a 
•line regarded as generated by the motion of a point, an area 
generated by the motion of a line, or a solid generated by the 
motion of an area. A plane area may be generated by the 
motion of a straight line, generally of variable length, the 
method selected depending upon the mode in which the 
boundaries of the area are defined. 

The Area generated by a Variable Line kavmg a Fixed 

Direction. 

103- The differential of the area generated by the ordinate 
of a curve, whose equation is given in rectangular coordinates, 
has been derived in Art. 3. The same method may be em- 
ployed in the case of any area geix^rated by a straight line 
whose direction is invariable. 
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Fig. f^ 



Let AB be the generating line, and let i? be its intersectioL 

with a fixed line CD^ to which it is always 
perpendicular. Suppose R to move uni- 
formly along CD^ and let RS be the space 
described by R in the interval of time, dt. 
Then the value of the differential of the 
area, at the instant when the generating line 
passes the position AB^ is the area which 
would be generated in the time dt^ if the 
rate of the area were constant. This rate 
would evidently become constant if the generating line were 
made constant in length ; and therefore the differential is the 
rectangle, represented in the figure, whose base and altitude 
are AB and RS ; that is, it is the product of the generating line, 
and the differential of its motion in a direction perpendicular to 
its length. 

104. In the algebraic expression of this principle, the inde- 
pendent variable is the distance of R from some fixed origin 
upon CD, and the length of AB is to be expressed in terms 
of this independent variable. 

When the curve or curves defining the length ol AB are 
given in rectangular coordinates, CD is generally one of the 
axes; thus, if the generating line is the ordinate of a curve, 
the differential is y dx, as shown in Art. 3. It is often, how- 
ever, convenient to regard the area as generated by some 
other line. 

m 

For example, given the curve known as the witch, whose 
equation is 



j^x — 2^y + ^x = o 



.(I) 



This curve passes through the origin, is symmetrical to the 
axis of X, and has the line x=^2a for an asymptote, since 
X ^ 2a makes j = ± 00 . 

Let the area between the curve and its asymptote be re- 
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quired. We may regard this area as generated by the line 
PQ parallel to the axis of x^ y being taken 
as the independent variable. Now 

hence the required area is 

^ = j (2a'- x)dy . . • . (2) 

From the equation (i) of the curve, we 
have 



whence 



2a-' X — 



8^ 




Fig. la 



y + 4^' 



and equation (2) becomes 



^ = 8^r o ^^ , = 4^tan-'J^T =4^^, 
J_«,/4-4^ ^ 2aJ.« 



Oblique Coordinates. 



lOS. When the coordinate axes are oblique, if a denotes 
the angle between them, and the ordinate is the generating 
line, the differential of its motion in a direction perpendicular 
to its lengfth is evidently sin a-dx ; therefore, the expression 
for the area is 



^ = sin or I J/ dx. 
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As an illustration let the area between a parabola and a cliord 
passing through the focus be required. It is shown in treatises 
on conic sections, that the value of a focal chord is 




AB =: 4acosec?a f 



(I) 



Fig. II. 



where a is the inclination of the chord 
to the axis of the curve, and a is the 
distance from the focus to the vertex. 
It is also shown that the equation of 
the curve referred to the diameter 
which bisects the chord, and the tan- 



gent at its extremity which is parallel to the chord is 

y^ = 4a cosec* a'X 



(2) 



The required area may be generated by the double ordi- 
nate in this equation; and since from (i) the final value of 
^ is ± 2a cosec* a, equation (2) gives for the final value of x 



Hence we have 



OR = a cosec* a. 



(a tosec'a 

A=-2s\via\ y rfjr, 

J I.) 



or by equation (2) 



fii c<jscc*a 



io? cosec® a 



Employment of an Auxiliary Variable. 
106. We have hitherto assumed that, in the expression 

A = j>/^, 
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X is taken as the independent variable, so that dx may be 
assumed constant ; and it is usual to take the limits in such a 
manner that dx is positive. The resulting value of A will 
then have the sign of y^ and will change sign if y changes 
sign. 

It is frequently desirable, however, as in the illustration 
given below, to express both y and dx in terms of some other 
variable. When this is done, it is to be noticed that it is not 
necessary that dx should retain the same sign throughout the 
entire integral. The limits may often be so taken that the ex- 
tremityof the generating ordinate must pass completely around 
a closed curve, and in that case it is easily seen that the com- 
plete integral, which represents the algebraic sum of the areas 
generated positively and negatively, will be the whole area of 
the closed curve. 

107. As an illustration, let the whole area of the closed 
curve 



©'^ «)'='■ 



represented in Fig. 12, be required. If in this equation we put 



e) 



?)' = sin^. 



we shall have 



(i)*= 



cos^; 



whence x^a sin' ^, and ^ = ^ cos^ ^« • • (l) 

Therefore \y dx= lab cos* tp sin' fp d^. 
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Now if in this integral we use the limits o and 27r, the point 

determined by equation (Ode- 
scribes the whole curve in the 
direction A BCD A. Hence we 
have for the whole area 




A — ^ad cos* ^ sin' ^ ^^ 



and by formula (0 



A = 3^*1 — r2^=^-Q--- 
^ 6«4«2 8 

The areas in this case are all generated with the positive 
sign, since when j is negative dx is also negative. Had the 
generating point moved about the curve in the opposite direc- 
tion, the result would have been negative. 



Area generated by a Rotating Line or Radius Vector. 



108. The radius vector of a curve given in polar coordinates is 
a variable line rotating about a fixed extremity. The angular 

rate is denoted by -j and may be re- 
garded as constant, but then the rate at 
which area is generated by the radius 
vector OPy Fig. 13, will not be constant, 
since the length OP is not constant. 
The differential of this area is the 
area which would be generated in the 
time dty if the rate of the area were con- P'^* di- 

stant ; that is to say, if the radius vector were of constant 
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length. It is therefore the circular sector OPR of which the 
radius is r and the angle at the centre is dO. 



Since 



arc PR^r dO, 



sector OPR = ^r^d0; 

2 ' 



therefore the expression for the generated area is 



= -\r^d9 . 



-y 



109. As an illustration, let us 
find the area of the right-hand loop 
of the lemniscata 

r^=z d^ cos 20. 



Fig. X4- 



(I) 




The limits to be employed are those values of 6 whicb 

make r^o; that is and -. 

4 4 

Hence the area of the loop is 



A = -[' cos 26 dd = ^sin 2d\\ = -. 



MO. When the radii vectores, r, and ri corresponding to the 
same value of 6 in two curves, have the same sign, the area 
generated by their difference is the difference of the polar areas 
generated by r, and r%. Hence the expression for this area is 

^«lj(r,»-r,»)rfft (3) 
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Mi. Let us apply this formula to find the whole area 

between the cissoid 




Fig. 15. 



rj = 2tf (sec 9 — cos fl). 

Fig. 15, and its asymptote BP^^ whose 
polar equation is 

f) = 2a sec A 

One half of the required area is generated 
by the line /i/\, while varies from to 

— n. Hence by the formula 

^ =2^i»j' (2-cos^^rftf = ^;r^i*. 
Therefore the whole area required is 3^fl? 



Transformation of the Polar Formula. 

112. In the case of curves given in rectangular coordinates, 
it is sometimes convenient to regard an area as generated by a 
radius vector, and to use the transformations deduced below 
in place of the polar formulas. 



Put 



j= mx\ 



(I) 



now taking the origin as pole and the initial line as the axis 
of Xy we have 

jr = r cos 0, ^ = r sin ^ ; . . (2) 



therefore 



»« = - = tan 6^ 

X 



•and 



dm = sec* 6/ dB. 



(3) 
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From equations (2) and (3), 

j;^ dm -=-7^ dd\ 
therefore equation (i) of Art. 108 gives 

^ = - Lr^ dm. 1^ 

In like manner, equation (2) Art. 1 10 becomes 

A^W^xi- xl)dm (5) 

113. As an illustration, let us take the folium 

:f -^^ ^ — laxy^O (l) 

Putting y = mxj we have 

;r*(l + #«•) — 3^w;i:* =0 (2) 

This equation gives three roots or values of jr, of which two 
are always equal zero, and the third is 

'=1^^ (*) 

whence y= — « (5) 

These are therefore the coordinates of the point PXn Fig. 16. 
Since the values of x and y vanish when w = o, and when 
//; — 00 , the curve has a loop in the first quadrant. To find 
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the area of this loop we therefore have, by equation (4) of the 
preceding article, 

2 Jo(i +/«•)' 2 I + nf\o 2 

114. The area included between this curve and its asjrmp' 

tote may be found by means of equation 
(5), Art. 112. The equation of a straight 
line is of the form 



y = mx + i, 




Fig. 16. 



and since this line is parallel to y = mXy 
the value of m for the asymptote must be 

that which makes x and y in equations (4) and (5) infinite; 

that is, w = — I ; hence the equation of the asymptote is 



y -{- X = dy 



(6) 



in which d is to be determined. Since when m= — i, the 
point P of the curve approaches indefinitely near to the asymp- 
tote, equation (6) must be satisfied by P when w = — i. 
From (4) and (5) we derive 

nf + m xatn 
y + X = ia T, = ^ 5- ; 

whence, putting »i = — i, and substituting in equation (Q 

— a -= b, 

the equation of the as3niiptote AB, Fig. 16, fa 



y ^^ X = — a, . 



(7) 
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Now, as m varies from — oo to o, the difference between the 
radii vectores of the asymptote and curve will generate the 
areas OBC sxid ODA^ hence the sum of these areas is repre 
sented by 



2j_oe 



in which Xi is taken from the equation of the as)anptote (7X 
and Xi from that of the curve. 
Putting^ = mx, in (7), we have 



^= - 



a 



I ■¥ m' 



and the value of xx is given in equation (4). Hence 



^ -2 \.Xxrhiif~ {ilnffr** 



_«'r_3 L_T 

2 |_i + W I + m j_ 



00 






Adding the triangle OCD^ whose area is j^, we have for fhe 

whole area required }^. 



* This redncdon is given to show that the integral b not infinite for tho 
^ne «• =: -' I, which is between the limits. See Art. 7S> 
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Examples VIIL 



I* Find the area included between the cnrvii 



«> = jc* + «■, 



and the axis of x. 



a. Find the whole area of the curve 



J. Find the area of a loop of the curve 



;c» (a* +/)=/(«•-/). 



fUf 

4 



- (» - a). 



4. Find the area between the axes and the curve 

5. Find the area between the curve 



xy + ay -a^3^^% 



and one of its asymptotes. 



td. 



6. Find the area between the parabola y = £^flx and the straight 

liney = x — . 

3 



f. Find the area of the ellipse whose equation is 

««• + 2bxy + c/ = I. 



n 
¥iac - y) 
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8. Find the area of the loop of the curve 



cf = {x-a)i,x-b)\ 



in which c> o and b> a. 



9. Find the area of the loop of the curve 



ay = ^* (^ + x). 
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32 



b^ 



losa 



J 



10. Find the area included between the axes and the curve 



©'^(fy=- 



20 



II. If » is an integer, prove that the area included between the 
axes and the curve 



(f )■ - ©' = 



is 



A- 



«(« — i) • • • I 



2n(2n — i) •••(«+ i) 



ai. 



12. If » is an odd integer, prove that the area included 
the axes and the curve 



©•*«)'- 



jf^ Cif(«~ 2)" « i]* Ttah 

"" 211 (2« — 2) • • • 2 2 
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GEOMETRICAL APPUCATIONS, [Ex. VUl 



13. In the case of the curtate cycloid 



jr r= o^ — ^ sin ^, 



jrstf — ^COS^y 



find the area between the axis of x and the arc below this 



• 



(2a' + b^) cos-« X - 3a i^(y - J% 

p 



14. If ^ = ^n^ show that the area of the loop of the caztate 
cycloid is 



m^ 



[f-]- 



15. Find the area of the segment of the hyperbola 



X = a sec ^, 



y = b tan ^, 



cut off by the double ordinate whose length is 2b. 



ab\ 1/2 — log tan ^ J . 



16. Find the whole area of the curve 



r' = a' cos' + b* sin' 8. 



?(a» + n 



17. Find the area of a loop of the curve 



f^ ^ d" cos' 6 — ^' sin' G. 



2 2 b 



18. Find the areas of the large and of each of the small loops of 
the curve 

r :=^ a cos G cos 2G ; 
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and show that the sum of the loops may be expressed by a single 
integral 

-J- + 7 , and . 

16 6 32 12 

19. In the case of the spiral of Archimedes^ 

r = ae, 

find the area generated by the radius vector of the first whorl and 
that generated by the difference between the radii vectores of the ffth 
and {n + i)th whorL 

^— and 8«i*jr*, 
3 

20. Find the area of a loop of the curve 



r = tf sin 3O. 



xa 



ai. Find the area of the cardioid 



r = 4a sin' ^. 



««f. 



83. Find the area of the loop of the curve 



r = a 



cos 20 
cos 



a 



93* In the case of the hyperbolic spiral. 



re = a, 



show that the area generated by the radius vector is proportional to 
the difference between its initial and its final value. 
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24. Find the area of a loop of the curve 



r = a cos n 6. 



85. Find the area of a loop of the curve 



4« 



^_ -.sinjO^ 
COS 9 



1 



86. Find the area of a loop of the curve 



r* sin = a' cos 29. 



-r- 

sm( 
is negative in this interval. a^\ 4/2 — log (i + V2) I . 



27. Find the area of a loop of the curve 



Transform to polar coordinates. 



4* 



28. In the case of the lima9on 



r = 2a cos + i, 



find the whole area of the curve when b> la and show that the same 
expression gives the sum of the loops when b < 2a. 



) VIII.] 
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29. Find separately the areas of the large and small loops of the 
lima^on when b < 2a, 



If a = COS" 



large loop = (2a' -^ g") a + ^ V{^* - ^); 
small loop = (2a' + z^') (tt - a) - ^ 4/(4ii« - V). 



30. Find the area of a loop of the curve 



r* = fl" cos nh H- ^* sin « Q. 






31. Find the area of the loop of the curve 



r =^ a 



2 cos 2 



6- I 



cos 6^ ' 



[sV3-y-} 



32. Show that the sectorial area between the axis of x^ the equi- 
lateral hyperbola 

and the radius vector making the angle a: the centre is represented 
by the formula 



I , I + tan e 

log 
4 



^ = - log ^ ^ , 
^ I — tan 8 



and hence show that 

^2A 4. ^-2A 



X = 



and 



J' = 



£3A «^-«A 



If A denotes the corresponding area in the case of the circk 

^+/= I, 
we have 

X = cos 2A^ and y = sin 2^. 
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GEOMETRICAL APPLICATIONS. [Ex. VIIL 



Jn accordance with the analogy thus presented^ the values of x and y given 
above are called the hyperbolic cosine and the hyperbolic sine of 2 A. Thus 



««^ + « 



-aA 



= cosh {2A\ 



gMK.^^»K 



= sinh {2A). 



33. Find the area of the loop of the curve 

x^ — ^axy* + lay* = o. 



34. Find the area of the oop of the curve 






X^n-^i^yn-^i = (g^ -|. j) axy». 



»lf + I 



a». 



35. Find the area between the curve 



X^+* +^a«+i = (2« + l) <M?y 



and its asymptote. 



2« + I , 
■ a. 



36. Find the area of the loop of the curve 



}* h (tx^ — tixv =■ o. 



60 



37, Find the area of a loop of the curve 



X* + y = a*xy. 



38. Trace the curve 



. y 
jc = aa sm — , 



net 
X" 



and find the area of one loop. 



net 



VOLUMES OF GEOMETRIC SOUDS. 



Volumes of Geometric Solids. 

115. A geometric solid whose volume is required is fre> 
quently defined in such a way that the area of the plane sec- 
tion parallel to a fixed plane may be expressed in terms of 
the perpendicular distance of the section from the fixed plane. 
When this is the case, the solid is to be regarded as generated 
by the motion of the plane section, and its differential, when 
thus considered, is readily expressed. 

116. For example, let us consider the solid whose surface is 
formed by the revolution of the curve APB, Fig. ly, aDuuC 
the axis OX. The plane section per- 
pendicular to the axis OX is a circle; 
and if APB be referred to rectangu- 
lar coordinates, the distance of the 
section from a parallel plane passing 
through the origin is x, while the 
radius of the circle \sy. Supposing 
the centre of the section to move 
uniformly along the axis, the rate at 
which the volume is generated is not 
unifonn, but its differential is the vol- 
ume which would be generated while the centre is describing 
the distance dx, if the rate were made constant. This differen- 
tial volume is therefore the cylinder whose altitude is dx, and 
the radius of whose base is y. Hence, if V denote the volume, 




Fig. 17. 



dV-- 



ny'dx. 



117. As an illustration, let it be required to find the volume 
of the paraboloid, whose height is h, and the radius of whose 
base is b. 
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The revolving curve is in this case a paiabolat whose equa* 
tion is of the form 

and since y^b when x^h^ 

l^ ^ /^hy whence ^itfaB^; 

the equation of the parabola is therefore 

Hence the volume required is 

118. It can obviously be shown, by the method used in 
Art. II 6, that whatever be the shape of the section parallel to 
a fixed plane, tlu differential of the volume is the product of the 
.rrea of the generating section and the differential of its motion 
perpendicular to its plane. 

If the volume is completely enclosed by a surface whose 
equation is given in the rectangular coordinates ;r, y^ ^, and if 
we denote the areas of the sections perpendicular to the axes 
by Axf Ay, and A^, we may employ either of the formulae 

V^lA^dx, V^^Aydy, V=^A,dg. 

The equation of the section perpendicular to the axis of x 
is determined by regarding x as constant in the equation of 
the surface, and its area A^ is of course a function of x. 
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H7 



For example, the equation of the surface of an ellipsoid is 
The section perpendicular to the axis of x is the ellipse 






b c 

whose semi-axes are - -^(^ — ^ and - ^^{f^ — s^ 



Since the area of an ellipse is the product of n and its semi* 
axesy 

The limits for x are ±a, the values between which x must Me 
to make the ellipse possible. Hence 



119* The area Ax can frequently be determined by the con- 
ditions of the problem without finding the equation of the 
surface. For example, let it be required to find the volume ot 
the solid generated by so moving an ellipse with constant 
major axis, that its center shall describe the major axis of a 
fixed ellipse, to whose plane it is perpendicular, while the ex- 
tremities of its minor axis describe the fixed ellipse. Let the 
equation of the fixed ellipse be 
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GEOMETRICAL APPLICATIONS, 



[Art. 119. 



and let c be the major semi-axis of the moving ellipse. The 
minor semi-axis of this ellipse is y. Since the area of an 
ellipse is equal to n multiplied by the product of its semi-axes, 
we have 



Therefore 



^,= «^=!^*4/(a»-;r«). 



Or i ■^a 



hence, see formula (M\ 



F= 



i^abc 



The Solid of Revolution regarded as Generated by a 

Cylindrical Surface, 

120. A solid of revolution may be generated in another 

manner, which is sometimes more 
convenient than the employment 
of a circular section, as in Art. 1 16. 
For example, let the cissoid PORy 
Fig. 18, whose equation is 

revolve about its asymptote AB. 
The line PR^ parallel to AB and 
terminated by the curve, describes 
Fig. 18. a cylindrical surface. If we con- 

ceive the radius of this cylinder to 
pass from the value OA = 2a to zero, the cylindrical surface 
will evidently generate the solid of revolution. Now every 
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point of this cylindrical surface moves with a rate equal to 
that of the radius; therefore the differential of the solid is 
the product of the cylindrical surface, and the differential o* 
the radius. The radius and altitude in this case are 



PC=2a-;r, 



and 



PR^2y, 



therefore 



Putting 



J3tf 
{^2ax — J^^x dx. 



X --a^ a sinOy 



w 

F= 4>rfl» F ,(cos» « + co^ * sin 0)d0 = a»»<i?. 



Examples IX. 



I. Find the volume of the spheroid produced by the revolution of 
the ellipse, 



about the axis of x. 



^Ttab^ 



2. Find the volume of a right cone whose altitude is a, and the 
radius of whose base is b. nab^ 



3. Find the volume of the solid produced by the revolution about 
the axis of x of the area between this axis, the cissoid 



y (2a - ^) = a;», 



and the ordmate of the point (a, a). 



8a*n (log 2 - 1). 
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17. Find the volume of a barrel whose height is 2^, and diameter 
2^, the longitudinal section through the centre being a segment of an 
ellipse whose foci are in the ends of the barreL 

18. Find the volume generated by the superior and by the inferior 
branch of the conchoid each revolving about the directrix ; the 
equation, when the axis of y is the directrix, being 

xy ^ (a -h x)\V - x^y 

3 

19. The area included between a quadrant of the ellipse 

X -=^ a cos 0, y=- b sin 0, 

and the tangents at its extremities revolves about the tangent at the 
extremity of the minor axis ; find the volume generated. 

nab^(\o — 3?r) 
6 ' 

20. An ellipse revolves about the tangent at the extremity of its 
major axis ; express the entire volume in the form of an integral, 
whose limits are o and 2 7r, and find its value. zn^cfb. 

21. Find the volume generated by the revolution of a circular 
arc whose radius is a about its chord whose length is 2c, 

^ — 2na* V(fl' — ^) sm-* -. 

3 ^ 

22. A straight line of fixed length 2c moves with its extremities 
in two fixed perpendicular straight lines not in the same plane, and 
at a distance 2b. Prove that every point in the moving line de- 
scribes an ellipse in a plane parallel to both the fixed lines, and find 
the volume enclosed by the generated surface. 47r {c* — b*)b 
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X. 

Double Integrals. 

121. Let us consider the expression 



1 



<t>(x,y)dy, (i) 

y\ 

in which the limits y^ and y^ may be any functions (Ax, In 
the integration, x is to be treated like any other quantity 
independent of y which may be involved in the expression 
<p(xy y) ; in other words, as a constant with respect to the 
variable y. Thus the indefinite integral will contain both x 
and y ; but since the definite integral is a function not of the 
independent variable but of the limits, the expression (i) is 
independent of y^ but is generally a function of x. We may 
therefore denote it hy f{x\ and write it in place of f{x) in the 
expression of an integral in which x is the independent vari- 
able. Thus, putting 

\''4ix,y)dy^f{x), (2) 

\ Ax)dx = \V'<tix,y)dydx. .... (3) 

In the last expression, which is called a double integral, x 
and y are two independent variables. It is to be noticed that 
the limits of the ^-integration, which is to be performed first, 
may be functions of the other variable or, but the limits of the 
final integration must be constants, that is, independent both 
of X and of y. 

122. In accordance with Art. 92, the expression (i) is the 

limit of 2 *<f>{Xyy)^y, when ^y is diminished without limit, 

it being assumed that <f>{x, y) is finite and continuous while v 
passes from y^ to y^. Further, assuming this to be the case 
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for all values of x from a to b (so that f{x) in equation (3) is 
finite and continuous for all values concerned in the jr-integra- 

tion), the double integral is the limit of 2^/{x)^x^ when Ax 

is diminished without limit. It readily follows that the double 
integral is the limit of 

^/^l]^(^y y) ^y ^-^t 

where both Ay and Ax are diminished without limit.* 

The typical term ^x, y) Ay Ax is called the element of the 
sum, and in like rndLnn^r (t>(x^y)dydx \s the element 0/ the double 
integraL As mentioned in Art. 93, in forming the expres- 
sion for the element, no distinction need be drawn between any 
values of x and y, between x and x -h Ax, y and y -h Ay, re- 
spectively, because these distinctions disappear at the limit. 

Limits of the Dcnible lutcgraL 

123. In discussing the limits of the double integral (3), 

Art. 121, it is convenient to consider 
first the simpler expression 




Ody dx. 



(0 



Fig. If). 



Performing the ^-integration, this re- 
duces to the simple integral 

\{y^-y^)d^^ ' • . (2) 



* Denoiini; ihc difference between Ajr) and ^ "</>i.r. y)Ay, of which it isihe 
limit, by /», e is a quaniiiy which vanishes with Jy. Then the difference be- 

h ■ V b 

iwtM-n IS /\x) Jx aii'i If 2i\'</>;.v. v)Ar Jx is 2 eAx, a quantity which vanishes 

with Ay if a and d arc firiitt.*. Hence, in this case, the double integral which is 
the limit of the first of iht'se sums is also the limit ot the second. But the con- 
clusion does not follow when the limits are infinite ; in fact, the double integral 
is not then always independent of the mode in which the limits become infinite. 
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In Fig. 19, using rectangular coordinates, let OA = ^^, 
OB = b^ and let CD, EF be the curves ^ = j/,, j/ = j/, ; then 
(2) is, by Art. 103, the expression for the area CDFE, There- 
fore the double integral (i) is represented by the area enclosed 
by the cun^es y =. y^^ y z=i y^ and the straight lines ;r = ^^, j: = ^. 

124'. In order that the double integral may represent the 
area enclosed by a single curve (like the dotted line of Fig. 
19) of which the eqifetion is known, the limits /, and y^ must 
be two values of y corresponding to the same value of x, and 
the limits for x must be those values for which y^ and y^ are 
equal. Between the limiting values of x the values of y are 
real, and beyond them the values oi y become imaginary. For 
example, suppose the curve to be the ellipse 

2x^ — 2xy -f>^ — 4;r — 2y-f6 = o; 
solving for^, 

^ = ;r -h I ± i/(-;r» + 6jr - 5)= JT + I ± |/[(jr - i)(5 - jr)] ; 
whence 

-r,-jv. = 2|/[(jr- iXs-^)]. 

This expression is real for all values of x between i and 5 \ 
hence the entire area is 

A = \\\yyd' = ^W Vii' - iX5 - ^)] dx* = 4n. 

It is evident that we might equally well have used the ex- 
pression 



A = J'J 'dxdy = JV, - ^^)dy, 



* It is useful to notice that a definite integral of this form, by a familiar 
property of the circle, represents the area of the semicircle whose diameter is- 
the difference between the limits. 
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in which ;r, and x^ are obtained as functions of y^ by solving 
the equation of the curve for x^ thus 

X = i(j' + 2) ± i vi-y + Sy-S); 

and the limiting values of ^ are those obtained by putting the 
radical equal to zero, namely, / = 4 — 2 |/2, ^ = 4 -h 2 4/3* 
Accordingly the same area is expressed by 



A = V ^(_ / + 8y - 8)rfy, 



whence ^ = 47r as before. 

125. It appears liierefore that no distinction is to be drawn 
between the expressions 



I \(/jydx and \dxdy. 



We may in fact regard either one as representing any area 
whatever, the value becoming definite only when we assign a 

defined closed contour or boundary line; just as uix may 

represent a line of any length measured along the axis of x, 
and is definite only when we assign the limits which determine 
its two extremities. Thus the contour bears the same relation 
to the double integral that the pair of limits does to the simple 
integral. 

When the boundary of a given area is made up of lines 
having different equations, it is not generally possible to ex- 
press the area by means of a single double integral. This was 
possible, it is true, in the case of the area enclosed by the full 
line in Fig. 19, because the equations of two of the bounding 
lines, X ^= a and x -=. b, contained only one variable, and the 
integration with respect to this was made the final one in ex- 
pression (i). But, if integration with respect to x had been 
performed first, it would have been necessary to break the area 
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up into several parts, of which it is the algebraic sum. In 
the expressions for these parts, the limits for x would be taken 
from the equations of the different lines, and the final limits 
would be the ordinates, which it would be necessary to find 
(instead of the known abscissas), of the intersections 6*, A E, 
and F. 

126. Returning now to the general double integral 



\'\'<K^.y)dydx, (I) 



and employing rectangular coordinates, let the area ASBR 
in the plane of xy, Fig. 20, be that 
which is defined by the limits of 
the given integral, in other words, 
the area represented by 







dydx. 



(2) 



y\ 



In evaluating the double integral 
(i) with the given limits; the integra- 
tion of the element (f)(Xyy)dydx is 
said to extend az^er the area ASBR 
represented by expression (2). 

Now let us construct the surface whose equation is 




^ = 0(^. yy 



(3) 



The £r-coordinates of all points whose projections on the plane 
of xy are on the curve ASBR lie in a cylindrical surface, which 
in Fig. 20 is supposed to cut the surface (3) in the curve 
CQDP, It is assumed that <p{xyy\ or z^ remains finite and con- 
tinuous while the independent variables x and j/ vary in any 
way, provided the point (^, >') remains within the area ASBR. 
This assumption is clearly identical with that made in Art. 122. 
A definite solid will then be enclosed between the surface (3), 
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the plane of xy^ and the cylindrical surface. We have now to 
show that this solid will represent the double integral (i). 

Let SRPQ be a section of this solid by a plane parallel to 
that of yzy so that in it x has a constant value. The ordinates 
of the points R and 5 are the values of y^ and y^ correspond- 
ing to that particular value of x. The section SRPQ may be 
regarded as generated by the linfe z^ while y varies from y^ to 
y^ ; hence, denoting its area by A^^ as in Art. 118, 



2 dy. 



Therefore the volume is 

which is identical with expression (i). 






Cliajige of the Order of hitegration. 

127. It is obvious that the order of integration may be 
reversed as in Art. 124, provided that the integration extends 
over the same area. Considering the corresponding process of 
double summation, we may be said, in the first case, to sum up 
those of the elements zdy dx which have a common value of x 
into the sum A^dx, which then constitutes the element of the 
second summation ; while in the second case we first sum up 
those of the original elements which have a common value of 
^ into the element Aydyy-whxch is afterward summed for all 
values of ^ within the given limits. 

Since, in expression (l), Art. 126, dx is a constant with 
respect to the^-integration, it may be removed to the left of 
the corresponding integral sign. In the resulting expression. 



I dx\ '0(^» yyy. 
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X 



it is to be understood that, because the ^-integral which is a 
function of x follows the sign of ;ir-integration, it is ** under '* 
it, or subject to it. This notation has the advantage of mak- 
ing it perfectly clear to which variable each integral sign cor- 
responds.* 

128. The limits of a double integral are sometimes given 
in the form of a restriction upon the values which the inde- 
pendent variables x and j/ can simultaneously assume. Sup- 
pose, for example, that in the integration neither variable can 
become negative or exceed a^ and 

that y cannot exceed x. If x and j/ 

are coordinates of a point in Fig. 21, 

the restriction is equivalent to saying 

that the point cannot be below the 

axis of Xf to the right of the line x^= a 

or above the line y = x. Therefore 

the area of integration is the triangle 

OAB. This may be expressed either 

by giving to y the limits zero and ;r, 

and then giving to x the limits zero 

and a ; or, reversing the order of integration, by giving to x the 

limits y and a, and then giving to y the limits zero and a. 

Thus the area of integration can be represented by either of 

the expressions 

I dydx^ or I \ dx dy. 

129. As an illustration, let us take the integral 

i7= I I sin"'^' |/(i — x) ^{x —y)dydx. 

J oJ o 

The ^-integration, which is here indicated as the first to be 




Fig. 21. 



♦ We have in the preceding articles supposed the first written integral sign 
10 correspond to the last written differential when the pair of dififerentials is 
written last ; but writers are not uniform in this respect. 
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performed, namely, the integration of ^{x — y)svar^ ydy is 
impracticable. Noticing, however, that the ;r-integration in 
the given expression is of a known or integrable form, we change 
the order of integration, determining the new limits so as to 
represent the same area of integration. Since this area is that 
indicated in Fig. 21, when ^ = i, we thus obtain 

U= ^sln-' ydyV 4/[(i - x){x - y)\dx. 
The value of the jr-integral is \n{i — ^)*; hence 

U — \ .^\\\~^y{i — yYdy. 
Finally, integrating by parts and then putting^ = sin ^, 

24J,|/(i-/) 24 J./ 24L4 3 J 



Triple Integrals. 
130. An expression of the general form 



nl 0('^» y^ * ) dz dy dx 



(I) 



is called a triple integraL In the first integration the limits 
z^ and z^ are in general functions of x and y. In the next, the 
limits 7, and^, are in general functions of x\ and in the final 
integration the limits are constants. 

It is readily seen that the triple integral, like the double in- 
tegral considered in Art. 122, is the limit (where Ax, Ay and Az 
diminish without limit) of the result of a corresponding sum- 
mation. Accordingly {x^y, z) dz dy dx is called the element 
of the integral (i). 
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Consider now the triple integral with the same limits, but 
having the simpler element dz dy dx\ the -g^-integration can 
here be effected at once, and we have 

I I dzdydx= {z^ — z^dydx.. . . (2) 

Now supposing x, y and z to be rectangular coordinates in 
space, the last expression represents the difference between 
two solids defined as in Art. 126; that is, the triple integral in 
equation (2) represents tAe volume included between the surf aces 
z =^ z^t z =^ z^^ and the cylindrical surface whose section in the 
plane of xy is the contour determined by the limits for y and x. 

131. When the volume is completely enclosed by a surface 
defined by a single equation or relation between x,y and z^ the 
case is analogous to that of the area discussed in Art. 124; z^ 
and z^ will be two values of z corresponding to the same values 
of X and J/, and the limits for x and_y must be determined by 
the area within which the value of z^ — z^^ is real. This area 
is the section with the plane of xy of a cylinder which circum- 
scribes the given volume. 

In this case it, is plain that we may perform the integrations 
in any order, provided we properly determine the limits. 
Considering the corresponding process of summation, we may 
be said in equation (2) to have summed those of the ultimate 
elements which have common values of x and y into the linear 
element (i?, — z^ dy dx. If the integration for y is effected 
next, we combine such of these last elements as have a com- 
mon value of X into the areal element A^ dx which is often 
called a lamina. Thus each of the formulae in Art. 118 is the 
result of performing two of the integrations in the general 
expression for a volume, namely, 

V = dx dy dz. 
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In any case where the result of two integrations (that is» the 
area of a section) is known, we may of course take advantage 
of this and pass at once to the simple integral, as in Art. ii8, 
where in finding the volume of the ellipsoid we regarded the 
expression for the area of an ellipse as known. 

Examples X. 

1. Find the volume cut from a right circular cylinder whose 

radius is a^ by a plane passing through the centre of the base and 

making the angle ot with the plane of the base. 2 , 

^ ^ *^ -a tan a. 

3 

2. Show that the integral oi xdxdy over any area symmetrical 

to the axis of y vanishes. Interpret the result geometrically, and 

apply to find the integral of (c -\-mx 4- ny^dxdy over the ellipse 

d^y 4- b^x^ = a^b\ nabc. 

3. Show that the volume between the surface 

z« = a'x' 4- by 

and any plane parallel to the plane of xy is equal to the circumscrib- 
ing cylinder divided by « 4- i. 

4. Find the volume enclosed by the surface whose equation is 



.« ..« -« 



or / r _ ^nabc 

a b c 5 

5. A moving straight line, which is always perpendicular to a 
fixed straight line through which it passes, passes also through the 
circumference of a circle whose radius is a, in a plane parallel to the 
fixed straight line and at a distance b from it; find the volume en- 
closed by the surface generated and the circle. na^b 

2 

6. A cylinder cuts the plane of xy in an ellipse whose semi axes 
are a and ^, and the plane of xz in an ellipse whose semi-axes are a 
and c^ the elements of the cylinder being parallel to the plane of yz\ 
find the volume of the portion bounded by the semi-ellipses and the 
surface. 2 . 
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7. Find the volume enclosed by the surface 



oca 



and the plane x = a. 



nabc 
2 



8. Find the volume enclosed by the surface 



^na 



35 



90 



Find An as in Art, 107. 

9. Find the volume between the coordinate planes and the surface 

(3'.(|)'.Q'=,. 

10. Find the volume cut from the paraboloid of revolution 

y + 2:* = ^ax 

by the right circular cylinder 

jc' + y = 2ax^ 

whose axis intersects the axis of the paraboloid perpendicularly at 
the focus, and whose surface passes through the vertex. 

2na + — . 
3 

11. Find the volume cut from a sphere whose radius is a by a 
right circular cylinder whose radius is ^, and whose axis passes tiirough 



the centre of the sphere. 



477 
3 



a' - (a' - b')i j 



12. Prove that the volume generated by the revolution about the 
axis of y of the area between the equilateral hyperbola 



x' -/ = a' 



and the double ordinate 2j, is equal to the sphere of radius >,. [Ex. 
II shows that the circle has the same property.] 
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XI. 

The Polar Element of Area. 

132. When polar coordinates are used, if concentric circles 
be drawn, corresponding to values of the radius vector r hav- 
ing the common difference Jr, 
and then straight lines through 
the pole corresponding to values 
of the angular coordinate having 
the uniform difference Jd, any 
given portion of the plane may be 
divided, as in Fig. 22, into small 
areas. The value of any one of 
these is readily seen to be Ar . r J^, ^^^' 2a. 

where r has a value midway between the greatest and least 
values of r in the area in question. It follows that the result 




^^rArAB 

of a double summation of this element between proper limits 
will give an approximate expression for the given area. Hence 
the double integral 

A = [[rdrd6, (l) 

which (compare Art. 122) is the limit of this expression when 
Ar and Ad are both diminished without limit, is the exact ex- 
pression for the given area. 

133. The differential expression rdrdO^ or polar eUfnent of 
area, is the product of the differentials dr and rdB^ which cor- 
respond to the mutually rectangular dimensions Jr and rAHoi 
the element of summation. These factors are the differentials 
of the motions of the point (r, 6), respectively, when r alone 
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varies and when ^ alone varies. It is obvious that the ele- 
ment of area for any system of coordinates can in like manner 
be shown to be the product of the corresponding differential 
motions, provided only that these motions are at right angles 
to one another* The element is in such a case said to be 
ultimately a rectangle. 

The formula used in section VIII is in fact the result of 
performing the integration for r in formula (i) above. Thus 
when the pole is outside of the given area, as in Fig. 22, we 
have 

A = f K\drde=\\{ri - ^^^^ 

the formula of Art. no. The limits for B are now the values 
which make r2 = r^ ; that is, in the case of a continuous 
curve, the values for which the radius vector is tangent to the 
curve. So also when, as in the example of Art. 109, the pole 
is on the curve (so that rj = o for all values of 6^), the limits for 
d correspond to tangents to the curve. But, when the pole is 
within the curve, we assume the lower limit zero to avoid nega- 
tive values of r, and then make 6^ vary through a complete revo- 
lution, that is, from o to 2n, 



Cylindrical Coordinates. 

IS^. In determining the volume of a solid, it is sometimes 
convenient to use the polar coordinates r and B in place of x 
and y^ while retaining the third coordinate z perpendicular to 
the plane of rB, The system r, ^, z is sometimes called that 
of cylindrical coordinates^ because the locus of r = a constant 

* In other words, whenever the loci of constant values of one coordinate cut 
orthogonally the like loci for the other coordinate ; as in the case of the coordi- 
nates latitude and longitude on a spherical surface, or on a map made on any 
system in which the represenutives of the parallels and meridians cut at right 
angles. 
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is the surface of a right circular cylinder. The element of 
volume in this system is obviously the product of dz and the 
polar element of area, that is, 

rdrdBdZy 

which has the ultimate form of a rectangular parallelopiped. 

When this element is used in finding the volume of a solid 
bounded in part by a cylindrical surface of which the elements 
are parallel to the axis of ^, like that represented in Fig. 20, 
Art. 126, the integration for z is naturally performed first, i'i 
limits being the values of z in terms of r and 6 given by the 
equations of the surfaces which cut the cylindrical surface. 

135. For example, let us find the volume cut from a sphei. 
of radius ^ by a right circular cylinder having a radius of the 
sphere for one of its diameters. Taking the centre of the 
sphere as origin, the diameter of the cylinder as initial line, 
and the axis of 3 parallel to the axis of the cylinder, we have, 
for the equation of the sphere, in these coordinates 

r^-hr2 = ^, (I) 

and, for that of the cylinder, 

r = tf cos ft (21 

The limits for z are now taken from equation (i), those of r 
are zero and that given by equation (2), and those of ^arc ± ^n 
which make r in equation (2) vanish. Hence we have for the 
required volume 

V=\ de\ rdr\ dz 

i -l Jo l-v(al_rl) 

a 

' de\ («» - t^fr dr = 2y ^de[^- K«* - '^* J, • 
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From the symmetry of the solid it is apparent that we may 
take the limits for to be o and \n^ and double the result.^ 
Thus 

F=^fV-sin»^^^ = ^-?^. 
3 Jo 3 9 



Solids of Revolution with Polar Coordinates. 

136. The volume of the solid produced by the revolution 
about the initial line of a curve given in polar coordinates may 
be expressed by a double integral of which the element is 
derived from the polar element of 
area. In this revolution, every 
point P of the polar element of 
summation, r At AB^ constructed 
in Fig. 23, describes a circle whose Fig. 23. 

radius is PR = r sin ^, and moves always in a direction per- 
pendictdar to the plane of the element. Therefore the volume 
described by the element is equal to its area multiplied by 
2nr sin ^, where r and B belong to some point within the ele- 
ment. Since the distinction between all such points disap- 
pears at the limit, we have for the element of volume * 

2nr^ sin Bdr dB\ 

and the integral of this expression over the given area is the 
required volume. 

* In this example, the result, which would otherwise have been written in 

w 

the form ^= — I (i — sin* Gv/O u-..uld not have been correct, because the 

3 J.' 

a 
(a* — r*)' which occurs in the integration stands for the positive value of the 
radical, whereas in the fourth quadrant a sin 0, which we have put for it, stands 
for the mgative value. 



i68 
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137. For example, the curve in Fig. 23 being the lemniscata 

Tj* = (f cos 2^, 

the volume generated by the right-hand loop, or rather by the 
half-loop in the first quadrant, is 

F= 27rp rVsin edrde = ?^p(cos 2^' sin OM. 

Transforming, by putting x = cos 0, since 

cos 26^ = 2 cos* — ly 

V=:—( (2X^- \)\dx\ 

3 Jfi 
and again, by putting x ^2 •= sec 0, 

F= ?^^^^[nanVsec0rf0=^.^l^^^ 

3 Jo 3 Jocos'*0 

Using now the formula of reduction (6), Art. 70, we find 



I 



-^i"*0>^_, sinV 3 sin0 3 1 -f- sin ^ 



COS* ^ 4 cos* 8 cos^ ' 8 
whence, applying the limits, 



V= ^'[|log. (|/2 + I) - ^^] = 0.228 X <f. 



Polar Coordinates in Space. 

138. The double integral employed in the preceding arti- 
cle is in fact an apphcation of the polar system of coordinates 
hi space. In this system, a point is determined by polar coor- 
dinates in a plane which passes through a fixed axis and makes 
tiie diedral angle with a fixed plane of reference passing 
through the axis. In Art. 136, the fixed axis is the initial line 
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OA, and taking the plane of the paper as the plane of refer- 
ence, the third coordinate is the angle described by the 
upper half plane in the revolution of the figure. The diflcien- 
tial of the motion of P when varies is r sin dd<t>j and this 
motion is at right angles to the plane of the diflferentials dr and 
rdd\ hence the ultimate element of volume is t^ sin ddrd6d(t>. 
But in the case of the solid of revolution the limits of the 0-in- 
tegration are o and 2;r, so that the result of this integration is 
2nr^ sin ddrddy the element of the double integral derived in 
Art. 136. 

139. In the equations of transformation connecting these 
coordinates with the rectangular system, it is usual to take the. 
axis of z as that about which the angle 
is described, and the plane xz as that 
for which = o. Then in the plane 
ZOR, Fig. 24, the line OR is usually 
taken as the initial line for the polar 
coordinates p and d, so that the three 
coordinates of P are 

p^OP, e^POR, <p = AOR. 

This p in this system is the distance Fig. 24. 

of the point P from a fixed pole, and 6 and correspond to tht 
spherical coordinates latitude and longitude on a sphere whose 
radius is p. Denote the radius of the circle of latitude BP by 
r\ then 

r •= p cos 0^ 

and r and are the polar coordinates of the projection of P in 
the plane of xy. Hence the formulae connecting the rectangu^ 
lar coordinates x, y, z with p, B and are 

X =. r cos <t> =^ p cos B cos 0, 
^ = r sin = p cos B sin 0, 
z = p sin B. 
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The differentials of the motions of Pwhen one of the coor- 
dinates pj 0, and varies, the other two remaining constant^ 
.are, respectively, 

dp^ pdO, and p cos dtp; 

ihence the element of volume is their product, 

fi^ cos B dpdBd<t>% 

in which the factor cos occurs, in place of the factor sin which 
■appears in the element derived in the preceding article, because 
the axis of rotation is now perpendicular to the initial line. 

In the case of a sphere whose centre is at the pole, all the 
limits are constant, and we have 



V 



r= [V^pf\cos ^rff9r^0 = 



4>rfl* 



Volumes in general. 

140. We have seen in Art 123 that the boundary of the 
area expressed by a double integral may consist in part of lines 
•vhose equations contain only one of the variables, namely, 
that for which the final integration takes place. But, as ex- 
plained in Art. 125, in the general case, it is necessary to regard 
the given area as made up of positive or negative parts of the 
kind just mentioned. This is done by drawing the loci of con- 
stant values of the final variable through the intersections of 
the lines forming the boundary, or else tangent to them as in 
Fig. 19. These parts are then expressed by separate integrals. 

So also we have seen in Art. 126 that the volume expressed 
by a triple integral may be bounded in part by a surface whose 
equation contains only two of the variables, namely, those for 
which the last two integrations take place. But, in the general 
case, it is necessary to separate the volume into parts, by means 
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of such surfaces passed through the lines of intersections of the 
bounding surfaces, or edges of the given solid. 

141. Figs. 19 and 20 illustrate this for rectangular coordi- 
nates, but similar considerations apply to any other system, and 
enable us to decide whether it is possible to express a given 
volume by a single integral. For example, let it be required 
to find the volume common to the solid of revolution produced 
by the half-cardioid OAB, Fig. 25, revolving about its axis OB^ 
and the sphere whose centre is at the pole and whose radius 
is OC = c. The volume is the result of integrating the element 

2nr^ sin BdrdB 

(found as in Art. 136) over the area OAC. For this area of 
integration, B ■=. n and r = o give one constant limit for each 
variable, and the others are determined by the equation of 

the arc OA of the cardioid 

r = tf(i — cos 8), . . (i) 

and that of the circular arc AC^ 

r ^ c, ... (2) 

Since equation (i) contains both variables, while equation (2) 
contains r only, we can, by integrating first for 6 (and using 
equation (i) for one of its limits), express the required magni- 
tude by a single integral ; thus, 

F= 2;rrfVsin BdBdr=i2n}^f^{i + cos B)dr. 
Substituting the value of cos B from equation (i), 




V=z 271 fV(2 - -)dr = ~{Sa - 34 
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■ ^-^^^ ' ^^■"^~ <» ^^^™^— ^^-^— ■ 

If in this example we integrate first for r, it becomes neces- 
sary to find ^1, the value of for the point of intersection A, 
and, regarding the area of integration as separated into two 
parts by the radius vector OA^ to form two integrrals, in one of 
which the upper limit for r is taken from equation (i), and the 
limits for 6 are o* and 0^ ; while in the other r is taken from 
equation (2), and the limits for d are 0^ and n. 



Examples XL 

1. The paraboloid of revolution 

X* + / = cz 

is pierced by the right circular cylinder 

x^ + y* = ax, 

whose diameter is a, and whose suiface contains ihe axis of the 
paraboloid; find the volume between the plane of xy and the sur- 
faces of the ]):iraboloid and of the cylinder. ^^a* 

2. Find the volume cut from a sphere whose radius is a by the 
cylinder whose base is the curve 

^ 2czV Sa* 
r =^ a cos 3^. — . 

3 9 

3. Find the volume cut from a sphere whose radius is a by the 
cylinder whose base is the curve 

r* = a' cos' ^ + d' sin' 6, 
supposing ^ < a. — (a —ay. 



*This limit also is in fact determined by the intersection of two sides of the 
area of integration, n&mely, that of the curve (i) and r = o the vanishing inner 
edge of the area. 
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4. A right cone, the radius of whose base is a and whose alti- 
tude is b^ is pierced by a cylinder whose base is a circle having for 
diameter a radius of the base of the cone; find the volume common 

to the cone and the cylinder. bc^ , ,. 

^(9*^ - '6). 

5. The axis of a right cone whose semi-vertical angle is a. coin- 
cides with a diameter of the sphere whose radius is a, the vertex 
being on the surface of the sphere ; find the volume of the portion 

of the sphere which is outside of the cone. ^nc^ cos* a 

• 

3 

6. Find the volume produced by the revolution of the lemniscata 

r* = a^ cos 26 
about a perpendicular to the initial line. — 5 — . 

o 

7. Find the volumes generated by the revolution of the large 
loop and by one of the small loops of the curve 

r = a cos 8 cos 26 

about a perpendicular to the initial line. 

-— + — ; . 

16 5 32 10 

8. What is the volume of the cavity which will just permit the 
cardioid 

r •= a(i — cos 6) 

to rotate about a perpendicular to the initial line in its plane and 
passing through the cusp? 

4 

9. Find the whole volume enclosed by the surface 

(x" 4- / -f «')• = a^xyz. 

Transform to the coordinates />, 0, 6^, and show that the solid con- 
sists of four equal detached parts* a' 
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10. Find the volume of that part of the sphere 

jf' -f / + «* = «(*+> + *) 

for which all three coordinates are positive. >^ "^ ^ i 

4 

11. Find the volume between the surface generated by the 
revolution of the cardioid 

r = tf(i — cos 9) 

about the initial line and the plane which touches this surface in a 
circle. nn^ 

192' 



XII. 
Rectification of Plane Curves. 

142. A curve is said to be rectified when its length is deter- 
mined, the unit of measure to which it is referred being a 
right line. 

It is shown in Diff. Calc, Art. 314 [Abridged Ed., Art. 164], 
that, if s denotes the length of the arc of a curve given in 
rectangular coordinates, we shall have 

ds = ^{dj^ + df). 

If the abscissas of the extremities of the arc are known, s is 
found by substituting for dy in this expression its value in 
terms of x and dxy and integrating the result between the 
given values of x as limits. Thus, to express the arc measured 
from the vertex of the semi-cubical parabola 
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in terms of the abscissa of its other extremity, we derive, from 
the equation of the curve, 



whence 



Integrating, 






2 i/a 



2 \/a Jo 



8a 



= ^(9^ + 4^)*-i^- 



143. When x and ^ are most conveniently expressed as 
functions of a third variable, the expression for ds in terms of 
this variable may be used. For 
example, in the case of the curve 



©' -(!)■=■ ^ 




we put, as in Art. 107, ^ ^^^^^^.^^ 




X = a sin* 0, >. 




y-zzz b cos* ; \^ 


whence ^'®* ^' 


dx =i la sin' cos ^ d^, 


dy = — lb cos' sin ^ rf^ ; 


and therefore 


ds =1 I sin.^ cos ^ d^^{c? sin' ^ + ^ cos* ^) 


= |V[(^^ - ^ sin' ^' + *»] rf(sin' 0), 
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The points A and B, Fig. 26, correspond to ^ = o and 
^ = ^TT respectively; hence, integrating, we have 

,„ (tf» sin» -h ^ cosV)n- ^— *• tf» + fl* + *» 

^'•^^^ = ?^r-^ Jo = ?^r^ = — ^+X-- 

Change of the Sign of ds. 

144. In the example above, x and y being one-valued func- 
tions of 0, every value of ^ corresponds to a definite point of 
the curve ; and, as ^ varies from o to 23r, the point (;r, ^) de- 
scribes the whole curve in the direction ABCD, But it will be 
noticed that, d^ remaining positive, the value of ds becomes 
zero and changes sign when passes through either of the val- 
ues o, i?r, ;r, or |7r. This corresponds geometrically to the fact 
that the point {x^ y) stops and reverses the direction of its mo- 
tion, forming a stationary point or cusp at each of the points A, 
B, C, and D, as shown in Fig. 26. Such points are thus indi- 
cated by a change of sign in ds^ and the arcs between them 
must be considered separately, because the corresponding def- 
inite integrals have different signs. 



Polar Coordinates. 

145. It is proved in Diff. Calc, Art. 317 [Abridged Ed^ 
Art. 167], that when the curve is given in polar coordinates 

This is usually expressed in terms of Q. For examplci the 
equation of the cardioid is 

r = a(\ — cos ff) = 2a sin'^^; 

whence dr = 2a sin i^ cos ^6 df)^ 

and by substitution 

ds^2a sin \i^ dd. 
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The limits for the whole perimeter of the curve are o and 2n^ 
and €b remains positive for the whole interval. Therefore 

s = 2a\ sm -^/^ = — 4^ cos - = Sa. 

Jo 2 ^ 2J0 



Rectification of Curves of Double Curvature. 

146. Let (T denote the length of the arc of a curve of double 
curvature ; that is, one which does not lie in a plane, and sup- 
pose the curve to be referred to rectangular coordinates ;r, y 
and z. If at any point of the curve the differentials of the 
coordinates be drawn in the directions of their respective axes, 
a rectangular parallelopiped will be formed, whose sides are 
dxy dy and dz^ and whose diagonal is da. Hence 

da = V{djc^ + ^ + dz^). 

The curve is determined by means of two equations connect- 
ing X, y and z, one of which usually expresses the value of y in 
terms of x, and the other that of z in terms of x. We can 
then express da in terms of x and dx. 

If the given equations contain all the variables, equations 
of the required form may be obtained by elimination. 

147. An equation containing the two variables x and y 
only is evidently the equation of t/ie projection upon the plane 
of xy of a curve traced upon the surface determined by the 
other equation. Let j denote the length of this projection; 
then, since d^ = d^ + d^, 

da = ^(d^ + d^, 

in which ds may, if convenient, be expressed in polar coordin- 
ates ; thus, 

da = V(dr^ + r^dff^ + dz^. 
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148. As an illustration, let us use this formula to deter* 

mine the length of the loxodromic curve from the equation of 

the sphere, 

j:* + y + £* = tf», (l) 

upon which it is traced, and its projection upon the plane of 
the equator, of which the equation is 

or in polar coordinates 

2a = r («-• + e--^ (2) 

Equation (i) is equivalent to 

and, denoting the latitude of the projected point by ^, this 

^ives 

£r = ^ sin ^, r z=za cos ^. . . . (3) 

In order to express dd in terms of ^, we substitute the value 
of r in (2) ; whence 

^n» A. e-nB = 2 sec ^, (4) 

and by differentiation 

gm$ _ g-nB = _ sec ^ tan rf ~ (5) 

n ad ' 

Squaring and subtracting, 



4=^-^'["'— '*I0' 



which reduces to 



^^,^se^^ ^^ 
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From equations (3) and (6) 

tr 

df*=^ c? sir? 4> d^^ 
djf = c? cos* ^ d^ ; 

whence substituting in the value of da (p. 177) 



dts = av{i+^d^. 



Integrating, 



« J, n 
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-«). 



where a and >9 denote the latitudes of the extremities of 
the arc. 

Examples XII. 

I. Find the length of an arc measured from the vertex of the 
catenary 



-Of -'"■)■ 



and show that the area between the coordinate axes and any arc is 
proportional to the arc. 



■=w-n- 



A =cs, 

2. Find the length of an arc measured from the vertex of the 
\>arabola 

i^\ax + *') + n log -r 



IbO 
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3. Find the length of the curve 



/^ = 






between the pomts whose abscissas are a and b, 
4. Find the lengthy measured from the origin, of the curve 



-*. 



•-jr* 



jr = a log -^ 






tf — * 



5. Given the differential equation of the tractrix. 



^_. y_ 

dx Via'-/) 



,«\ > 



and, assuming (o, a) to be a point of the curve, find the value of x as 
measured from this point, and also the value of x in terms oiy ; that 
is, find the rectangular equation of the curve. 



x = tf log — . 



= a log ^^^^ — =^' — y(a' — y). 



6. Find the length of one branch of the cycloid 



.V = a (^' — sin ^'), 



y = a {1 — COS0). 



Sa. 



7. When the cycloid is referred to its vertex, the equations being 
.r = a (i — cos fp)y yz=.a{tlp •\- sin 0) 



prove that 



x= y^SoJt). 
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8. Find the length from the point (^, o) of the curve 



x=. 2a cos ^' — a cos 20, 
^ = 2a sin — <z sin 20. 



8a (i — cosi0). 



9. Show that the curve, 

or = 3 a cos — 2a cos* 0, 



y^z 2a sin' 0, 



has cusps at the points given by = o and tp = iri and find the 
whole length ot the curve. 12a; 

10. Find the length of the arc of the parabola 

(f )' - {^' = ■ 

between the points where it touches the axes. 

a'-^ i' «V* . [Via* + i>') + <'\[i/(a' + M) + 6] 



a' + y+ («. + ^.)l '°« 



XI. Show that the curve 



afi 



x^= 2a cos* ^ (3 — 2 cos' ff), 



jf = 4asin9cos'0 



has three cusps, and that the length of each branch is — . 

3 



12. Find the length of the arc between the points at which tho 
curve 

X = acos* 6cos20j jp= a sin' 9 sin 20 



cuts the axes. 



2 + V2 
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13. Show that the cuire 

x^a co&i) (i + sin* ^)y 
y ^asin^ cos* ^ 

is symmetrical to the axes, and find the length of the arcs between 
the cusps. 



(v,-sin-.-i); 



a{ V2 •¥ cos-» — ) . 



14. Find the length of one branch of the epicycloid 

jr= (a -f t) costp — ^cos — r — ^, 



jf = (a -f ^) sin ^ — ^ sin — -z — ^. 



15. Show that the curve 



a 



X = gasintf) —4a sin*^, 
^ = — 3a cos tfy -^ 4a cos* 

is S3anmetrical to the axes, and has double points and cusps : find the 
lengths of the arcs, (a) between the double points, (fi) between a 
double point and a cusp, and (y) the arc connecting two cusps, and not 
passing through the double points. 

(a), fl(;r + 34/3); 

16. Find the whole length of the curve 

x= ^a sin '/^ — a sin*^, 

y= acos* tf\ $7ra. 
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17. Find the length, measured from the pole, of any arc of the 
equiangular spiral 



in which n = cot a. 



r = tf £*•. 



r sec a. 



18. Prove by integration that the arc subtending the angle 6 at the 
circumference in a circle whose radius is a, is 2aG. 

19. Find the length, measured from the origin, of the curve defined 
by the equations 



X 



'=6h*- 






20. Find the length, measured from the origin, of the intersection of 
the surfaces 



y = 4n sm x^ 



5 = 2«* (2JP + sin 2X). 

(4«* + i)x -{- 2«* sin 2X, 



21. Find the length, measured from the origin, of the intersection of 
the cylindrical surfaces 



Cv — ^)" = 4^, 



ga{z — xy = 4X*. 



22. If "upon the hyperbolic cylinder 



2:c? 



+ 2 V(Ar)+«, 



/ _ i* _ 
r' d' " '' 



a curve whose projection upon the plane of xy is the catenary 



be traced, prove that any arc of the curve bears to the corresponding 
arc of its projection the constant ratio V(^* 4- c*) : c. 
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XIII. 
Surfaces of Solids of Revolution. 

149- The surface of a solid of revolution may be generated 
by the circumference of the circular section made by a plane 

perpendicular to the axis of revolu- 
tion. Thus in Fig. 27, the surface 
produced by the revolution of the 
curve AB about the axis of x is re- 
garded as generated by the circum- 
ference PQ, The radius of this cir- 
cumference is J', and its plane has a 
motion whose differential is dr^ but 
every point in the circumference itself 
has a motion whose differential is ds.s 
denoting an arc of the curve AB, 
Hence, denoting the required surface by 5, we have 

dS = 2ny ds =- 27ty V{dx^ + dy^). 

The value of dS must of course be expressed in terms of a single 
variable before integration. 

150. For example, let us determine the area of the zone of 
spherical surface included between any two parallel planes. 
The radius of the sphere being a, the equation of the revolv- 




mg curve is 



whence 



ind 



- X dx 

, __ adx 
dS = inadx; 
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therefore 



5 = 271^ rfjr = 2na(x2-' x^) . 



Since x^ — x^ is the distance between the parallel planes, 
the area of a zone is the product of its altitude by 2na, the 
circumference of a great circle, and the area of the whole sur- 
face of the sphere is 4?ra^ 

iSI. When the curve is given in polar coordinates, it is con- 
venient to transform the expression for S to polar coordinates. 
Thus, if the curve revolves about the initial line, 

5 = 27r U ^ = 27r r sin ^ V(^r* -f r* dff^. 
For example, if the curve is the cardioid 



r=2^sin*-^, 
2 ' 



we find, as in Art. 145, 



Hence 



ds^ 2a^\xi — d do. 
2 



S = i6;r^ f 'sin* - 6 cos -6 dO 

Jo 2 2 

2 Jo 



5 



sm* 



5 



Areas of Surfaces in General. 

IS2. Let a surface be referred to rectangular coordinates ;r, 
V and z ; the projection of a given portion of the surface upon 
the plane of xy is a plane area determined by a given relation 
between x and y. We may take as the elements of the surface 
the portions which are projected upon the corresponding 
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elements of area in the plane of xy. If at a point within the 
element of surface, which is projected upon a given element 
Ax Ay^ a tangent plane be passed, and if y denote the inclina- 
tion of this plane to the plane of xy^ the area of the correspond- 
ing element in the tangent plane is 

sec yAxAy. 

The surface is evidently the limit of the sum of the elements 
in the tangent planes when Ax and Ay are indefinitely dimin- 
ished. Now sec ;^ is a function of the coordinates of the point 
of contact of the tangent plane ; and since these coordinates 
are values of x and y which lie respectively between x and 
X '\- Ax and between y and y + Ay, it follows, as in Art. 122, 
that this limit is 



5 = sec y dx dy. 



IS3. The value of sec y "^^7 t>e derived by the following 

method. Through the point P of 
the surface let planes be passed 
parallel to the coordinate planes, 
and let PD, and PE, Fig. 28, be the 
intersections of the tangent plane 
with the planes parallel to the 
planes of xz and j^. Then PD and 
PE are tangents at P to the sec- 
tions of the surface made by these 
planes. The equations of these 
sections are found by regarding y 
and X in turn as constants in the equation of the surface ; there- 
fore denoting the inclinations of these tangent lines to the plane 
of xy by ^ and ^^ we have 




Fig. 2S. 






and 



dz 
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dz djs 
in which — and -p are partial derivatives derived from the equa- 
tion of the surface. 

If the planes be intersected by a spherical surface whose 
centre is P, ADE is a spherical triangle right angled at Ay 
whose sides are the complements of ^ and ^. Moreover, if a 
plane perpendicular to the tangent plane PED be passed 
through APy the angle FPG will be y, and the perpendicular 
from the right angle to the base of the triangle the comple- 
ment of y. 

Denoting the angle EAF by ^, the formulae for solving 
spherical right triangles give 



cos 



^__ tan^^ 
tan y* 



and 



sin ^ = 



tan ^ 
tany' 



Squaring and adding, 



_ tan'^ + tan'^ 
"" tan* y ' 



tan* y = tan* ^ + tan* ^ ; 



whence 



-c— (S)'^(S)' 



Substituting in the formula derived in Art. (152), we have 



=IK[-a^ (!)>*• 



IS4. It is sometimes more convenient to employ the polar 
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element of the projected area. Thus the formula becomes 



5= \sec yrdrdO, 



where sec y has the same meaning as before. 

For example, let it be required to find the area of the su^ 
face of a hemisphere intercepted by a right cylinder having a 
radius of the hemisphere for one of its diameters. From th9 
equation of the sphere. 



^+/ + ^=<^, 



(I) 



we derive 



ds 
d^' 



ds 
dy 



dz y 



whence 



-"=4- (0^(i)i=f^ 



therefore 



-w 



drde 



the integration extending over the area of the drde 



r=- a cos B. 



iA 



Since equation (i) is equivalent to 

^ + ^^ = ^, 



S^a\S^l-0^^ dO = a\[v{d^^rf)^ ¥{ff^rff\M. 
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From (2) the limits for r are rj = o, and rj = a cos 9^ 
hence 



5 = ^f(i -sin^rf#, 



in whioh a sin 6 is put for th^ positive quantity V{(f — rf). The 
limits for 6 are —\n and \7C, but since sin 9 is in this case to 
be regarded as invariable in sign, we must write 

5 = 2<i» f '(I - sin 6) de = n<^- 2t^. 

Jo 

If another cylinder be constructed, having the opposite radius 
of the hemisphere for diameter, the surface removed is 
27ra^ — 40*, and the surface which remains is 40*, a quantity 
commensurable with the square of the radius. This problem 
was proposed in 1692, in the form of an enigma, by Viviani, a 
Florentine mathematician. 



Examples XIII. 

I. Find the surface of the paraboloid whose altitude is tf, and the 
radius of whose base is d. 



2. Prove that the surface generated by the arc of the catenary given 
in Ex. XII., I, revolving about the axis of x, is equal to 

7r{cx + sy), 

3. Find the whole surface of the oblate spheroid produced by the 
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revolution of an ellipse about its minor aiis, a datoting the majoi; 
b the minor semi-axis, and e the excentridty, — *— ■' . 



iw' + ir-log^-^. 



4. Find the whole surface of the private spheroid produced b^ the 
revolution of the ellipse about its major axis, using the same notatioii 
as in Ex. 3. 



5. Find the surface generated by the cycloid 

jr = a (^ — sin ^), ^ = d (i — cos^b) 

revolving about its base. — ntf. 

6. Find the surface generated when the cycloid revolves about the 
tangent at its vertex. 

i 

7. Find the surface generated when the cycloid revolves about its 
axis. 



8. Find the surface generated by the revolution of one branch of 
the tractrix (see Ex. Xll , 5) about its asymptote. 
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9. Find the surface generated by the revolution about the axis of 
X of the portion of the curve 



y-^. 



which is on the left of the axis oiy. 



?r[V2 + log(i + V2)]. 



10. Find the surface generated by the revolution about the axis of 
X of the arc between the points for which jc = a and jc = ^ in the 
hyperbola 

xy = k\ 



II. Show that the surface of a cylinder whose generating lines are 
parallel to the axis of z is represented by the integral 



= J^^i 



where s denotes the arc of the base in the plane of jcy. Hence, 
deduce the surface cut from a right circular cylinder whose radius is 
a, by a plane passing through the centre and making the angle ot with 
the plane of the base. 2a* tan a. 



12. Find the surface of that portion of the cylinder in the problem 



solved in Art. 1 54, which is within the hemisphere. 



2a\ 



13. Find the surface of a circular spindle, a being the radius and 
2c the chord. 



^na\ c — V(a' — ^*)sin-*- 
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XIV. 

The Area generated by a Straight Line moving in any 

Manner in a Plane. 

155. If a straight line of indefinite length moves in any man- 
ner whatever in a plane, there is at each instant a point of the 
line about which it may be regarded as rotating. This point we 
shall call the centre of rotation for the instant. The rate of 
motion of every point of the line in a direction perpendic- 
ular to the line itself is at the instant the same as it would 

I 

be if the line were rotating at the same angular rate about this 
point as a fixed centre.** Hence it follows that the area 
generated by a definite portion of the line has at the instant 
the same rate as if the line were rotating about a fixed instead 
of a variable centre. 

156. Suppose at first that the centre of rotation is on the 
generating line produced, p^ and p^ denoting the distances from 
the centre of the extremities of the generating line, and let ^ 
denote its inclination to a fixed line. By substitution in the 
general formula derived in Art. no, we have 

dA — -{iJ^— P\)^i^>' 

•Compare DiflF. Calc, Art. 332 [Abridged Ed., Art. 176], where the moving 
line is the normal to a given curve, and the centre of rotation is the centre of cur- 
vature of the given curve. If the line is moving without change of direction, the 
cenirc is of course at an infinite distance. 

When the line is regarded as forming a part of a rigidly connected system in 
motion, its centre of rotation is the foot of a perpendicular dropped upon it from 
the instantaneous centre of the motion of the system. Thus, if the tangent and 
normal in the illustration cited are rigidly connected, the centre of curvature, 6', is 
the instafitaneous centre of the motion of the system, and the point of contact, P, 
is the centre of rotation for the tangent line. 



§ XIV.] AREAS GENERATED BY MOVING LINES. '93 



Applications. 

157. The area between a curve and its evolute may be 
generated by the radius of curvature p, whose inclination to 
the axis of ;r is ^ + ^Tr, in which ^ denotes the inclination 
of the tangent line. Since the centre of rotation is one 
extremity of the generating linep, the differential of this area 
is found by substituting in the general expression Pi = o and 
Pi =/). Hence when p is expressed in terms of ^, 



= \ If^'^^ 



expresses the area between an arc of a given curve, its evolute, 
and the radii of curvature of its extremities, the limits being 
the values of ^ at the ends of the given arc. 

158. For example, in the case of the cardioid 

r=ia{i — cos ^), 

it is readily shown, from the results obtained in Art. 145, that 

the angle between the tangent and the radius vector is J^; and 

therefore ^ = |^, and 

ds Aa . 6 
p = -Ti = — sm - . 

To obtain the whole area between the curve and its evolute, 
the limits for 6 are o and 27t ; hence the limits for ^ are o 
and 3?r. Therefore 

159. As another application of the general formula of 
Art. 156, let one end of a line of fixed length a be moved 
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along a given line in a horizontal plane, while a weight at- 
tached to the other extremity is drawn over the plane by the 
line, and is therefore always moving in the direction of the 
line itself. The line of fixed length in this case turns about 
the weight as a moving centre of rotation. Hence the area 
generated while the line turns through a given angle is the 
same as that of the corresponding sector of a circle whose 
radius is a. 

The curve described by the weight is called a tractrix^ and 
the line along which the other extremity is moved is the direc* 
trix. When the axis of x is the directrix, and the weight 
starts from the point (o, a), the common tractrix is described ; 
hence the area between this curve and the axes is \n(f. 

160. Again, in the generation of the cycloid, Diff. Calc, 
Art. 288 [Abridged Ed., Art. 156], the variable chord RP may 
be regarded as generating the area. The point R has a motion 
in the direction of the tangent RX\ the point /'partakes of 
this motion, which is the motion of the centre C, and also has 
an equal motion, due to the rotation of the circle in the direc- 
tion of the tangent to the circle at P, Since the tangents 
at P and R are equally inclined to PR^ the motion of /* in a 
direction perpendicular to PR is double the component, in this 
direction, of the motion of R. Therefore the centre of rota- 
tion of PR is beyond ^ at a distance from it equal to PR. 
Hence, denoting PRO by ^, 

f\ ■= PR = 2a sin (p, ft = 2PR = 4a sin ^. 

Substituting in the formula of Art. 1 56, we have for the area 
of the cycloid, since PRO varies from o to tt^ 



A = 60^ I sin* ^ rf^ = 37r^. 
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Fig. 29. 



Sign of the Generated Area. 

I6L Let AB h^ the generating line, and C*the centre of 
rotation. The expression, 

dA=\{9i^p^)dil>, (I) 

for the differential of the area, was obtained upon the supposi- 
tion that A and B were on the same side of C Then suppos- 
ing f^> Px, and that the line rotates in the positive direction, 
as in figure 29, t/ie differential of the area is 
positive; and we notice that every point in the 
area generated is swept over by the line 
AB, the left hand side as we face in the 
direction A B preceding, 

162. We shall now show that in every 
case, the formula requires that an area 
swept over with the left side preceding, shall be considered 
as positively generated, and one swept over in the opposite 
direction as negatively generated. 

In the first place, if C is between A and 
B so that p, is negative, as in figure 30. Pi' 
is still positive, and formula (i) still gives 
the difference between the areas generated 
by CB and AC. Hence the latter area, 
which is now generated by a part of the 
line AB, must be regarded as generated 
negatively, but the right hand side as we 
face in the direction AB of this portion of the line is now 
preceding, which agrees with the rule given in Art. 161. 

Again, if C is beyond B, the formula gives the difference 
of the generated areas ; but since p^ is numerically greater 
than p}, in this case, dA is negative, and the area generated by 
AB is the difference of the areas, and is negative by the rule. 




Fig. 30. 
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Finally, if the direction of rotation be reversed, d^ and 
therefore dA change sign, but the opposite side of each por- 
tion of the line becomes in this case the preceding side. 

163. We may now put the expression for the area in another 
form. For 

dA^Ui^^^^)d4^^{f^^f^^-^d4>^ 

whatever be the signs of 9% and pj, the first factor is the length 
of AB, which we shall denote by /, and the second factor is 
the distance of the middle point of AB from the centre of 
rotation, which we shall denote by p„». Hence, putting 



^ - Pi = /, 
we have 



and 
A = \lpn, d(t>. 



2 ""^'•' 



(2) 



Since p^ d^ is the differential of the motion of the middle point 
in a direction perpendicular to AB^ this expression shows that 
the differential of the area is the product of this differential by 
the length of the generating line. 

Areas generated by Lines wliose Extremities describe 

Closed Circuits. 

164. Let us now suppose the generating line AB to move 

from a given position, and to return to the 
same position, each of the extremities A and 
B describing a closed curve in the positive 
direction, as indicated by the arrows in figure 
31. It is readily seen that every point which 
is in the area described by Bj and not in that 
described by A, will be swept over at least 
once by the line AB, the left side preceding, 
Fig. 31. and if passed over more than once, there will be 
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an excess of one passage, the left side preceding. Therefore 
the area within the curve described by B^ and not within that 
described hy A^ will be generated positively. In like manner 
the area within the curve described by A^ and not within that 
described by By will be generated negatively. Furthermore, all 
points within both or neither of these curves are passed over, 
if at all, an equal number of times in each direction, so that the 
area common to the two curves and exterior to both disap- 
pears from the expression for the area generated by AB, 

Hence it follows that, regardhig a closed area whose perimeter 
is described in the positive direction as positive ^ the area generated 
by a line returning to its original position is the difference of the 
areas described by its extremities. This theorem is evidently 
true generally, if areas described in the opposite direction are 
regarded as negative. 

Anislers Ptanimeter. 



165. The theorem established in the preceding article may 
be used to demonstrate the correctness of the method by 
which an area is measured by means of the Polar Planimeter^ 
invented by Professor Amsler, of Schaffhausen. 

This instrument consists of two bars, OA and AB^ Fig. 32, 
jointed together at A. The rod OA turns on 
a fixed pivot at (9, while a tracer at B is carried 
in the positive direction completely around 
the perimeter of the area to be measured. At 
some point C of the bar AB 2i small wheel is 
fixed, having its axis parallel to AB^ and its 
circumference resting upon the paper. When 
B is moved, this wheel has a sliding and a roll- 
ing motion ; the latter motion is recorded by 
an attachment by means of which the number Fig. 32. 

of turns and parts of a turn of the wheel are registered. 
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166- Let JIf be the middle point of AB^ and let 
OA -a, AB=: h, MC^ c. 

Since b is constant, the area described by ^^ is by equation (2), 
Art. 163, 



Area-/4-ff 



^b^p^d^. (I) 



Denoting the linear distance registered on the circumference 
of the wheel by Sy ds is the differential of the motion of the 
point C, in a direction perpendicular to AB^ and since the dis- 
tance of this point from the centre of rotation is Pm + ^, 

ds = {p^-h c) d^ : 
substituting in (i) the value of p^d^y 

AresLAB = 6{ds-6Ad^. (2) 

167. Two cases arise in the use of the instrument. When, 
as represented in Fig. 32, O is outside the area to be meas- 
ured, the point A describes no area, and by the theorem of 
Art. 164, equation (2) represents simply the area described 

by B. In this case ^ returns to its original value, hence d^ 

vanishes, and denoting the area to be measured by-^, equation 
(2) becomes 

A = bs (3) 

In the second case, when O is within the curve traced by B, 
the point A describes a circle whose area is ;r^, and the limit 
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ing values of # differ by a complete revolution. Hence in this 
case equation (2) becomes 

A — nc? = bs — 2nbCy 

or A=bS'\-n{ci?— 2bc).* (4) 

In another form of the planimeter the point A moves in a 
straight line, and the same demonstration shows that the area 
is always equal to bs. 



Examples XIV. 

I. The involute of a circle whose radius is a is drawn, and a tangent 
is drawn at the opposite end of the diameter which passes through the 
cusp ; find the area between the tangent and the involute. 

aV(3 + TV*) 



2. Two radii vectoresof a closed oval are drawn from a fixed point 
within, one of which is parallel to the tangent at the extremity of the 
other ; if the parallelogram be completed, the area of the locus of its 
vertex is double the area of the given oval. 

3. Show that the area of the locus of the middle point of the chord 
joining the extremities of the radii vectores in Ex. 2, is one half the 
area of the given oval. 



* The planimeter is usually so constructed that the positive direction of rotation 
18 with the hands of a watch. The bar ^ is adjustable, but the distance ^ C is fixed 
so that c varies with 6, Denoting AChy q^ we have c = q — ^b^ and the constant 
to be added becomes C= n{a* — 2bq + b^) in which a and^ are fixed and b adjusta^ 
ble. In some instruments q is negative. 

It is to be noticed that in the second case s may be negative ; the area is then 
the numerical difference between the constant and bs. 
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4. Prove that the difference of the perimeters of two parallel ovals, 
whose distance is b^ is 2nby and that the difference of their areas is 
the product of b and the half sum of their perimeters. 

5. From a fixed point on the circumference of a circle whose radius 
is a a radius vector is drawn, and a distance b is measured from the 
circumference upon the radius vector produced ; the extremity of h 
therefore describes a lima^on : show that the area generated by b when 
^ > 2a is the area of the limagon diminished by twice the area of the 
circle, and thence determine the area of the lima9on. 

jr(2tf« + b% 

6. Verify equation (4), Art 167, when the tracer describes the 
circle whose radius is a + ^. 

7. Verify the value of the constant in equation (4), Art 167, by 
determining the circle which may be described by the tracer without 
motion of the wheel. 

8. If, in the motion of a crank and connecting rod (the line Of motion 
of the piston passing through the centre of the crank), Amsler's record- 
ing wheel be attached to the connecting rod at the piston end, deter- 
mine s geometrically, and verify by means of the area described by the 
other end of the rod. 

9. The length of the crank in Ex. 8 being «, and that of the con- 
necting rod b^ find the area of the locus of a point on the connecting 
rod at a distance c from the piston end. 

ncfc 



10. If a line AB of fixed length move in a plane, returning to its 
original position without fnakiii^ a complete revolution^ denoting the areas 
of the curves described by its extremities by (A) and (-5), determine 
the area of the curve described by a point cutting AB in the ratio 

«» + « 
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11. If the line in Ex. lo return to its original position after making a 
complete revolution^ prove Holditch's Theorem ; namely, that the area of 
the curve described by a point at the distance c and ef bom A and JB is 

c\A) + c(B) _ ^ 
c -{• c' 

12. Show by means of Ex. ii that, if a chord of fixed length move 
around an oval, and a curve be described by a point at the distances 
c and c from its ends, the area between the curves will be nu\ 



XV. 

Approximate Expressions for Areas and Volumes. 

168. When the equation of a curve is unknown, the area 
between the curve, the axis of x^ and 
two ordinates may be approximately ex- 
pressed in terms of the base and a lim- 
ited number of ordinates, which are sup- 
posed to have been measured. 

Let ABCDE be the area to be de- 
termined ; denote the length of the base 
by 2h ; and let the ordinates at the ex- 

33" 

tremities and middle point of the base 

be measured and denoted by j'i,^2» and j's- Taking the base for 
the axis of x, and the middle point as origin, let it be assumed 
that the curve has an equation of the form 




y=: A +^;r.f C:^ -{- D^ ; 



(I) 



then the area required is 



Bx" C>» . /?;rn* 



A-\ vdx=:Ax-\- — + — + = 

in which which A and C are unknown. 



-(6^+2C*»), 



. (2) 
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In order to express the area in terms of the measuied 
ordinates, we have from equation (i). 



y,= A 


+ Bk + c» + m^. 


y, = A. 




y, = A 


~Bk+CM-D»i 


whence we derive 




^1-* 


y, = 2A + 2C», 


J'i + 4>^+>i = 6^ +20'; 


and substituting in (2), 




A=Uy, + An+yi^ 



It will be noticed that this formula gives a perfectly ac- 
curate result when the curve is really a parabolic curve of the 
third or a lower degree. 

169. If the base be divided into three equal intervals, each 
denoted by A, and the ordinates at the extremities and at the 
points of division measured, we have, by assuming the same 
equation, 



(!) 



ydx=^{iA + 3ai^ 



From the equation of the curve, 

y, = A- ^+ ~ - 3-. 

, m O" D/f 
n = A+ - + - + ^. 




§ XV.] 



SIMPSON'S RULES. 



203. 



whence 



y\ 



^y, = 2A^&, 



2 



From these equations we obtain 



and 



^- F6 ' 

4 



Substituting in equation (i), 



A = ^(yr + ar2 + ara+^'J. 



Simpson^s Rules. 

m 

170. The formulae derived in Articles 168 and 169, although 
they were first given by Cotes and Newton, arc usually known 
as Simpsons Ru/es, the following extensions of the formulae 
having been published in 1743, in his Alathcfnatical Disserta- 
tions. 

If the whole base be divided into an even number ;/ of 
parts, each equal to //, and the ordinates at the points of divis- 
ion be numbered in order from end to end, then by applying 
the first formula to the areas between the alternate ordinates, 
we have 

^ = :^ U'l + Ayt + 2j'8 + 4J4 • • • + Ayn -f J1.+ .). 

That is to say, the area is equal to the product of the sum of 
:he extreme ordinates, four times the sum of the even-nunv 
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bered ordinates, and twice the sum of the remaining odd-nun^ 
bered ordinates, multiplied by one third of the common interval 
Again, if the base be divided into a number of parts divis- 
ible by three, we have, by applying the formula derived in 
Art. 169, to the areas between the ordinates yxy^^y^]^ and so on, 

-4 = ^ Ui + iy% + lyz + 2^4 + BJ's ••• + ay« +^ii+«)- 

Cotes' Method of Approxtmatton. 

171. The method employed in Articles 168 and 169 is 
known as Cotes' Method. It consists in assuming the given 
curve to be a parabolic curve of the highest order which can 
be made to pass through the extremities of a series of equi- 
distant measured ordinates. 

The equation of the parabolic curve of the «th order con- 
tains ;i + I unknown constants ; hence, in order to eliminate 
these constants from the expression for an area defined by the 
curve, it is in general necessary to have n -h i equations con- 
necting them with the measured ordinates. Hence, if n de- 
note the number of intervals between measured ordinates over 
which the curve extends, the curve will in general be of the 
nth degree.* 

* li H denotes the whole base, the first factor is always equivalent to H 
divided by the sum of the coefficients of the ordinates ; for if all the ordinates are 
made equal, the expression must reduce to Hyi. Thus, each of the rules for an 
approximate area, including those derived by repeated applications, as in Art. 170, 
may be regarded as giving an expression for the mean orcUnaU. The coefficients 
of the ordinates, according to Cotes' method, for all values of » up to » = lO, mar 
be found in Bertrand's CaUul Integral, pages 333 and 334. For example (using 
detached coefficients for brevity), we have, when » = 4, 

^ = - [7. 32, 12. 32. 7] ; 

90 
and when if = 6, 

A = g^-[4i. 216, 27, 272, 27, 216, 41]. 
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172. For example, let it be required to determine the area 
between the ordinates yx and y^^ in terms of the three equi- 
distant ordinates jj, y^ and y^ the common interval being h. 

We must assume 

y — A -h Bx -^ Cj^; 

then taking the origin at the foot of ^i, 

from which A, B and C must be eliminated by means of the 
equations 

y^ = A + Bh + Ck\ 
ys = A + 2B/1 -f 4C/^. 

Solving these equations, we obtain 

2 ' 



a» 



_ J'l - 2/a + J't . 
2 



If we make a slight modification in the ratios of these last coefficients by sub* 
stituting for each the nearest multiple of 42, we have 

"^ ~ 840 ^^^* ^'°' ^^* ^^^' ^' ^'°' ^^^* 

(the denominator remaining unchanged, since the sum of the coeffidents h itfll 
840), which reduces to 

^ = - [i, 5. I. 6, I, 5, i]. 

This result is known as WeddUs* RuU for six intervals. The value thus given to 
(he mean ordinate is evidently a very close approximation to that resulting from 
Cotes' method, the difference being 
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and substituting 

173. It is, however, to be noticed, that when the ordinates 
are symmetrically situated with respect to the area, if » is 
even, the parabolic curve may be assumed of the {n + i)th 
degree. For example, in Art. 168, « = 2, but the curve was 
assumed of the third degree. Inasmuch as A, B^ C and D 
cannot all be expressed in terms of y\^ y^^ and y^ we see that a 
variety of parabolic curves of the third degree can be passed 
through the extremities of the measured ordinates, but all of 
these curves have the same area.* 

Application to Solids. 

174. \l y denotes the area of the section of a solid perpen- 
dicular to the axis of Xy the volume of the solid is \y dx, and 

'"■ This circunisiancc iii'licale?* a probable advantage in making n an even num- 
ber when repcatctl applications of the rules are made. Thus, in the case of six 
intervals, we can make three ap])lications of Simpson's first rule, giving 

^^ ^ j^ [l. 4, 2, 4, 2, 4, l], (I) 

or two of Simpson's second rule, giving 

'-^ = -^ [i. 3, 3. 2. 3. 3» i] (2) 

In the first case, we assume the curve to consist of three arcs of the third degree, 
meeting ai iho extremities of the ordinates ^:i and^y^ ; but, since each of these arcs 
contains an undclcrniined constant, we can assume them to have common tangents 
at tiK: points of meeting. We have therefore a smooth^ though not a continuous 
curve. In the second case, we have two arcs of the third degree containing no 
arbitrary constants, and therefore making an angle at the extremity of y^. It is 
probable, therefore, that the smooth curve of the first case will in most coses form a 
better approximation than the broken curve of the second case. 

In confirmation of this conclusion, it will be noticed that the ratios of the 
coefficients in equation (i) are nearer to those of Cotes' coefficients for if = 6, given 
n the preceding foot-note, than are those in equation (2). 
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therefore the approximate rules deduced in the preceding arti- 
cles apply to solids as well as to areas. Indeed, they may be 
applied to the approximate computation of any integral, by 
putting J' equal to the coefficient of dx under the integral sign. 
The areas of the sections may of course be computed by 
the approximate rules. 



Woolley's Rule. 

I75t When the base of the solid is rectangular, and the 
ordinates of the sections necessary to the application of Simp- 
son's first rule are measured, we may, instead of applying that 
rule, introduce the ordinates directly into the expression for 
the area in the following manner. 

Taking the plane of the base for the plane of xy^ and its 
centre for the origin, let the equation of the upper surface be 
assumed of the form 

s=A ^Bx^Cy^Dx^^Exy^-Ff-vG^^Hx^y^Ixy^^-Jf. 

Let 2// and 2k be the dimensions of the base, and denote 
the measured values of z as indicated in 
F^^' 35' The required volume is '^ 



F=f S^sdydx. 
J -// J -* 



This double integral vanishes for every 
term containing an odd power of x or an 
odd power of y : hence 




Fig. 35. 



V = 



4AAk + ^ + — , 

3 3 



.(1) 
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'By substituting the values of x and y in the equation of the 
surface, we readily obtain 



^ = ^. 



« 



^ + ^ + ^ + ^ = 4^+ ADlf + 4WP, ... (3) 
1% + ^, + *i + ^=4i4 + 2DV + 2/oP. ... (4) 

From these equations two very simple expressions for the 
volume may be derived ; for, employing (2) and (4), equation 
(i) becomes 

F=- -(£ia + *i + 2*, + ^ + 4); . . . . (s) 
and employing (2) and (3), 



hk 
J7 = — (oi + ^ + 8*2 + ^1 + ^ 



(6) 



Equation (5) is known as Woolley s Rule ; the ordinates employed 
are those at the middles of the sides and at the centre ; in (6), 
they are at the corners and at the centre. 



Examples XV. 

I. Apply Simpson's Rule to the sphere, the hemisphere, and the 
cone, and explain why the results are perfectly accurate. 



2. Apply Simpson's Second Rule to the larger segment of a sphere 
made by a plane bisecting at right angles a radius of the sphere. 

8 
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3. Find by Simpson's Rule the volume of a segment of a sphere, h 
and c being the radii of the bases, and h the altitude. 



4. Find by Simpson's Rule the volume of the frustum of a cone, b 
and c being the radii of the bases, and h the altitude. 

3 



1; 



5. Compute by Simpson's First and Second Rules, the value of 

, the common interval being -^ in each case. 

I + Jf 

The first rule gives 0.6931487, and the second rule gives 0.6931505. 
The correct value is obviously log, 2 = 0.6931472. 



6. Find the volume considered in Art. 175, directly by Simpson's 
Rule, and show that the result is consistent with equations (5) and (6). 

hi. 

K= — [^7i + a, + ^1 + ^, + 4 (j, -f A +^ + ^-g) + 16^], 



7. Find, by elimination, from equations (5) and (6), Art. 175, a 
formula which can be used when the centre ordinate is unknown. 

*^ = — [4 (^ + ^ + ^ + ^t) - («i + ^ + ^i + ^)1- 
3 



2IO MEAN VALUES, [Alt. 1 76. 



CHAPTER IV. 
Mean Values. 



XVI. 
The Average or Arithmetical Mean. 

176. A MEAN of several values of a quantity is an interme- 
diate value such that, when it is substituted for each of the 
given values in performing a certain operation, the result is 
unchanged. For example, if the result of the operation is the 
product of the given values, the mean value found is that 
known as the geometrical mean. But tlie usual and most 
simple mean value is that obtained when the operation is that 
of summation. This is known as the average or arithmetical 
mean* Thus, if M denotes the average of ;/ values of ^ de- 
noted by j'j , j'j » • • • Jn > ^^ have 

Here the aggregate represented by either member of equa- 
tion (i) is the same whether the n given values of j/ be taken 
or the mean value be taken ;/ times. 



* A mean value of any other kind can usually be defined by the aid of the 
arithmetical mean. Thus, the geometrical mean is the quantity whose logarithm 
is the mean of those of the given quantities; the harmonic mean is that whose 
recii)rocal is the mean of the reciprocals. The mean error in the Theory of Least 
Squares is the error whose square is the mean of the squares of the errors. 
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177. When a number /j of the quantities has a common 
value j'j, a number p^ has a common value jj, and so on, the 

total number n of formula (i) is equal to /^ + A "f" • • • ^"^ ^P^ 
and the formula becomes 

2/.^= AjK, +/,jK, + . . . = -2/t;.. . . (2) 

The numbers /j, p^, ... are called the weights of y^^yt^ 
. . ., and the mean is called the weighted arithmetical mean 
of the several values. 

The meafi value of a quantity which admits of a continuous 
series of values (which is the subject of the present Chapter) is 
a modification of the M of equations (i) and (2), in deriving 
which, integration takes the place of summation. 



The Mean of a Continuous Variable. 

178. Consider all the values of a variable which varies con- 
tinuously between certain extreme values, and suppose a large 
number n of these values to be chosen and their mean taken. 
Then, supposing the manner of selection to be such that we 
can pass to the limit when ;/ is indefinitely increased, we shall 
have a mean value which depends upon all the values of the 
variable in question, and is, therefore, properly called a mean 
value of the variable. But the value of this mean obviously 
depends also upon the method in which the ;/ values were 
selected. For example, in finding the mean velocity of a 
point describing a straight line with variable velocity, we shall 
arrive at a certain result if we take the ;/ values of the velocity 
at equal intervals of time ; but the result will be different if we 
select the velocities with which the point passes equally dis- 
tant points of its path. 

179. When the variable in question is a function of some 
single independent variable, the mean obtained by taking equi- 
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distant values of the independent variable is called the mean 
value of the function for the range of values given to the inde- 
pendent variable. Let y =^f{x) be the function, represented, 
as in Fig. 8, p. 1 1 1 , by the curve CD\ then the figure illustrates 
the mode in which n values of the function or ordinate are 
taken in finding the mean value of the function for all values 
of X between OA = a and OB = b. These values are the 
^1 • ^2 f • • • ^» of Art. 92 erected at the common interval ^x, 
where n Ax -= b ^ a. 

Now, multiplying equation (i), Art. 176, by Ax^ we have 



n AX'M -=. y^Ax •\' y^Ax -\' . . . ^y^Ax^ 



or 



(*- a)M= :SyAx, 

Here M is the mean of the n actual values of y, and the 
mean value required is found by passing to the limit when n is 
indefinitely increased. 

It is shown in Art. 92 that the limit of 2y Ax is I ydx, 

J a 

which is the area CABD in Fig. 8. Hence the mean value 
ofyi;r) for all values of x between a and b is given by the 
equation 

{d-ayf=^'/{x)dx (3) 

180. The expression mean ordinate of any portion of a 
curve is always, unless otherwise stated, held to signify the 
mean ordinate regarded as a function of the abscissa. Hence 

P it is the height of the rectangle of which 

the base is the projection of the curve on 
the axis of x, and the area is equal to 
that included between the curve, the 
base and the extreme ordinates. Thus, 
^'^•36. "the mean ordinate" of a semicircle 

whose radius is a is found by dividing the area, i^a^, by the 
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base 2a\ whence M =• \na. This is the average value of per- 
pendiculars erected at equal distances along the diameter. See 

Fig. 36. 

131 On the other hand, if the average value of perpendic- 
ulars let fall from equidistant points on 
the arc is required (see Fig. 37), it is 
necessary to express the perpendicular 
as a function of the arc or angle sub- 
tended at the centre. Denoting this (as 
measured from one extreme radius) by ^^^' 37- 

^, the perpendicular is a sin dy and the value of this mean is» 
by equation (3), 

a\ sin <9 dB 




M = 



2a 



n 



The Mean of Equally Probable Values. 

182. The expression mean value of a variable quantity 
selected under given circumstances is often used to designate 
the mean of all the values which are equally probable under 
the circumstances. A point is said to be taken at random 
upon a line of given length when it is equally likely to fall 
upon any one of any equal segments of the line. Hence the 
first of the mean values of PR found in the preceding articles 
may be called the mean value when R is taken at random 
upon the diameter, and the second is the mean value when P 
is taken at random upon the semicircumference. 

So also M in equation (i). Art. 176, is the mean value of 
]' when jj, jjj, ' * * yn stre equally probable, and are the only 
;)ossible values of j. In this case, the finite number n is the 
total number of cases which are possible and equally probable. 

It will be convenient also in equation (3), Art. 1 79, to speak 
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of ^ — £1 (which takes the place of n when it is increased in- 
definitely in passing to the limit) as the total number of cases ^ 
and of the definite integral in the second member as the aggre- 
gate di the values of ^ in the total number of cases. 



The Mean of a Function of Two Variables. 

183. When the quantity whose mean is required depends 
upon two variables admitting of continuous values under cer- 
tain restrictions, we may represent it by the ^-coordinate of a 
surface of which the independent variables x and y are the other 
two rectangular coordinates. The restrictions imposed upon 
the values of x and y now limit the foot of the ir-coordinate to 
a certain area in the plane of xy. If these restrictions consist 
of fixed limits between which x must lie, together with other 
fixed limits between which y must lie, this area is a rectangle. 
It may, however, be an area ol* any other shape ; the limiting 
values of y will then be different for different values of x. In 
choosing the points for which the values of 2 are taken in form- 
ing the mean, the values of j, for a given value of ;r, are sup- 
posed to be taken at equal intervals ^y between the limits 
corresponding to that particular value of .r. In like manner, 
the values of x chosen arc taken at equal intervals J-r, so that 
the points (.r, y) are uniformly distributed over the area. 
Thus, if the area contains a large number, //, of elementary 
rectangles r)f dimensions ^y and J;r, then one value of z is 
taken corresponding to each element, Ay Ax^ of area. 

18^. Now, putting z for y in equation (i), Art. 176, and 
multiplying each member by Ay Axy we have 

nAyAX'M='^zAyAx (i) 

On passing to the limit when Ax and Ay are indefinitely 
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decreased, il/becomes the mean value required. The limiting 
value of n Ay Ax is the area mentioned above ; and its value i? 



= \Adydx, 



where the limits of integration are given in the form of restric- 
tions upon the values of x and j/. The limiting value of the 
second member of equation (i) is the double integral 



w 



zdydxy 



taken with the same limits; or, as expressed in Art. 126, in- 
tegrated over the area A; and its value, as shown in that 
article, is the volume of the cylindrical solid whose upper sur- 
face is in the surface z = <P{x,y), and whose base is the area 
A. Thus we have the equation 

M'lldydx == \\(p{x,y)dydx, ... (2) 

which defines the mean value of a function of two variables, 
and shows that, when thus geometrically represented, it is the 
height of a cylinder having the area of integration as base and 
a volume equal to that of the solid described above. 

185. The ** mean ordinate " for a given surface referred to 
rectangular coordinate planes is always understood to signify 
the mean value of z, thus considered as a function of x and y. 
If the volume and the area of the base are known, the mean 
is at once known. For example, the mean ordinate of a hemi- 
spherical surface whose radius is a (of which Fig. 36 may rep- 
resent a central section) is given by 

7ra^'M= ina?, whence ^= J^i. 
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When regarded as the mean of equally probable values, 
as in Art. 182, it is implied that every admissible pair of values 
of X and y has the same probability. That is to say» in the 
geometrical illustration, every position of the point R within 
the area is equally probable, and this is expressed by sa)dng 
that the point R falls at random upon the base. 

It will be convenient here also (compare Art. 182) to 
speak of the area, which in equation (2) of Art. 184 takes the 
place of », as the total number of equally probable cases; and 
of the second member of the equation as the aggregate of the 
function z in the total number of cases. 

The Mean of Values not Equally Probable. 

186. When the variable in question is expressed as a func- 
tion of a single variable, it may happen that the mean required 
is not that which we have defined as the mean value of the 
functio7t between certain limits. For example, if the average 
height above the base of a point on the surface of the hemi- 
sphere is required, it may be expressed by a sin B, as in Fig. 
37 i^which we now take to represent a central section perpen- 
dicular to the circular base). But the mean now required is 
not the mean value of PR considered as a function of (which 
was found in Art. 181) ; for all values of 6^ are not now equally 
probable. In the present problem, the ** total number of 
cases ** is represented by the area of the convex surface of the 
hemisphere upon which P is said to fall at random. Instead 
of a single case, or an equal number of cases, corresponding 
to each element of arc add^ we have a number proportional to 
the area of the element of surface ^5 which corresponds to 
that element of arc, and the surface elements corresponding 
to different elements of arc are unequal areas. Thus we have 
a case of the weighted mean of Art. 177; in which the weight 
p is represented by the element of surface, and '2,t> by the 
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whole surface. The length of the element dS is the circum- 
ference whose radius is a cos 6\ hence 

dS = 2n€^ cos BdO^ 

and the surface of the hemisphere is 2nc^, Thus M\% deter- 
mined by 

27tc?-M^=. \asmd dS =2nc^Y sin COS OdO =z ncfiy 

which gives M -= \a for the average height of a point on the 
surface of the hemisphere. 

187. In the foregoing problem, if P be joined to the centre 
0, Q is the elevatiQn of the direction OP above the horizontal 
plane (that of the base of the hemisphere). OP is said to have 
a random direction in space because P was taken at random 
upon the spherical surface. Hence the problem solved above 
is the same as that of finding the mean initial vertical velocity 
of a body projected upward in a random direction with the 
velocity a. 

Again, the horizontal velocity of such a body with initial 
velocity V is Fcos 6^. Hence the mean horizontal velocity 
is found by 

2nV^'M= 2nVA^zos^BdQ= ; 

Jo ^ 

whence M =. iTtV, 

188. Even when we use the ultimate element of surface 
upon which the variable point falls at random (which may be 
denoted by d^S), and perform a double integration, the area 
of the element may be regarded, as in Art. i86, as giving the 
weight to be attributed to that special value of the function 
which corresponds to the element. It is only in the case of 
the plane element dy dx that the area of an element is con- 
stant, so as to give equal weights to values selected one from 
each element. 



2l8 MEAN VALUES. [Art. JJsS. 

For example, in using polar coordinates, let the area in 
Fig. 22, p. 164, represent the limits of integration, and let one 
value of the quantity whose mean is required be selected for 
each of the small areas represented. Then, it is only by using 
the var>'ing value of the area of an element, namely rdrd^y 
that we give proper weight to each value to represent uni/orfn 
distribution aver the area. If we use dr dO simply, we shall 
find quite a different mean value, having thus given more 
weight comparatively to values of the function corresponding 
to small values of r than should be done to represent uniform 
distribution. 



The Centre of Position of n Points. 

189. The mean distances of ;/ point? in a plane from fixed 
straight lines in the plane, and more generally of // points in 
space from fixed planes, form an important application of die 
principles of mean values. 

In the case of points in a plane, let their positions be referred 
to rectangular axes, of which that oi y is the line from which 
the mean distance is required. Then, if the points are {x^ , r,). 
(^2'^2^» . . . ^r^,.v.), and x denotes the mean distance from 
the axis q{ }\ its value is 

X = --{x^ + ;r., + . . . -f. ^J = -:2,x. . . ' (I) 

In like manner, the mean distance of the points from the axis 
of ;r is 

3' = -(Ji+^2+ • • • +7«) = --^7- • • (2) 

190. We shall now show that the point which has these 
mean values for its coordinates has the property that its dis- 
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tance from any straight line in the plane is the mean of the 
distances of the several points from that line. 

In the first place, let the line in question be parallel to an 
axis, say that of j/, and at a distance // from it. Then (taking 
// as positive when the line is on the left of the axis), the dis- 
tance of {x^ , y^ from it is x^ -f- //. In like manner, the distance 
of (jTj, y^ is x^ + ^» ^"^ so on. Hence the mean distance is 

-^(x -|- nJi) = -2x -f- A = J -f- A, by equation (i). But this 

is the distance of the point (x, y) from the line in question. 

Next let the line be oblique to the axes. It is shown in 
Analytical Geometry that the perpendicular upon a line from 
{x, y) is of the form 

/ = ^^ + ^> + C 

where Ay By and C are certain constants; in other words. ^ 
is a linear function of x and j. Hence we have, for the dis- 
tances o{ (x^yy^\ ('^2»^'2)» ^^^•' from the line 

/, . : Ax^ + ny^ + Cy 
A :- Ax, + By^ + Cy 



and adding, 

2!> = A^2:x + /?. ly + nC. 

Dividing by «, the mean distance is, by equations (i) and (2), 

P = Ax+ry+C'y 

but this is the distance of the point (J, y) from the given 
oblique line. 
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The point (J, J) whose position thus determines the mean 
^distance of the given points from any straight line in the plane 
is called their Centre of Position. 

191. In like manner, when n points P^, P^t- . * P^ in 
space are referred to rectangular planes, their mean distances 
from these planes are 

X = -i>, y = -Zy, 8 = --Sir; 

n n n 

and it can be shown that the mean distance of the points from 
any plane is the distance of the point (^, J?, e) from that plane. 
The point which thus determines the mean distance from all 
planes is called the Centre of Position of the points. It is also 
called, from its occurrence in Statics, the Centre of Gravity of 
n equal particles situated at the points P^, P^, . . , P^, 

192. If a number /j of the equal particles coincide at the 
point P^ , /^ of them at P^, and so on, the centre of gravity of 
the particles is at a distance from any given plane which is the 
weighted mean (Art. 177) of the distances of the point P^, P^^ 
etc. from the plane. Thus, referring to rectangular coordinate 
planes, its distance x from that of j'^ is given by the equation 

'x.:ip = />,x, -f /^2 + . . . = ipx. 

Multiplying both sides by the mass of one of the equal particles, 
the equation becomes 

J. 1 w = ;;7j;rj -f- fn^^ + . . . = 2mXy . . (i) 

where Wj , m^, etc. are the masses of unequal particles situated 
at P^ , /*2» c^c., and 2im is the total mass. 

The point (J, y, ^) whose three coordinates are similarly 
defined is t/ie centre of gravity of unequal particles. 
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The second member of equation (i), that is, the aggregate 
of the distances multiplied by the masses, is called in Mechanics 
the Statical Moment of the total mass 2m with respect to the 
plane of ^-ar. 



The Centre of Gravity of a Continuous Body. 

193, The property of the centre of gravity given in the 
preceding articles obviously extends to continuous bodies. 
That is to say, the position of this point, which is sometimes 
called the Centroid^ is determined by the mean distances of the 
particles from three given planes; and, when given, it determines 
the mean distance from any plane. If the body is homogetieous , 
that is to say, if the same quantity of matter is contained in 
equal elements of volume, the mean distances are the ordinary 
arithmetical means. On the other hand, if the body is not 
homogeneous, its density at a given point constitutes the 
weight to be attributed to the element at that point, supposing 
the geometric elements to be all equal. In any case, the 
variable density is simply used as a factor of the element 
both in finding the total mass and in finding the statical 
moment. 

194. The centre of gravity of a homogeneous solid is also 
called the centre of gravity of the volume^ and the integral of 
xdV (the factor of density being omitted) is called the statical 
moment of the volume. So also the centre of gravity of a thin 
homogeneous plate of uniform thickness is called the centre of 
gravity of the area, and the integral of xdA is called the stati- 
cal moment of the area. Thus, for the circle x^ -\-y^ = a^, the 
statical moment with respect to the axis of y of the semicircle 
on its right is 

{xdA=2 ^xy dx=2 [^ ^{a'^—x^)x dx—-^i{a^^x^fX = ^c^. 
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Dividing by the area \nd\ we have, for the abscissa of the 
centre of gravity of the semicircle, 

- 4^ 
X = — . 

(95. One or more of the coordinates of the centroid may 
be obvious from considerations of symmetry. For example, 
the centroid of a plane area or of a plane curve is in the plane; 
that of a straight line is at its middle point ; that of a sphere or 
of an ellipsoid is at its centre; that of a hemisphere is on its 
central radius ; that of a right cone is on its axis. 

Again, separation of the body into elements whose centroids 
are known nvdy lead to similar results. For example, an 
oblique cone can be separated into circular elements of uniform 
thickness whose centroids are therefore at their centres. 
These points are all situated on the geometrical axis, therefore 
the centroid of the cone is also on that axis. In like manner, 
the centre of gravity of any triangle is upon a medial line. It 
follow^s that it is at the intersection of the three medial lines. 
It is obvious also that, if three equal particles be situated at 
the vertices of any triangle, their centre of gravity \vill be at 
the same point. Hence the distance of the centre of gravity 
of a triangle from any straight line in the plane is the arith- 
metical mean of the distances of the vertices. 

196, When integration is required, the element of moment 
employed may be the moment of any convenient element of 
the mass or volume. For example, in the case of a hemi- 
sphere of radius a, it is necessary to use integration in finding 
the distance from the base. We may take for element of vol- 
ume the hemispherical shell of radius r and thickness (//\ of 
which we have already found, in Art. 186, the mean distance 
from the base to be one-half of the radius. Therefore, since 



§ XVI.] SQUARED DISTANCES FROM A PLANE. 22$ 

the volume of the shell is 2nt^dr, its moment is nr^dr. 
Integrating, we have for the hemisphere 

moment = tt \ r^ar =z — . 

Jo 4 

Dividing by the volume, which is \7ta^, we find the height of 
the centre of gravity above the base to be |^. This is there- 
fore the average distance from the base of all the points within 
the hemisphere. 

The moment might be found as the result of a simple in- 
tegration, in this case, also by using the circular element of 
volume parallel to the base. The method employed above is 
particularly adapted to a sphere of varying density if the 
density is a function of the distance from the centre only. 



Average Squared Distance of Points from a Plane. 

(97. The mean square of the distances of points in a plane 
area from a straight line in the area, and that of the distances 
of points in a volume from a fixed plane, or from a fixed 
straight line, have important application in Mechanics. 

In the case of the arfea A , if we denote the mean squared 
distance from the axis o{ y by ^, it is found from the formula 



A^x^- 



dy dxy 



where the integration extends over the area A . The second 
member of this equation is known as the moment of inertia of 
the area with respect to the axis of^, and is usually denoted 
by /. The distance k^ such that ^ = ;r^, is called the radius 
of gyration of the area with respect to the same axis; thus the 
equation becomes f^A = I. 

198. As in finding the statical moment, so in finding the 
moment of inertia, it may be convenient to use some other 
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[Art. 198 



element of area in place of dy dx. For example, in finding 
the moment of inertia, with respect to the axis of ^, of the loop 
of the lemniscata r^ = a? cos 26/, of which the area is found in 
Art. 109, we use the polar element of area rdrdO. The dis- 
tance of the element from the axis is x =, r cos 0, Hence 



^f4 



/ = 2 f * ^r* cos* BdrdB= - pcos» 2 tf cos» ff 



dB. 



Putting 0=2^ (see Art. 89), this becomes 



and since, as found in Art. 109, A = \c^^ f^A = /gives 



>&2 = 



3^+8 
48 



a^. 



199. In the case of a solid the ** moment of inertia '* and 
* * radius of gyration ' ' depend upon the distances of the par- 
ticles, not from a plane, but from a given straight line in 
space. Thus, referring the body to rectangular coordinate 
planes, if r denotes the perpendicular upon the axis of z from 
the point P at which the particle m is situated, the moment of 
inertia y^r the axis of z\s 

I, =: 2mf^ =: M^, (n 



Now, since f^ = ;r* -|- ^, 



2mr^ = 2fnx'^ 4- ^myi^. 



(2 
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Thus the moment of inertia is the sum of two such integrals as 
are defined in the preceding article. Dividing equation (2) by 
Ms the total mass, it becomes 

^=^+? (3) 

200. The value of /can often be found directly from its 
definition -5'wr* instead of using the second member of equation 
(2). For example, to find the moment of inertia of a homo- 
geneous cylinder of radius a and height h with reference to 
its geometrical axis. The integral expression for the entire 
moment of inertia of a volume is 



/ 



= [r'^dV, 



where dV is an element such that r is the distance of every 
particle in it from the line or axis of reference. In other 
words, dV is the cylindrical element or differential of volume, 
which in Art. 1 20 was seen to be particularly adapted to find- 
ing the volume of solids of revolution. In the present case, 
the height of the cylindrical surface is A and its circumference 
is 2;rr. Thus dV = znhrdr^ and dl •=. 2nhr^dr\ whence 



/= 2nh\ r^dr = ^TcAa*^ 



and, since V = nhc?^ the corresponding value of B is \c?, 

201. As we should expect, this value of ^ is independent 
of h ; it therefore applies to a circular lamina ; in other words, 
it is the value of I? for a circle with reference to its axis, that 
is to say, a line passing through its centre and perpendicular 
to its plane. 

The symmetry of the cylinder shows that, referring its base 
to rectangular diameters as axes of x andj/, 2mx^ and 2my^ 
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must be equal. Therefore, ;r* = y* ; hence fit)m equation (3), 
Art. 199, ;r* is one-half the value of ^ found above, tihat 
is to say ^. 

This is the value of I? for a circular area with reference to 
a diameter; but it must be noticed that it is m^/ a value of 
i6» for the cylinder. For that figure, the value of ky must be 
determined by 

in which jsr is a coordinate in the direction of the geometrical 
axis. See Ex. 23 below. 

More extended discussions of these integrals and the rela- 
tion between them for different axes will be found in Treatises 
on Mechanics. 

Examples XVI. 

1. Find the mean value of the tangent of an arc between o and 
45**- 2lo&;2 

"IT- = -^^^^ 

2. Find the mean value of tan""' x when o<:c< i. 

4 - 7 log 2 =.439- 

3. A number n is divided at random into two parts. Find the 
mean value of the product. ^«'. 

4. Find the mean value of the square of one of two parts of the 
line a taken at random. > ^a*. 

5. Find the mean value of the square root of one of two 
random parts of a. J ^a. 

6. Find the mean value of the chord drawn from a point on the 
circumference of the circle whose radius is a, all directions of the 
chord being equally probable. 4a 

« 

7. What is the average distance of points within a sphere, radius 
a^ from the centre ? jcz. 
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8. The half of a right cone of height h and radius of base b 
stands on its triangular surface as base ; what is the mean ordinate 
of the curved surface ? nb 

"6' 

9. What is the mean height above the base of a point in the sur- 
face given in Ex. 8 ? /\b 

10. Find the mean value of the chord AB of a sphere, radius a, 
drawn from a fixed point A on the surface, (a) when all positions 
of B on the sphere are equally probable ; {ft) when all directions 
(see Art. 187) oi AB are equally probable, {c^ ^a ; (/5) a. 

11. Show that, when a space is described by a point with variable 
velocity, the mean velocity at a random instant is the ordinary 
" average velocity," or whole space divided by the whole time. 
Show also that for a body falling from rest (where v "=■ gt^, v^ = 2gs) 
this mean velocity is \ of the final velocity, while the mean velocity 
of passing a random point is \ of the final velocity. 

1 2. Regarding the earth as a sphere, what is the average latitude 
of a point in the northern hemisphere ? 32° 41' 15". 

13. Given that the horizontal range of a projectile fired with the 

velocity V and the angle of elevation ^ is ^^ = — sin 26^, show 

that the mean range of a projectile fired in a random direction is 
two-thirds of the maximum range. 

14. Find the centre of gravity of the area enclosed between the 

parabola y = ^mx and the double ordinate corresponding to the 

abscissa a, __ « 

x — fa^ 

15. Find the centre of gravity of the area between the semi- 
cubical parabola ay^ = x^ and the double ordinate which corre- 
sponds to the abscissa a. _ - 

16. Find the coordinates of the centre of gravity of the area 
between the axes and the parabola 
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17. Find the centre of gravity of the area between the cissoid 
y (tf — jc) = jc* and its asymptote. 5 = f a. 

18. Find the centre of gravity of the area enclosed between the 
positive directions of the coordinate axes and the four-cusped hypo- 
cycloid 

jip= y= — =^ — . 

19. Given the cycloid, 

jr = 0(1 — cos ^), X = tf(^ — sin i>\ 

find the distance of the centre of gravity of the area from the base. 

- 5« 

ao. Determine the distance from the base of the centre of grav- 
ity of a hemisphere when the density varies inversely as the distance 
from the centre. \a* 

21. Find the mean squared distance from the base for the par- 
ticles of a homogeneous hemisphere. 0^ = -Jo*. 

22. Determine the radius of gyration of a sphere for a diameter 
by means of the result of Ex. 21, and also directly by the method 
of Art. 200. 1^ = |a*. 

23. Determine the radius of gyration of a cylinder with respect 
to a diameter of the base. ^ = ia' + \h^. 

24. Find the radius of gyration of the area between a parabola 
and a double ordinate 2y perpendicular to its axis, with respect to a 
perpendicular to its plane passing through its vertex. 

>P = 4^ + iy». 

25. Determine the radius of gyration of a paraboloid about its 
axis, b denoting the radius of the base. l^ = \l^. 

26. The cardioid 

r = fl (i — cos 0) 

revolves about the initial line; determine the radius of gyration of 
the solid formed with respect to this line. If = ffol 
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^ Reisig's Guide to Piece-dyeing 8to, 35 00 

Richards and Woodman's Air , Water, and Food from a Sanitary Standpoint . 8to, a 00 

Rieharda's Cost of Living as Modified by Sanitary Science xamo, z 00 

Cost of Food a Study in Dietaries zamo, z 00 

* Richards and Williams's The Dietary Computer 8to, z 50 

RIcketts and Russell's Skeleton Notes upon Inorganic Chemistry. (Part L — 

Won-metallic Elements.) oro, morocco, 7S 

Rkkatta and Miller's Notes on Assaying 8to, 3 o« 

Rldeafs Sewage and the Bacterial Purification of Sewage 8¥0, 3 5* 

DMnfection and the Preservation of Food 8to, 4 00 

Rlggs's Elementary Manual for the Chemical Laboratory 8vo, z as 

Ruddiman's Incompatibilitiet in Prescriptions. 8to, a 00 

Sabin's Industrial and Artistic Technotogy of Paints and Varnish 8to, 3 00 

SalkowBki's Physiological and Pathological Chemistry. (Omdorff.).. ..8to, a 50 

SchimpTs Text-book of Volumetric Analysis zamo, a 50 

Essentials of Volumetric Analysis zamo, z as 

Spancer's Handbook for Chemists of Beet-sugar Houses. z6mo, morocco, 3 cm 

Handbook for Sugar Manufacturers and their Chemists. . z6mo, morocco, a 09 

Slockbridge's Rocks and Soils 8to, a &• 

^ Tillman's Elementary Lessons in Heat 8yo, z &• 

* Descriptive General Chemistry 8vo, 3 M 

Traadwell's Qualitative Analysis. (HalL) 8vo. 3 00 

(}uantiUtive Analysis. (HaU.) 8vo, 4 00 

Tttmeaure and Russell's Public Water-supplies 8vo, 5 00 

Van Deventer's Physical Chemistry for Beginners. (Boltwood.) zamo, z 50 

^ Walke's Lectures on Explosives 8vo, 4 00 

Washington's Manual of the Chemical Analysis of Rocks. (In prett.) 

Wassermann's Inunune Sera: HsBmolirsins, Cytotoxins, and Precipitins. (Bol- 

duan.) zamo, z 00 

Wells's Laboratory Guide in Qualitative Chemical Analysis. 8vo, z 50 

Short Course in Inorganic Qualitative Chemical Analysis for Engineering 

Students xamo, z 50 

Whipple's Microscopy of Drinking-water 8vo, 3 50 

Wiechmann's Sugar Analysis Small 8vo. a 50 

Wilson's Cyanide Processes. zamo, z 50 

Chlorination Process zamo z s« 

WuUing's Elementary 0>urse in Inorganic Pharmaceuticat and Medical Chem- 
istry zamo, a 00 

CIVIL ENGINEERniO. 
BRIDGES AND ROOFS. HYDRAULICS. MATERIALS OF ENGINEERING 

RAILWAY ENGINEERING. 

Baker's Engineers' Surveying Instruments zamc, 3 00 

Bixby's Graphical 0>mputing Table Paper 19^ X a4i inches. as 

^^ Burr's Ancient and Modem Engineering and the Isthmian CanaL (Postage, 

a? cents additionaL) 8vo, net, 3 50 

(^mstock's Field Astronomy for Engineers. 8vo, a 50 

Davis's Elevation and Stadia Tables 8vo, z 00 

Elliott's Engineering for Land Drainage zamo, z 50 

Practical Farm Drainage zamo, z 00 

Folwell's Sewerage. (Designing and Maintenance.) 8vo, 3 00 

Flreitag's Architectural Engineering, ad Edition Rewrlttan 8vo, 3 90 
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Vranch and Ivmi^ Steraotomj 8vo» a ft 

Ooodhnt^ Municipal ImprortniMiti inaOf s fg 

Ooodfkhli Bcooomk DltpOMl of Towm* lUfoM 8«o« S ft 

Oom'iSlHiMntiofOtodMf tv». a 90 

Bayfordii Ttzt-book of Otodotle Aitronomj 8to, 3 oo 

Htffaig'o Ready Roftronoo TaUet (Convoirion Fteton) iteio« m oro c c o , a 90 

Howo'sIUtaliiinc Walk for Earth lamo* i as 

JohiMMi's Tboory and Pnctlco of SurToyini Small tto, 4 00 

Statici by Altobralc and Graphic Kothodfl 8«o« a 00 

KUntod'sSowagoDiopoaal laoM, 1 as 

Laplacoli PhUooophkal Bnay on ProteblUtiM. (Trufcott and Emory.) iamo« a 00 

Mahan'i T^oatlM on CMl Englnoorinf . (1873) (Wood.) tto, S^ 

* DtwripCivo OooflMtry 8«o« 1 fo 

Mtninianli Ekmonta of Prodao SorvoylDS And Ooodoay Sfo* a s* 

Blomonta of Sanitary Englnooiinf SfOt a aa 

Mtninian and Brooka*ii Handbook for Sorvtyon -. ..idnotmococoo* a 00 

■vftnfi Piano Snnroylnt Sfo. 3 s* 

Ofdon's Sowor Dotign. lamo, a 00 

Patton'sT^oatiMonCfTilSncfaMtrint ....Sfo liatf loatlior, 9 S» 

Reod*! Topographical Drawing and Skotcliing 4to« S oo 

Ridoal'BSowagoandthoBactoiialPnilflGatiottofSowago 8fo» 3 sa 

Siobort and Biggin'i Xodom Stono-cutting and Maionry 8fO, 1 90 

Smith'i Manual of TopograpUcalDrawing. (McMillan.) S?o, 390 

Sonderickcr*! (Graphic Statics* max Applicationi to Tranet. Beams, and 

Arches. 8to, a 00 

Taylor and Thompson's Treatise on Concrete, Plain and Reiaforced. (/n pre»t.) 

* Tratitwine's CiTil Engineer's Pocket-book x6mo, morocco, 5 00 

Wait*s Engineering and Architectural Jurisprudence Sro, 6 00 

Sheep, 6 50 

Law of Operations Pre'iminary to Construction in Engineering and Archi- 
tecture Sto, 5 00 

Sheep, 5 so 

Law of 0>ntracts Sto, 3 00 

Warren's Stereotomy-rProblems in Stone-cutting Sto, a 50 

Webb's Problems in tbe U«e and Adjustment of Engineering Instruments. 

xomo, morocco, x as 

^ Wheeler's Elementary 0>urBe of CiTil Engineering Sto, 4 00 

Wilson's Topographic SurToying Sto, 3 so 

BRIDGES AND ROOFS. 

Boiler's Practical Treatise on the Construction of Iron Highway Bridges. .Sto, a 00 

* Thames RiTer Bridge 4to, paper, 5 00 

Burr's Course on the Stresses in Bridges and Roof Trusses, Arched Ribs, and 

Suspension Bridges. Sto, 3 50 

Do Bois's Mechanics of Engineering. VoL II Small 4to, 10 00 

roster's Treatise on Wooden Trestle Bridges 4to, 5 00 

Fowler's Coffer-dam Process for Piers Sto, a 50 

Orssne's Roof Trusses Sto. i as 

Bridge Trusses Sto, a 50 

Arches in Wood. Iron, and Stone 8to, a 90 

Howe's Treatise on Arches Sto, 4 oa 

Design of Simple Roof-trusses in Wood and Steel Sto, a 00 

Johnson. Bryan, and Tumeaure's Theory and Practice in the Designing of 

Modem Framed Structures. Small 4to, 10 oa 

Ksrriman and Jacoby's Text-book on Roofs and Bridges: 

Part I —Stresses in Simple Trusses Sto, a 50 

Part II.— Graphic Statics Sto, a 50 

Part III.— Bridge Design. 4th Edition, Rewritten Sto, a 50 

Part IV.— Higher Structures. Sto, 2 50 

Moriion's Memphis Bridge 4to, xo 00 



WaidsUft D« PontUratfl a Pocket-book for Bridge Engineen. . . i6mo« morocco* 3 09 

Bpodflf itiont for Steel Bridget samo, z as 

Wood*! TTMtiae on the Theory of the Constmction of Bridget and Rooft.STO, a 00 

Wflghffl Dedgning of Draw-e]»ant: 

Part L — Plate-girder Drawt 8to, a so 

Part IL— 'RiTeted-truM and Pin-connected Long-epan Drawt 8to« a so 

Two parti in one Tohime Sro, 3 50 

HTDRAtTLICS. 
Bula't Szperimentt upon the Contraction of the liquid Vein Ittuing from an 

Orifice. (Trantwine.) 8yo» a 00 

Treadae on HydranUct. Sro, 5 00 

I'fl Mechenift of Engineering 8to, 6 00 

Diagramt of Mean Velocity of Water in Open Channeli paper, i 50 

0000*1 Graphical Solution of Hydraulic Problemt i6mo« morocco» a so 

Ilather^ Dynamometert, and the Meaturement of Power iamo» 3 00 

fUwelTa Water-tupply Bngineering 8vo, 4 00 

frizelTt Water-power. 8to, 5 00 

foertet*! Water and Public Health zamo, z 50 

Water-flltration Worka lamo, a so 

OanguiUet and Kutter't General Formula for the Uniform Flow of Water in 

RiTert and Other Channek. (Hering and Trautwine.) 8vo, 4 00 

Hasen'a Filtration of Public Water-tupply 8to, 3 00 

Haz]ehunt*t Towert and Tankt for Water-worka 8vo. a so 

Biiichert zzs Bzperimentt on the Carrying Capacity of Large, Rireted, Metal 

Conduitt 8to, a 00 

Maaon*t Water-tupply. (Contidered Principally from a Sanitary Stand- 
point) 3d Edition, Rewritten 8to, 4 00 

Merriman't Treatiae on Hydraulict. 9th Edition, Rewritten Sto, s 00 

o IOchie*a Elementt of Analytical Mechanict 8to« 4 00 

Schnyler'a Reterroirt for Irrigation, Water-power* and Domettic Waters 

tupply Large 8to, 5 00 

00 Thomat and Watt't Improvement of Riyert. (Pott., 44 c. additional), 4to, 6 00 

Tomeanre and Ruttell't Public Water-tuppliet. Sro, s 00 

Wegmann't Detim and Conttruction of Damt. * 4to, s 00 

Water-tupply of the City of New York from Z658 to 1895 4to, zo 00 

Weltbach't Hydraulict and Hydraulic Motort. (Du Boit.) 8to, s 00 

Wllton't Manual of Irrigation Engineering, Small 8to, 4 00 

WoUTt Windmill at a Prime Mover Sro, 3 00 

Wood*t Turbinet 8vo, a so 

Elementt of Analytical Mechanict 8to, 3 

MATERIALS OF ENGIHEERIKG. 

Baker*t Treatite on Matonry Conttruction 8vo, s 

Roadt and Pavementt. 8to, s 

Black't United Statet Public Workt Cblong 4to, s 00 

Borey't Strength of Materials and Theory of Structuret 8to, 7 so 

Burr't ElasticitT and Retiatance of the Materialt of Engineering. 6th Edi- 
tion, Rewritten 8yo, 7 so 

Byme*t Highway Conttruction Sro, 5 00 

Intpection of the Materialt and Workmanthip Employed .in Conttruction. 

z6mo, 3 00 

Church*t Mechanict of Engineering Svo, 6 00 

Do Boit't Mechanict of Engineering. VoL I Small 4to, 7 go 

Johnton't Materialt of Conttruction Large Svo, 6 00 

Koep't Catt Iron Svo, a 50 

Lanxa*t Applied Mechanict Svo, 7 SO 

Martena't Handbook on Tetting Materialt. (Henning.) a Tok. Svo, 7 so 

Merrill't Stonet for Building and Decoration Sto, s 00 
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Ibrrinuui's T«zt-book on Um ]f«ch«nics of Materiali 8vo, 4 00 

Strtagth of Matariak. xamo, x 00 

Ibtcalf^ StooL A Xunial for StMl-uMfi ziino. 2 00 

Pfttton's Practical Traatiaa on FouadatloiiB. Sro. 5 00 

Skhay's Hanbbook for BoUdinff Saperiatandants of Conatxvction. (/n prtM.) 

RockwalTa Roada and Pavamanti in Franca xamo. z as 

Sabin'a Induatrial and Artiitic Tachnology of PaintCudi^aniiah 8to, 3 00 

8inith*i Matariala of Madiinaa zamo, z 00 

Snow'i Principal Spaciaa of Wood 8to, 3 9» 

SpaMinf's Hydnuttc Camant zamo, a 00 

Tazt-book on Roada and PaTamanta tamo, a oa 

Taylor and Thompaon'a T^aadaa on Concrata, PhdnTandcRain fo rccd. (/n 

Thonton'a Matariak of Bnginaarinc. 3 Parta. 8to, 8 oa 

Part L— Won-matalBc Matariah of Eagfnaaring and MataPany 8vd» a oa 

Part IL—Iron and Staal Svd, 3 9^ 

Part HL— A Traatiaa on nrttt, Broniaa, and Othar AIloyB and tliair 

Conatitvanta Svd, a &• 

TImaton'a Tazt-book of tha Matariak of Conatmctioii 8vd, 5 00 

TUlMnli Straat Pavamaati and Paving Matariak 8vo« 4 oa 

WaddalTa !)• Pontlbna. (A Pockat-book for Bridga Bnginaan.). . ifimo, mor., 3 00 

Spadflcationa for Staal Bridgaa lamo, 1 as 

Wood'a Traatiaa on tha Rariatanca of Matariali, and an Appaadix on tha P raa 

arfation of Tirnbar Svo, a 00 

Bkmanta of Analytical Machanica Svd, 3 00 

Wood's Rustlets Coatings: Corrosion and Electrolysis of Iron and Staal. . .8vd» 4 00 

RAILWAY BKOIHBESIHO. 

Andrawa's Handbook for Stzaat Railway Bnginaan. 3X8 iacbaa. m o r o cc o, z ag 

Berg's Buildings and Structnraa of Amaricaii RaHraada 4to, s M 

Brooks's Handbook of Street Railroad Location zteio. bmwocco, i 50 

Botts's CItU Engineer's Field-book z6mo, morocco, a go 

Crandall's Transition Cunre z6mo, morocco, z 50 

Railway and Other Earthwork Tablaa 8to, z 50 

Dawson's "Engineering" and Electric Traction Pocket-book. z6mo, morocco, 5 00 

Dredge's History of the Pannsylrania Railroad: (Z879) Paper, 5 00 

* Drinker's Tunneling, EzplosiTa Compounds, and Rock Drilla, 4to, half mor., as 00 

Fisher's Table of Cubic Yarda Cardboard. as 

Godwin's Railroad Engineers' Field-book and Explorers* Guide. .... z6mo, mor., a 50 

Howard's Transition Cunre Field-book z6mo, morocco, z so 

Hudson's Tables for Cakulating the Cubic Contanta of Bacavationa and Em- 
bankments 8to, z 00 

MoUtor and Beard's Manual for Reeident Engineers z6mo, z 00 

Hagle's Field Manual for Railroad Engineers z6mo, morocco. 3 00 

Philbrick's Field Manual for Engineers zteio, morocco, 3 00 

Searles's Reld Engineering z6ino, morocco, 3 00 

Railroad Spiral. z6mo, morocco, z 50 

Taylor's Prismoidal Formula and Earthwork 8to, i so 

* Trautwine's Method of Calculating the Cubic Contents of BacaTations and 

Embankments by the Aid of Diagrams. 8to, a 00 

The Field Practice of ILaying Out Circular Curvca for Railroada. 

zamo, morocco, a so 

Cross-section Sheet Paper, as 

Webb's Railroad Construction, ad Edition, Rewritten z8iimi. morocco, 5 00 

Wellington's Economic Theory of the Location of Railways Small 8to, s 00 

DHAWmG. 

Barr's Kinematics of Machinery 8y<o, a 5a 

* Bartlett's Mechanical Drawing 8yo, 3 00 

o •* AbridgadBd 8to, i go 
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CooHdfv's Munial of Dnwinc 8to, paptr, i oo 

CooHdgs and FrMimui't Bkmenti of Oenenl Dnftinc for Mechanical Bngl- 
naen. (/n pr«M.) 

Dortor't Kinamatkt of XachinM 8yo, 4 oo 

HUTS Text-book on Shadee and Shadowa, and PenpectiTe 8to, 2 00 

Jamiaon'a Blementi of Ifechanical Drawing. (In pr«M.) 
Jooea^ IfafMno Deaign: 

Part L — Kinematici of Machinery 8to. x 50 

Part n. — Form, Strength, and Proportions of Parte 9vo, 3 oo 

MaeCord's Elementa of DescriptiTe Oeometr> 8to, 3 00 

mnematjci; or. Practical Mechanism. 8to, 5 00 

Mechanical Drawing 4to, 400 

Velodtf Diagrams 8to, x 50 

* Mahan's Descriptire Geometry and Stone-cutting 8yo, x 50 

Industrial Drawing. (Thompeon.) 8ya 3 So 

Hbyer's Descriptire Geometry. {In pre$§.) 

Rood's Topographical Drawing and Sketching 4to» 5 00 

Hold's Conns fas Mechanical Drawing 8to» a 00 

Test-book of Mechanical Drawing and Elementary Machine Deaifn. .8¥0, 3 o* 

Robinson's Principles of Mechanism. Sto. 3 00 

Smith's Manual of Topographical Drawing. (McMillan.) 8to, 2 50 

'Warren's Elements of Phme and Solid Free-hand Geometrical Drawing. . xamo, x 00 

Drafting Instmments and Operations. xamo, x as 

Mannal of Elementary Projection Drawing xamo, x 8* 

Manual of Elementary Problems in the Linear PerspectiTe of Form and ■ 

Shadow xamo, x 00 

Phme Problems in Elementary Geometry xamo, x 35 

Primary Geometry xamo, 78 

Elements of DeecriptiTe Geometry, Shadows, and PerspectiTe 8vo, 3 SO 

General Problems of Shades and Shadows 8to. 3 00 

Elements of Machine Construction and Drawing 8to» 7 50 

Problems, Theorems, and Examples in DescriptiTe Goometrr 8to, 2 50 

Welsbach's Kinematics and the Power of TransmJesion. (Hermaim and 

Klein.) 8to, 5 00 

Whelpley's Practical Instruction in the Art of Letter Engraving xamo, a oo 

Wilson's Topographic Surreying 8to, 3 50 

Free-hand PerspectiTe 8to, a 50 

Freo-hand Lett^ing. 8to» x 00 

Woolfs Elementary Course in DescriptiTe Geometry Large 8to, 3 00 

ELECTRiaXT AND PHYSICS. 

Anthony and Brackett's Text-book of Physics. (Magie.) SmaD 8to, 3 00 

Anthony's Lecture-notes on the Theory of Electrical Measurementa x amo, x 00 

Benjamin's History of Electricity 8to. 3 00 

Voltaic CelL 8to, 3 00 

Claasen's QuantitatiTe Chemical Analysis by Electrolysis. (BoKwood.). .8to, 3 00 

Crehore and Squier's Polarizing Photo-chronogxaph 8to« 3 00 

Dawson's "Enffineering" and Electric Traction Pocket-book. . i6mo, morocco, 5 00 
Dolezalek's Theory of the Lead Accumuhitor (Storage Battery). (Von 

Ende.) xamo,' a 50 

Duhem's Thermodynamics and (Hiemistry. (Burgess.) 8to, 4 00 

Flather's DTnamometers, and the Measurement of Power xamo, 3 00 

Gilbert's De Magnete. (Mottehiy.) 8to, a 50 

Hanchetf s Alternating Currents Explained xamo, x 00 

Bering's Ready Reference Tables (C^nTersion Factors) x6mo, morocco, a 50 

Hobnan's Precision of Measurements 8to, a 00 

Telescopic Mirror-scale Method, Adjustments, and Tests.. . . .Large 8to, 75 
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SpMtnun Analyiii. (Tlnglt.) SfO, a e« 

UCliatea«^B3th-lHB9««tiira]lMMiniiiMitk (Bondonafi— llw|iih)iamo. a m 
18y>gtoctroly ili andBli c t f O<y n t l i<riiolOigMikCpaipOTMdi. (Lowni.) lamo, too 

* LyoaiftTyMtiM onXtoctnmuiciMtkPlMiiomMM. VolkLand XL HfO, ■ach, 6 oo 

• Xkhki. StemtBti of WftV9 Mdtloa Aaktliic to asoBd and UHit 8vo» 4 m 

mandate SlamtntaxyTnatiM an SlactrieBattariaa. (nahaadbi lamo, a 90 

• Boa a n b rg ^ Blactrkal Bnghi aa ring . (HaldanaClaa Tlnrtrunnar.)....>yOt t fa 

Byan, Boiria, and Hoiia^ Blactrical M achtnafy. VoLL tto, a 9^ 

TIrantoa'a Statkmary Staam-aagiiiaa SvOt a fa 

a TUfananli Slamantaxy Lwona In Haat. 8vo» i fa 

Tory and Phchar^ Manaal of Labofatofy Phyaiea Small 8fO. a 00 

Ulka^ Modara Bacholflic Oopptf Baflning Sto. a 00 

LAW. 

* Dariafk Slanianta of Law SvOt a 90 

^ T^aatlBa on tha lOfitary Law of UnUad Stataa 8fo, y oa 

• Sbaa», y 90 

■aaaal for Conrta-martiai idmot aMroeco* 1 90 

Waya Bnginaarfan and AicMtactMai Jnrktmdanca Bfo* 600 

8haa9» 6 fo 

Law of Operationa PraHminary to Oonatractlon in Baginaarlnc and Archl- 

tactura Svo» 9m 

Shaap. s 8« 

Law of Contracta Sro, 3 00 

Winthrop's Abridgment of Military Law zaxno, a 50 

MANUFACTURES. 

Bamadou'a Smokelcia Powder — ^Nitro-ceUulofe and Theory of tiia CeUuloee 

Molecule xamo, a 50 

Bolland'i Iron Founder ianio» 2 50 

** Tho Iron Founder.** Supplemant xamo» a 50 

Encyclopedia of Founding and Dictionary of Foundry Tarma Uied in the 

Practice of Moulding xamo, j 00 

Blialer'a Modem High EzploiiTea 8to« 4 00 

BffronfaBnzymea and their Applicationa. (Preacott) 8to» j 00 

Fttxgerald'a Boaton Machiniat x8mo» x 00 

Ford'i Boiler Making for Boikr Maken x8mo, x 00 

Hopkina'a Oil-<hemiat8' Handbook Svo, 3 oa 

Keep'i Caat Iron. 8fO» a 90 

Leach'a The Inapection and Analyaia of Food with Special Reference to State 

ControL (/n preporolioA.) 
Matthewa'i The Textile Fibrea. (/n pr«M.) 

Metcalf'i SteeL A Manualfor Steel-uaera xamo, a 00 

Metcalfe*a Coet of Manufacturet—And the Adminiatration of Workahopa. 

Public and Private 8to» 9 00 

Meyer*! Modem LocomotiTe Construction 4to, xo 00 

Morse's Calculations used in Cane-augar Factoriea. x6nio« morocco» x 90 

* Relsig's Guide to Piece-dyeing Sto^ as 00 

Sabin's Industrial and Artistic Technology of Painta and Varnish 8yo» 3 00 

Smith's Press-working of Metals .Sto, 3 00 

Spalding's Hydraulic Cement xamo» a 00 

Spencer's Handbook for Chemists of Bcet-augar Houaea x6mo,moroccOt 3 00 

Handbook tor &ugar Manufacturers and their Chemiats.. . x6mo» moroccot a 00 

Taylor and Thompson's Treatise on Concrete, Plain and Reinforced, (/n 

pre9».) 

Thoiaton's Manual of Steam-boilers, their Designs, Consiraction and Opera- 
tion Sto, 5 00 
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♦ Walkc's Lectures on Explosives 8vo, 4 00 

West's American FoUiadry Practice i2mo, a so 

Moulder's Text-book xamo, a 50 

Wiechmmnn's Sugar Analysis Small 8vo, a 50 

WoUTi Windmill as a Prims Mover 8to, 3 00 

Woodbury^ Fire Protection of Mills 8to, a so 

Wood's Rustless Coatings: Corrosion and Electrolysis of Iron and Steel. . .8vo, 4 00 

MATHEMATICS. 

Baker's Elliptic Functions 8to, i 50 

^ Baaa's Elements of Differential Caknlns xamo, 4 o« 

Briggs's Blamants of Plane Analytic Geometry lamo, i 00 

Oompton's Manual of Logarithmic Comyvtationa xamo, x 50 

DaTia's Introduction to the Logic of Algebra 8to, x 50 

^ Dickson's College Algebra Large xamo. t $• 

^ Answers to Dickson's College Algebra 8yo, paper, as 

^ Introduction to the Theory of Algebraic Bquationa Large xamo, x M 

Balsted's Elements of Geometry 8to, x 75 

Elementary Synthetic Geometry 8to, x so 

Rational Geometry xamo, 

^ Johnson's Three-place Logarithmic Tables: Veet-pocket sise paper, xs 

xoo copies for 5 00 

^ Mounted on heavy cardboard* 8 X xo inches, 35 

xo cojdes for a 00 

Elementary Treatise on the Integral Calculus Small 8to, x 50 

Curve Tracing in Cartesian Co-ordinates xamo, x 00 

Treatise on Ordinary and Partial Differential Equations Small 8yo, 3 50 

Theory of Errors and the Method of Least Squarsa xamo, x so 

^ Theoretical Mechanics xamo, 3 oo 

Laplace's Philosophical Essay on Probabilitiea. (Truacott and Emory.) xamo, a 00 

* Ludlow and Bass. Elements of Trigonometry and Logarithmic and Other 

Tablea Sto, 3 00 

Trigonometry and Tables published separately Each, a oo 

^ Ludlow's Logarithmic and Trigonometric Tables 8to, x 00 

Maurer's Technical Mechanics 8to, 4 00 

Merriman and Woodward's Higher Mathematics 8to, s 00 

Merriman's Method of Least Squares 8to, a 00 

Rice and Johnson's Elementary Treatise on the Differential Calculus . Sm., 8vo, 3 00 

Differential iCnd Integral Calculus, a vols, in one Small 8to, a so 

Sabin's Industrial and Artistic Technology of Paints and Varnish. 8to, 3 00 

Wood's Elements of Co-ordinate Geometry 8to, a 00 

Trigonometry: Analytical, Plane, and Spherical xamo, x 00 

MECHAKICAL ENGDIEERINO. 

MATERIALS OF ENGIWEERIHG, STEAM-BNOnfES AND BOILERS. 

Bacon's Forge Practice xamo, x 50 

Baldwin's Steam Heating for Buildings xamo, a so 

Ban's Kinematics of Machinery 8vo, a so 

^ Bartlett's Mechanical Drawing Sto, 3 00 

• " MM AbridgedEd. Sto, i 8« 

Benjamin's Wrinkles and Recipes xamo, a 00 

Carpenter's Experimental Engineering 8to, 6 00 

( PR Heating and Ventilating Buikiings 8to, 4 00 

Gary's Smoke Suppression in Plants using Bituminous Coal, (/n prep' 
aration,) 

Clerk's Gas and Oil Engine ! Small 8to, 4 

CooHdge's Manual of Drawing 8to, paper, x 
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Complon't fifst Itwoni in llttal-wofkiaff , tamo* 

Comptioii «ii4 D« Oroodt^ Tht S piid Lath* lamo, 

Gromwvll'i T^MtlM an Toothad Gfiring tamo, 

TnntiM on Batti and Pulltfi lamo* 

Dnnn's Ttzt-book of Btemontary Moclmnici for tho Um of OollagM and 

School! lamo. 

IHnffij*! Machlnory Pattan MaUag iamo« 

Dndgo*! Record of tho Twnsportatlon BzhiMla BvUdlnc of tho World'a 

CohunMan Bapo dtl on of x8m 4io* half moracco. 

Da Boit^ BBuBootuy PilneiplM of Moehanlco: 

▼oL L — Kinomatict Sro, 

Vol. n.— Statics SvD« 

VoL HL^KInctlci 8to« 

Ifoehanlcs of Bnginoarinf. YoL L Small 4to» 

▼oLIL Small 4*0, 

Doftey^ Klnomotki of Machlim Sfo, 

fttiftrald's Boston ¥achintel xteio* 

Flathorii Dynanaomottra, and tho Ibasitrtmant of Fowir iaaio» 

Ropo DrMng • iamo« 

Oo«^ Locomothro Sparka Sto 

BalTt Car Lnbrkatlon xaaM» 

BoUy*! Art of Saw fUfaif iSmo. 

• Johnion** Theoretical Ifechanlci xamo* 

Statlce by Oraphic and Algebraic Mothodi 8to. 

Jonee'e Machine Deiign: 

Part I. — Kinematki of Machinery Sto, 

Part n. — Form, Strength, and Proportions of Parts Sto, 

Kerr's Power and Power Transmission Sto, 

Lania's Applied Mechanics Sto, 

Leonard s Machine Shops, Tools, and Methods, (/n pme.) 
^ MacCord's Kinematics; or. Practical Mechanism Sro, 

Velocity Diagrams Sro, 

Maorer's Technical Mechanics. Sro, 

Merriman's Text-book on the Mechanics of Materials Sro, 

• Michie's Elements of Analytical Mechanics Sto, 

Reagan's Locomotires: Simple, Compound, and Electric tamo, 

Reid's Course in Mechanical Drawing Sto, 

Text-book of Mechanical Drawing and Blemontary Machine Design. . Sto, 

Richards's Compressed Air lamo, 

Robinson's Principles of Mechanism 8to, 

Ryan, Ilorris, and Hoxie's Electrical Machinery. Vol. I Sto, 

Schwamb and Merrill's Elements of Mechanism. (InpmtJ) 

Sinclair's LocomotiTs-cngine Running and Management xamo. 

Smith's Press-working of Metals Sto, 

Materials of Machines lamo. 

Spongier, Greene, and MarshalTs Elements of Steam-ongineoring Sro, 

Thurston's Treatise on Friction and Lost Woik In Machinery aad MHI 
Work Sto, 

Animal as a Machine and Prime Motor, and the Laws of Energetics. laao, 

Warren's Elements of Machino Construction and Drawing Sto, 

Wsisbach's Kinematics and the Power of TransmlsBlott. (Hscnnann — 
Klein.) Sro, 

Machinery of Transmission and OoTsmors. (Herrmantt*-Kkln.).STo, 
Wood's Elements of Analytical Mechanics Sro, 

Principles of Elementary Mechanics xamo. 

Turbines Sro, 

The World's Columbian Exposition of 1893 4to, 
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MBTALLX7R0T. 

Bffleston's Metatturxy of SilTtr* Gold, and Mtrcnryt 

Vol L>-Sihr«r a?o, 

VoL n.— Gold mud Mercury 8to» 

^ nes't Lead-tmeltiiiff. (Poftage 9 cents additloaAL) xamo, 

Keep*t Caet Iron 8to« 

Kunhardf I Practice of Ore Drening in Europe 8to. 

Lo ChateUer*! High-temperature Meaenreoienta. (Boudouard — Burgeai.).xamo« 

Metcalf i SteeL A Manual for Steel-uaen xamo, 

•mith'i Materials of Machines xamo, 

Thurston's Materials of Bngineerinf. In Three Parts 8to, 

Part n. — Iron and Steel 8to, 

Part in.~A Treatise on Brasses, Bronsas, and Other AUofs and their 

Constituents 8to, 

Ulke's Modem Blectrolytic Copper Refining 8to, 

MDffBRALOOT. 

Barringer's Deecription of Minerals of Commercial Value. Oblong, morocco, 

Boyd's Resources of Southwest Virginia 8¥0. 

Map of Southwest Virginia. » Pocket-book form. 

Brush's Manual of Determinatire Mineralogy. (Penfleld.) 8yo, 

Chester's Catalogue of Minerals 8yo, paper, 

Ck>th, 

Dictionary of the Names of Minerals 8to, 

Dana's System of Mineralogy. Large 8¥0, half leather, i 

First Appendix to Dana's New "System of Mineralogy.'*. . . .Large 8to, 

Text-book of Mineralogy 8to, 

Minerals and How to Study Them. zamo. 

Catalogue of American Localities of Minerals Large 8yo, 

Manual of Mineralogy and Petrography zamo, 

Bakle*s Mhieral Tables. 8to, 

Bgleeton's Catalogue of Minerals and Synonyms Sro, 

Huasak's The Determination of Rock-fonning Minerals. (Smith.) Small 8to, 

Merrill's Non-metallic Minerals: Their Occurrence and Uses. 8to, 

e Penfleld's Notes on DeterminatiTe Mineralogy and Record of Mineral Teets. 

8¥0, paper, 

Roeenbusch's Microscopical Physiography of the Rock-making Minerals. 

(Iddings.) 8to, 

e Tillman's Text-book of Important Minerals aad Docks 8to, 

Williams's Manual of Lithok>gy 8to, 

MINIirO. 

Beard's Ventilation of Mines lamo, 

Boyd's Resources of Southwest Virginia Sro, 

Map of Southwest Virginia Pocket-book form, 

^ Drinker's Tunneling, Exploeiye Compounds, and Rock Drills. 

4to, half morocco, 

Eissler's Modem High Bxplostres Sro, 

Fowler's Sewage Works Analyses zamo, 

Ooodyear's Coal-mines of the Wettem Coast of the United States xamo, 

Ihlseng's Manual of Mining 8to, 

^ lias's Lead-smelting. (Postage gc additional.) lamo, 

Kunhardt's Practice of Ore Dressing in Europe Sro, 

O'DriscoU's Notes on the Treatment of Gold Ores 8vo, 

* Walke's Lectures on ExplosiTss Sto. 

Wilson's Cyanide Processes zamo, 

Chlorination P ro c ess zamo, 

Hjrdraufic and Placer lOning zamo. 

Treatise on Practica] and Theoretical Mine Ventilation tamo 
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SAHITART 8CIBHCB. 

Copeland's Ibaaal of Bacteriology. (/« p n p mmim L } 

MwoITi Sowonfo. (Dtriinim, Comtrnctton and ]iaiBtaDaBoa.j tfo* 3 oo 

Water-mpplyXnciaotriBc tvo» 4 00 

VMrtoi'a Water mod Pnblte Hoallh lamo, I 90 

Water-iUtiBtlon Worts iaaM» a so 

Oortutfd'i Qirido to Sanitery Howu tniportton itoo« s 00 

Coodrich'g Bconomfcal PlfOMil of Town^ Iteinaa DmvSvo, 330 

Homi'k Ftllratioii of PoMfe Water-aoppttw 8fo« 3 00 

Kiofited^ Sowago DiafOMd laaao* i 

Loach's Tlio Znapoctioii and Ain^fala of Food with Special Bcfonoco to Slate 

Controi (/» p rt p ara U tm,) 
llaaon's Woter-onpplf. (Conridond Prhiripally frOB a Sanitery Stead- 
point) 3d Bdhlon* Sowritten Svo< 

Examination of Water. (Chemical and Bactwiologlcil. ) lamo, 

Morriman'i Blomante of Sanitary BngiiwwTtng S?o 

ITicholi's Wattr-anpply. (Conddarod Mainly from a Chemical and Sanitary 

Standpoint) (1883.) SfOi 

Ogdon*! Sowor Dorign lamo 

Preocott and Wintlow'sEkmonte of Water Bacteriology, witii gpecial Reference 

to Sanitary Water Analytie. lamo 

* Price's Handbook on Sanitetion lamo 

Richards's Cost of Food. A Study in Dietariee xamo 

Cost of Living as Modified by Sanitary Science xamo 

Richards and Woodmanls Air, Water, and Food from a Sanitary Stand- 
point Sto, a 00 

^ Richards and Williams's The Dietary Computer Svo, i 50 

Rideal's Sewage and Bacterial Purification of Sewage Sto, 3 50 

Tumeaure and Russell's Public Water<^upplies Syo, 5 00 

Whipple's Microscopy of Drinking-water Sto, 3 50 

WoodhuU's Notes and Military Hygiene x6mo, x 50 

MISCELLAIIEOnS. 

Barker'e Deep-sea Soundings Sro, a 00 

Bmmons's Geological Guide-book of tiie Rocky Moantain Excursion of the 

IntemationAl Congrees of OeologiBte Laige Svo i go 

FerrePs Popular Treatiee on the Winds Sto 4 oo 

Hainee's American Railway Management xamo, a 50 

Motfs Composition, Digestibility, and IltttritiTe Value of Food. Mounted chart x ag 

FalUcy of the Present Theory of Sound x6m0 x 00 

Ricketts's History of Rensselaer Polytechnic Institute, xSa4*x8M- SmaU Sto, 3 00 

Rotherham's Kmpnasized New Testament Laxge Svo, a 00 

Steel's Treatise on the Diseases of the' Dog Syo, 3 50 

Totten's Important Quection in Metrology Svo a go 

The World's Columbian Exposition ot 1893 4to, x oo 

Von Behring'e Suppression of Tuberculoeia. (Bolduan.) (/nprsM.) 
Worcester and Atkinson. Small Hospitals, EstebHahment and Maintenance, 
and Suggeetions for Hoapital Architecture, with Plana for a SmaU 

Hospital xamo, t as 

HEBREW AND CHALDEB TEXT-BOOKS. 

Green's Grammar of the Hebrew Language Sto, 3 00 

Elementery Hebrew Grammar ,•.. xama, x as 

Hebrew Chrestomathy Svo, a 00 

Geeenius's Hsbrew and Chaldee Lexicon to the Old Teataaent Scriptorea. 

(TregeUee.) Small 4te, half flMffoeoo« s 00 

Letteris'a Hsbrew Bible Sto, a a 
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